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The mobility of an ion in liquid He‘ is known to be appreciably less than the mobility of a He* atom and 
varies in a different way with temperature. It is suggested that the essential difference is that electrostriction 
effects increase the liquid density over a large region surrounding the ion, so that the ion drags around with 
it about 50 He‘ atoms. The density field of the positive ion is calculated in a semiclassical approximation. 
A possible difference between the density fields for positive and negative ions is briefly discussed. Various 
experimental ways of checking this picture of an ion are suggested. 


I. INTRODUCTION 


HE mobility of ions in liquid Het has been 
measured by Williams,! by Careri, Reuss, 
Scaramuzzi, and Thomson,? and by Meyer and Reif.’ 
For field strengths less than 200 volt cm™ the mobility 
is field independent.’ Below the A point it varies 
approximately as 1/pn, suggesting that it is due 
primarily to collisions of the ion with rotons. Above the 
X point it is approximately inversely proportional to 
the viscosity of the liquid. The mobility of the positive 
ion is about 50% larger than that of the negative ion, 
the exact ratio varying somewhat with temperature. 
At higher field strengths!” the mobility varies approxi- 
mately as E-}. 
Assuming that the ions obey classical Boltzmann 
statistics their diffusion coefficient D can be deduced 
from their mobility « by the Nerst-Einstein relation, 


D= (kT /e)u. (1) 


In this way the diffusion coefficient of the positive ion 
at 1.2°K is found to be 1.5 10-4 cm? sec~, which should 


9 = 


be compared with a value of about 210~ cm? sec 
for the diffusion coefficient of He*® in dilute He*’— Het 


* Supported by the National Science Foundation and the 
Office of Naval Research. 

1R. L. Williams, Can. J. Phys. 35, 134 (1957). 

2 Careri, Reuss, Scaramuzzi, and Thomson, Low-Temperature 
Physics and Chemistry, edited by J. R. Dillinger (University of 
Wisconsin Press, Madison, 1958), p. 155; Nuovo cimento 13, 186 
(1959). 

31. Meyer and F. Reif, Phys. Rev. 110, 279 (1958). 


mixtures.‘ One might expect an ion and a He’ atom in 
solution to be very similar entities. The fact that the 
diffusion coefficient of the ion is many times smaller 
suggests that there may be a fundamental difference. 
The purpose of this article is to suggest that there is a 
large region surrounding the ion in which the density 
of the liquid is appreciably increased and it is this 
density field which determines the mobility. One 
consequence of this picture is that the ion drags around 
with it a large number of He‘ atoms and therefore has a 
very large effective mass. 


II. ELECTROSTRICTION 


When a polarizable fluid is distributed throughout 
a nonuniform electric field, its pressure and density 
increase with increasing field. An ion in liquid helium 
produces a very strong field in its vicinity and one might 
anticipate that the mean density of the surrounding 
liquid steadily increases as the ion is approached. 
Treating the liquid as a classical continuum, we shall 
estimate the magnitude of this electrostriction effect 
and show that it is probably very important. Since the 


4 Beenakker, Taconis, Lynton, Dokoupil, and van Soest, 
Physica 18, 433 (1952); see also J..J. M. Beenakker and K. W. 
Taconis, Progress in Low-Temperature Physics, edited by C. J. 
Gorter (North-Holland Publishing Company, Amsterdam, 1955), 
Vol. 2, Chap. VI. R. L. Garwin and H. A. Reich [Phys. Rev. 115, 
1478 (1959) ], using a spin echo technique, have obtained diffusion 
coefficients much smaller than those of Beenakker et al., but still 
several times larger than for an ion. It is not yet clear whether 
this is because Garwin and Reich were using much more con 
centrated solutions and were working at higher pressures. 
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He‘ atom is nonpolar, very stable, spherically symmetri- 
ical and has a low electric polarizability, and since 
the atoms are well separated in the liquid so that their 
wave functions overlap very little, the classical approxi- 
mation may not be too bad, except perhaps within a 
distance of a few angstrom units in the immediate 
vicinity of the ion. We shall see that the effects are 
large even if the immediate vicinity of the ion is ignored. 

The dielectric constant, ¢, of the liquid is given by 
the Clausius-Mosotti formula® 


e—1 47 p 


=— —Nap. (2) 
e+2 3M 


p is the liquid density, M the molecular weight, NV 
Avogadro’s number, and ap the molecular polarizability. 
e is only slightly larger than 1 and no appreciable error 
is introduced if the equation is simplified to 


e=1+ (41p/M) Nao. (3) 
The polarization per mole in an electric field E is 
P= NavE. (4) 


The molar polarizability, Nag=0.1245, will be assumed 
to be independent of density.® This is true if the distor- 
tion of the atomic wave function produced by the 
electric field is independent of the distortion produced 
by interaction with neighboring atoms. It is known that 
the molar polarizability changes very little between 
gaseous ‘densities and the density of the liquid at the 
saturated vapor pressure, but this may no longer be 
so at the density of closest packing, which may possibly 
be approached very close to the ion. 

The partial potential of the liquid at a point where 
the electric field is E is 


u=U-TS+pV—EP. (5) 


The first and second laws of thermodynamics give the 
equation 

TdS=dU+tdV —EadP. (6) 

Differentiating Eq. (5) and making use of Eq. (6) 

du= —SdT+Vdp—PdE. (7) 

When the liquid is in equilibrium in a nonuniform field, 

the partial potential must be the same everywhere 

(du=0) and, if there are no temperature gradients 
(dT=0), 

Vdp=PdE. (8) 


If the pressure is po at the point where /=0, 


Pp E : 
f vap- f PdE. (9) 
PO 0 


5H. Frohlich, Theory of Dielectrics (Oxford University Press, 
New York, 1949), p. 169. 
6M. H. Edwards, Can. J. Phys. 34, 898 (1956). 
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Substituting the value of P from Eq. (4), 


Pp 
f Vdp= }Naok”. 


PO 
At a distance r from a singly charged ion, 


E=e/e’, (11) 
where the dielectric constant ¢ is obtained by substitut- 
ing the local value of the density in Eq. (3). Finally, then 


P 4p 
f Vdp= Nat /A( 14+"), 
PO M 


E=0 when r= and fo is therefore the external 
pressure on the liquid. Given the equation of state 
(V=M/p as a function of p at constant T), Eq. (12) 
allows p and p to be calculated as a function of r. 

For sufficiently large values of 7, p is only slightly 
larger than fo and the integral may be written approxi- 
magely as Vo(p— po). Also 


(12) 


(p— po) =1"(p—po)/7, (13) 


where 1; is the velocity of first sound and y the ratio of 
specific heats. Hence, 
2V ouy2e0?r4 


“1/7. 
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Fic. 1. Variation in density of liquid near a localized point 
charge. These curves are based on a classical calculation for a 
continuum and the surface energy at the solid-liquid boundary 
has been ignored. 
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The extra mass associated with the presence of the ion is 


L 


M,= f 4rr”(p—po)dr. 


0 


(15) 


The extra mass outside a sphere of radius r, large 


enough that Eq. (14) applies is 


; 2ryNave* 
M '=— -, (16) 


Vou rEor. 


The external pressure fo was first taken to be equal 
to the saturated vapor pressure. The pressure in the 
vicinity of the ion was calculated from Eq. (12), using 
the equation of state of Keesom and Keesom.’ At a 
distance of 2 or 3 A from the ion the pressure was 
found to rise to the order of magnitude of 1000 atmo- 
spheres, which is greatly in excess of the melting 
pressure, and so it was necessary to assume that the 
helium was solid in the immediate vicinity of the ion. 
The melting pressure data were taken from Swenson® 
and the equation of state of the solid from Dugdale 
and Simon.* Once the pressure was known as a function 
of r, the equation of state could be used to determine 
the density, giving curves such as those shown in Fig. 1. 

The point S on each curve represents the boundary 
of a solid sphere surrounding the ion. However, we have 
ignored the fact that the melting pressure of a small 
solid sphere is greater than for bulk solid because of 
surface tension effects. If p,,(r) is the pressure in the 
liquid just outside a solid sphere of radius r and ay; is 
the surface tension between solid and liquid, then the 
pressure just inside the sphere is p»(r)+-20,,/r. A simple 
thermodynamic argument shows that 


Ve low 
’ (17) 


Pm(r)— Pull %)= 


vi--V;. * 


where V, and V, are the molar volumes of solid and 
liquid at the melting pressure. The effect of surface 
tension is to reduce the radius of the solid sphere, but 
its importance cannot be estimated until the value of 
o1 is known. In any case the dimensions are so small 
that any theory based on the properties of bulk liquid 
and solid is likely to break down, and it is quite un- 
certain whether any solid-like structure is formed, 
although there is obviously good reason to believe that 
the density is very high within a few angstroms of the 
ion. 

Disregarding these subtleties, curves such as those of 
Fig. 1 can be used to calculate the extra mass of liquid 
associated with the ion. Equation (15) must be used 
for r<10A but the simplified form of Eq. (16) can 


7W. H. Keesom, Helium 
Amsterdam, 1942), p. 237. 

8C. A. Swenson, Phys. Rev. 79, 626 (1950). 

9J. S. Dugdale and F. E. Simon, Proc. Roy. Soc. (London) 
A218, 291 (1953). 


(Elsevier Publishing Company, 
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be used for larger radii (about half the extra mass is 
outside a radius of 10 A). The total extra mass is shown 
as a function of temperature in Fig. 2. The outstanding 
feature, of course, is that, if this analysis is true, the 
ion drags around with it about 40 He‘ atoms. Since 
density changes can be propagated with the velocity of 
sound, the extra mass will in fact remain attached to 
the ion as long as the velocity of the ion does not exceed 
the velocity of sound. We must not assume, however, 
that this total extra mass M, is identical with the “effec- 
tive mass” M; of the ion in transport phenomena, 
although there is every reason to believe that they have 
the same order of magnitude. It is possible, though, that 
several atoms in the immediate vicinity of the iou are so 
tightly held that we must count the total density there, 
rather than the extra density. This would certainly be 
true if the ion were surrounded by a small solid sphere. 

An interesting possibility suggested by these ideas is 
that, when the external pressure is just below the 
melting pressure, the ion might become the center of 
quite a large solid sphere. For example, the work of 
Swenson suggests that it might be possible to maintain 
the pressure steady at a value only 0.01 atmosphere 
below the melting pressure. At 1.25°K the pressure 
would increase to the melting pressure at a distance of 
about 50 A from the ion and the resulting solid sphere 
would contain about 10* Het atoms. However, a surface 
tension of 0.1 erg cm~ would reduce the radius of the 
sphere to about 6.5 A, and so a final decision on this 
point must await an estimate of the magnitude of the 
surface tension. 


Ill. CORE OF THE DENSITY HUMP 


The above classical treatment applies to a localized 
point charge. The actual ion, whatever its nature, must 
be described by a wave function extending over a finite 
region of space. If the average velocity of the ion inside 
this region were appreciably greater than ™, the velocity 
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Fic. 2. The total extra mass associated with an ion as a function 
of temperature. This curve is based on the classical continuum 
approach. 











Distonce ae Center 
Fic. 3. Schematic representation of the liquid density in the 
vicinity of an ion. Curve 1: all ions heavier than helium, positive 
helium ion. Curve 2: almost free electrons. In both cases it has 
been assumed that the ion complex moves through the liquid 
with a velocity less than that of sound. 


of sound in the liquid, the electrostriction effects in the 
surrounding liquid would not be able to follow the 
motion of the ion, which would therefore be more nearly 
equivalent to a charge distribution of finite diameter. 
Outside the effective diameter of this cloud of charge, 
the electric field would be almost the same as for a 
point charge and the electrostriction effects would be 
unaltered. Inside the cloud, however, the electric field 
would be reduced and the electrostriction effects would 
be smaller. We must therefore consider this point 
carefully. 

The velocity of sound #, and the zero-point velocity 
of a Het atom in the liquid both have an order of 
magnitude h/m,6, where m, is the mass of the atom and 
6 is the average interatomic distance. This is a simple 
consequence of the fact that the gradient of the wave 
function is of order 1/6; it must change from zero to a 
maximum and back to zero again as an atom is moved 
through a distance of the order of 6."° A similar argument 
applies to an ion of a foreign atom. If this ion is heavier 
than a He‘ atom, its zero-point velocity can exceed the 
velocity of sound only if it is trapped within a cell of 
dimensions less than 6. Our previous approximation of a 
localized point charge is then adequate. Of course the 
ion can drift through the liquid with a thermal velocity 
v,= (3kT/M;)', but since its effective mass M; must 
be greater than my, v, is always appreciably less than 
uy. 

If the positive monatomic helium ion, Het, can exist 
in the liquid, the following interesting possibility arises. 
The above argument can be applied to the motion of 
the Het nucleus, but there is the additional possibility 


”R. P. Feynman, Progress in Low-Temperature Physics, 
edited by C. J. Gorter (North-Holland Publishing Company, 
Amsterdam, 1955), Vol. I, Chap. II. 
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that the positive hole might jump to one of the neighbor- 
ing neutral He atoms. This would occur after an average 
time interval 7~h/2zAE, where z is the number of 
neighboring atoms (the equivalent of a coordination 
number) and AE is the energy separation between 
the nuclear-symmetric and nuclear-antisymmetric wave 
functions for a Het ion at the appropriate distance from 
a neutral He atom. Taking z~5 and AE~0.1 ev," 
we obtain 7~3X10~® sec and the “velocity” for a 
single jump 6/r~107>>u,. The subsequent motion 
is a random walk and the distance travelled after n 
jumps is on the average ‘4. The effective velocity is 
therefore n'6/n7=6/n'r. When this velocity falls to a 
value comparable with , the electrostriction effects 
can begin to follow the motion. This happens when 


n~ (6/7)? 


18 
~ 10°. (18) 


The effective radius of the charge cloud would then be 
Rw~n's 
~F/uy7 
~ 300 6 


~10-° cm. 


Distribution of the charge over such a large volume 
would almost completely obliterate the electrostriction 
effects. 

However, it is unlikely that the positive ion is 
monatomic. The He2* molecule ion is known to have a 
dissociation energy of 2.5 ev,'" which is very large 
compared with all the other forms of energy involved 
in the problem. Moreover, Hest ions are more numerous 
than He? ions in the gas at high pressures." It therefore 
seems probable that the positive ion is He,*+ where x 
is a small integer. It is probably a compact unit; the 
internuclear distance in He,* is 1.1 A, as compared with 
6=3.6 A for the liquid. We have already seen that such 
a massive entity is highly localized from our point of 
view. Moreover, rapid jumping of the hole is no longer 
possible since it would involve rearrangement of the 
massive nuclei and this obviously cannot occur with 
a velocity greater than the zero-point velocity of the 
He atoms. We conclude that the electrostriction theory 
given in the previous section may be a reasonable 
approximation for the positive ion. 

The negative monatomic helium ion, He-, is probably 
unstable." The neutral diatomic molecule, Hes, is on 
the verge of stability. The Hes“ ion, if formed, must be 
very loosely bound. It is possible that a small compact 
polyatomic ion He,~ is the stable form in the liquid, 
and if this is so the electrostriction theory is valid as 
in the case of the positive ion. It is then difficult to 


1 L. Pauling, J. Chem. Phys. 1, 56 (1933). 

2 A.V. Phelps and S. C. Brown, Phys. Rev. 86, 102 (1952). 

18'Ta-You Wu, Phil. Mag. 22, 837 (1936); E. Haloien and J. 
Midtal, Proc. Phys. Soc. (London) A68, 815 (1955). 
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understand the difference in mobility between positive 
and negative ions. However, another possibility is that 
the electron moves almost freely in the regions between 
the widely spaced atoms. This presents a difficult many- 
body problem, but is probably within the capabilities 
of current techniques. A rough analysis,"* in which the 
electron is treated as though it were at the bottom of 
the conduction band in an insulator, suggests a density 
distribution in the liquid of the type shown in Fig. 3, 
corresponding to an electron wave function spreading 
over a region containing many He‘ atoms. It is hoped 
that a more rigorous analysis will be published later. 
The effective mass of the negative ion may be even 
greater than that of the positive ion, but in any case the 
density field appears to be different. 

Once the density field is known, the mobility well 
below the \ point can be calculated by considering the 
scattering of rotons in this density field. The interaction 
is a consequence of the fact that the roton parameters 
A, po, and uw vary with density. Such calculations are 
proceeding. 


IV. FURTHER DISCUSSION 


Assuming the ions to be almost independent systems 
and their number density to be small enough so that 
there is no doubt that they obey classical statistics, 
they can be treated like an ideal gas and shown to drift 
through the liquid with a mean thermal velocity 


1,= (3kT/M;)}, (20) 


where M,; is the effective mass including the mass of the 
He! atoms dragged along with the ion. At 1.5°K, if 
M; is about 40 times the mass of a He‘ atom (Fig. 2) 
then v,~ 1.5 108 cm sec~!. This is much less than the 
velocity of sound, #;)~ 2.4104 cm sec. 

In the presence of an electric field there is a uniform 
drift velocity v2=yuE superimposed on these random 
thermal velocities. As long as v«<€<v, the mobility is 
given by 


p=el/M in, (21) 


where / is a mean free path, and uw is therefore field 
independent. However, when 24>>2,;, then 


va= (2elE/M;)}, (22) 


and the mobility should vary as £-. In the experiments 
of Meyer and Reif,’ in which the mobility was field 
independent, the drift velocity never exceeded 100 cm 
sec! at 1.5°K. In the experiments of Williams! the 

4K. R. Atkins, Office of Naval Research Technical Report 
No. 3, Contract N-onr 551 (28) (unpublished). 
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drift velocity was always greater than 10° cm sec™ at 
1.5°K and the mobility varied approximately as E~'. 
This is consistent with the previously quoted value of 
1.510% cm sec™ for 2. Obviously a careful investiga- 
tion of the field dependence of the mobility could be 
used to determine the effective mass. 

One of the most direct methods of measuring the 
effective mass would be cyclotron resonance. In order 
that the relaxation time should be long enough, it is 
necessary to have wH/c>1. With H~10* oersteds this 
implies 4>10* cm? sec~ volt~! as compared with the 
largest measured value of 2 cm? sec volt at 1.2°K. 
This very high mobility might be attainable at a 
temperature of the order of 0.1°K if the dominant 
mechanism continues to be scattering by phonons and 
rotons. At sufficiently low temperatures the principal 
scatterers might be the He* atoms which are always 
present in small amounts even in well helium, and it 
might be necessary to reduce the number of these. 
The resonant frequency would be in the vicinity of 
100 kc/sec. Since the recombination rate of the ions is 
not known, it is difficult to estimate whether it would 
be possible to achieve a sufficiently high concentration 
of ions to give a detectable signal. 

The ions form part of the normal component? and 
might therefore be investigated by the conventional 
methods which give information about the normal 
component. Near 0°K the normal component would be 
composed almost entirely of ions and the velocity of 
second sound would be 


uo= (5kT/3M;)!. (23) 


In the absence of ions, second sound pulses would be 
considerably elongated because of mean free path 
effects, but the introduction of the ions would sharpen 
up the pulses and considerably reduce the velocity. 
Such phenomena are observed when He?® atoms are 
introduced.!® At higher temperatures the density of 
the normal component would be mainly due to phonons 
and rotons, but their interaction with the ions might be 
strong enough to produce a detectable change in the 
viscosity of the normal component or the attenuation 
of first or second sound. 
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Thé explicit evaluation of the ground-state energy of a Bose gas interacting through a two-body re- 
pulsive potential as an expansion essentially in powers of the density of the particles and the scattering 
length is given. It is shown that the problem can be treated by using diagrammatical analysis up to any 
orders. The energy was investigated up to the fourth order in the ordinary sense of a perturbation expansion 
in terms of the scattering length, but including terms up to infinite order for special classes of diagrams. 
The energy obtained contains in general a 2, C,p” Inp (n2=2, half-integer and integer) dependence, and 
the coefficient C; is evaluated. A self-consistent treatment is given following this analysis and is shown to 


lead to the formulation of Beliaev. 


HE purpose of this paper is to carry through the 

evaluation of the ground-state energy of a Bose 
gas, interacting with a repulsive two-body potential, 
in an expansion in terms of the two-body scattering 
length at zero energy and of the density of particles, by 
using an analysis in terms of diagrams. The method we 
use for this purpose is to expand the “strength” of 
the potential energy /v(r)d*r consistently as a power 
series in the two-body scattering length a at zero energy, 
and to represent the potential as a power series in a 
multiplied by the “shape” v(r)/ f-v(r’)d*r’ of the poten- 
tial (Sec. 1). Then this is used for the perturbation 
evaluation of the energy regarding the scattering length 
as an expansion parameter. The idea is similar to that 
of the pseudopotential method! and the procedure we 
employ is that of the K-matrix method.? The main 
difference is that we keep the shape of the potential 
in its original form to maintain the space locality of the 
interaction, and makes correction term-wise because in 
this paper we want to evaluate everything in powers 
of a. In Sec. 2, in the expression of ground-state energy, 
we replace the operator which represents the creation 
and annihilation of zero momentum Bose-particles with 
the operator consisting of the total number of particles 
(c-number) and the total number of excited particles 
(operator). Then, analyzing the expression of energy 
by diagrams, we show that there appear apparently 
disconnected diagrams which we should take as ‘‘con- 
nected” diagrams (a kind of nonlocal interaction). The 
effects of these “connected” diagrams are shown to be 
amalgamated as the change of the one-particle energy 
and the change of the total occupation number which 
appeared in the above replacement of zero-momentum 
operators. The ground-state energy is evaluated in 
Sec. 3 up to fourth order in the ordinary sense of a per- 
turbation in the scattering length, partially including 
special diagrams up to infinite order; the role of the ap- 
parently disconnected “connected” diagrams is revealed 


*On leave of absence from Tokyo University of Education» 
Tokyo, Japan. 

1 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). 

2K. Brueckner and K. Sawada, Phys. Rev. 106, 1117 (1957). 
The energies we evaluated in this paper are the class of corrections 
we stated earlier in Sec. 5 of this reference. 
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in fourth order. The energy takes the following form, a 
being the length which appears in the “shape” of the 
potential 

2mpa 32v2 
Ey= ies Pee (8mpa*)!+-G, (82pa*)! (8mpaa*) 


m 157 
+G2(82pa*)+G;3(8mrpa*) In(82paa’) 


+higher order power series in (82pa*)}, 


(8po?)!, In(8xpaa?) and a/) 


We have evaluated G; and G3, and found G; to be 
dependent on the shape of the potential, but G3 is 
independent and is $—(3)!/m. These are the leading 
corrections to the now familiar result if 8rpae1 (a Sa). 
In Sec. 4, the self-consistent formulation, which pro- 
duces amalgamation of the effect of apparently discon- 
nected “connected” diagrams into the one-particle 
energy change and effective total number change, is 
given and found to lead to the same formulation as 
Beliaev’s.’ 

1. EXPANSION OF POTENTIAL ENERGY INTO 

SERIES OF SCATTERING LENGTH 

Let us consider a two-particle interaction having the 

form of a “soft-core” potential given by: 


v(r)=0 


=Vpo 


for r>a 


for r<a, (1. 1) 


r being the relative coordinate. The potential v(r) can 
be written in the following way: 


ui= forrar[ain / fora] 


where we call /'v(r)d*r the strength of the potential for 
the reason that it represents the strength of the poten- 

3S. T. Beliaev, J. Exptl. Theoret. Phys. U.S.S.R. 34, 289 (1958) 
{translation: Soviet Phys. JETP 7, 289 (1958) ]. 
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tial in momentum space at zero momentum: 
u(a)= for) exp(iq:r)d*r; 


and call o(r)/ fv(r’)d*r’ the “shape” of the potential 
because it is normalized to unity in momentum space 
at zero momentum, and its high momentum tail 
depends strictly on the shape of the potential we use. 
[In this paper, we assume, besides the form (1. 1), 
potentials which have a general shape, mainly repulsive, 
in such a way that when the scattering length a — 0+ 
the potential vanishes. | For the potential (1. 1) we can 
write down explicitly the scattering length at zero 
energy : 


— tanh[[(V»a?m)*}]. (1. 2) 
(Voa?m)! 

Hence, by solving (1. 2) for Voa?m as a power series in 
a, we can get an expansion of the “strength” 
JS 0(r)@r= (4ra*/3)Vo. For a more general interaction 
it is difficult to obtain the equation corresponding to 
(1. 2), and we adopt the following procedure, which in 
fact is more suitable for practical application than is 
(1. 2). The scattering length at zero energy, a, is related 
to the scattering matrix ¢ by the following equations*: 


4a 
too; 00=—— = Poo, oot om V00; q—q7 — te q; 00, 
y € 
m\ q —q/m 


1 
tq—q;00 = Uq q 0+ 2, Vid eat e ta’ 
q 


2 


—q*/m 


q'; 005 


where 
1 
1: j,h=—Ois jeer | expLi(j—k)-r ]o(r)d’s, 
V 
V is the normalization volume of the system, and 
V(ij);lk Means 
: oxide » 
0 (47); k= 9 (Vij; ck +2; i; tk). 


The expansion of the ‘‘strength” in powers of the scat- 
tering length at zero energy can be performed in the 
following manner; first rewrite the Eq. (1. 3) b: intro- 
ducing the “shape” of the potential. 

“Shape” of the potential : 


fism=rynan / f oleae 


= (45), 1k/ Vo0, 00, 


1 
loo; 00 = Voo; 00 ( 1 +> foo; OO re «) ) 
qa ie g/m _ 
(1. 5) 


1 
fq—g;00= Vo0; a fe-awtE Sa—a:a’ 0’ —tv-a.0e) : 
q’ /m 


eee Fe 
4B. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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Eliminating 20,00 from the lower equation and solving 
it for t,-¢;00 as a function represented by foo,o0 and f, 
then putting it back into the first equation, we get 
Vo0,00 AS a Series in foo,90; then from (1.4) we get an 
expansion of the potential energy into a series in foo, 00 
(writing too; 00 as to): 


woof 


9 


() 


{DED 
ND 
(NCE) 
(4) 

“(i os 


@ 
= =— (n) 
=D vj); a, 
n=1 


where [ f(1/a) f(1/a)---(1/a)f] means 


1 1 1 
fai- a ales ——— fen. 


—q2/m — Qn?/m 


far- 


an =—gQ;"/m 


@1; 92-92 


- 


q1 


We use abbreviations 290, -~¢= 040; 07= Yq) f00;g-¢= Ja—g; 00 
= f, in the following paragraphs. 

It can be seen quite easily that the coefficients in 
square brackets play a role in cancelling the energies of 
two interacting particles at zero energy higher than the 
first order in expansion of fo,° in fact, the coefficients 
can be determined to arbitrary order by using this 
condition. For the case of model (1. 1), we can evaluate 
the coefficients immediately by comparing the expan- 
sion of Voam in terms of a/a obtained by using Eq. 
(1. 2) and the expansion of (1. 5): 


4rra 1 
9 
too;00= —— = 200; 00+ V0; 007 f f 
mV a 


: 
tronat( J f f)t--- (1. 7) 
ada 


6’The energy of the two-particle system consist of O(1/R) 
+0(1/R?)-+--+-+, where R is the radius of the normalization volume 
V. What is meant by “cancel” is only for the energy of order 1/R. 
This part of the energy only plays an essential role in the many- 
body problem; see reference 1. 
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and we get 


1 3Vm 3Vm\? 
(1-1) =-0.4000-— ;. 
a 4rra 4c 


111 3Vm\! 
FF )- -0.0656(- ”) _ 


aaa 4rra 


and 


3 Vmlo 
U (ij); 1k = tefinf 140.000 - ) 
4rra 


3Vmly\? 3Vmto\# 
+-0.1200( - ) +0.0614( —) +: | 
41a 4a 


We shall see in the following paragraphs that if we 
evaluate the energy of the system by expansion in 
powers of the scattering length a, the second, third,. . . 
order corrections to the energy, which have the same 
structure as the combinations of f appearing in (1. 6), 
are nearly cancelled and the energy of the system (this 
kind of energy we call energy coming from scattering) 
becomes a series with much smaller coefficients than 
the above figures. (Higher-order corrections cancel 
out® for the two-particle system with momentum zero, 
only the first order surviving; for the many-particle 
system the free-particle energy is changed by the 
presence of the other particles and a term of the form 
({L(1/a’)—(1/a)]f) appears, the difference a’—a 
being of order at least a.) The real restriction for ex- 
pansion of energy of the system about scattering length 
should be found in the effect of many-body interaction 
via two-body interaction, the contribution of which to 
the energy has different structure in terms of f than 
(1. 6). 


2. TRANSFORMATION TO EQUIVALENT PROBLEM 


The ground-state energy of the system can be ex- 
pressed explicitly by the equation given by Gell-Mann 
and Low,® which is the time-dependent version of the 
Brillouin-Wigner equation for the energy correction; 
following their notation, we have 

($0, WU a1 (— © ; O)do) 


AEo= lim——— -— : 


. wn (2. 1) 
a+ (do, UZ(-« ; O)do) 


where @o is the free ground-state wave function of .V 
bosons, and 


U"(— @ ;0) 


Ef. 


0 
f P(v(t;)v(te)+ + -0(tn)) 


2 K exltittat-- +n) dtidto: ‘ ‘dln. (2. 2) 


6 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 


SAWADA 


and P is the chronological ordering symbol, 
v(t) = e'Hotye— tHot 
V= $0oMo(Mo— 1) + Dog Mq(Yet+V0)Mo 
+3 Le Bq*B_q*VeBoBot cL. 
+e L» By*Bp*} (M+ Vp)B p+-o8ot cc. 
+3 Dip Lin LaBrie Bo * By +a8p, 


(sums do not include momentum 0) 


(2. 4) 


where the @,’s are annihilation operators of bosons with 
momentum g and the n’s are number operators. 

We here note that the evaluation of (2.1) with the 
wave function of the state with N free particles in the 
ground state is completely equivalent to the evaluation 
of the same quantity with replacement of » [ (2. 4) ] by 


S09(N— dog %q)(N—Dog tg 1) 
+X p Mp(tptr0)(N—Qig Ma) 

+3 Dea Ba*B-g* tol (N— Dog Ma) 

X (N—Yg tq—1) }#+c.c. 

+ Qe Dip Be*Bp*d (tye +05) 
XBprg(N— Dg nq)! +c.0. 

+3 Le Lv Ln Bot a*By'*MBp'+ 8p 


Ain=v= 


(2. 5a) 


2m 1 
N pave? N™—1(N)— 


dN™ m! 


= m 
xf —-— +c.c.}, (2. 5) 
N 
where 


v(N) = 3t0oN(N—1)+>. p tp(vpt00)N 
+2 ¢ By*B_-q*qLN (N—1)]} 
+0 ¢ Dp Be®Bp* (e+? p)Bptq(N)! 
+32. Le Le’ Bo+q*Bp'* 0B p+ oB p 


with respect to the no-particle state,’ where the 6’s now 
refer to particles with finite momentum. 

Noticing the above fact, we can represent (2. 1) and 
(2.5) by diagrams representing interactions, and we 
can show that they can be reduced to the connected 
contributions only, namely (denoting the no-particle 
wave function by yo): 


1 n 
AFEo= (v. iH Hw (Hm) v»), (2. 6) 
connected, n —_ Hy 


by using a similar argument to that used by Goldstone® 
for the fermion case. The remarkable difference is that 


m=! 


7 This statement holds exactly for VN — «, because for the equi- 
valence of two quantities we need the condition N— 2,n,20 
in every intermediate state. 

8 J. Goldstone; Proc. Roy. Soc. (London) A239, 267 (1957). 





GROUND-STATE 


when (2. 1) and (2.5) are represented by diagrams we 
have, as “connected” diagrams, diagrams of the 
form shown in Fig. 1 by the presence of the term 
which consists of a product of N"(d"/dN™)v(N) or 
N™(d™/dN™)vt(N) and (—>., ,/N)” in the interaction 
energy ; for example, the first one represents 


1 d 
tLEN(N—1) }!0,—_ v—s(n)) 
—g/m\ dN 


qq 


1 
ae (N—1)}43 >LV( N—1) }*2,. 
eptenrrre 


1 1 1 
x (-=). —————1,[[N(NV—-1)]}, 
—(¢+q")/m\ NI (—g+q")/m 
where [N(d/dN)v(N)]q-¢ is the expression >>,» 
X (vp+2)N obtained from differentiations of 3[v(1) 
+c.c. ]. [The interaction obtained by differentiating the 
first term in v(V), namely (V—}4)v0(— do, 4), produces 
the change of free-particle energy. | But because these 
“connected” diagrams are apparently disconnected, we 
can write them as products of independent sums over 
particle momenta. This can be proved by adding 


wp ot a 


Fic. 1. First class of disconnected ‘‘connected”’ diagrams. 
(b) The energy denominator of Eq. (2. 6) for the last diagram is 


t 4 1 1 1 y 


aate atb+ca’ +) +en' +b". $e a Ye! a’ 
) Relative position of diagram | b. (d) Energy denominators 
b(=b)eclee) . (X represents — ae Ny IN). 


SNERGY 
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tak }% 


Fic. 2. Second class of disconnected ‘‘connected” diagrams. 
diagrams which have all possible relative positions of 
interaction with respect to each other; for example, in 
the second graph, we first sum over all possible relative 
positions of the last interaction as shown in Fig. 1(b); 
then the energy denominator of the last connected 
graph is disentangled from the rest and acts at X of 
graph b. For each possible relative position of graph 6, 
by summing over all possible positions of the interaction 
X as above, we have Fig. 1(c). Again in this sum the 
energy denominator is disentangled and the complete 
sum becomes a product of separate denominators 
(1/aa’)(1/bb’b"’) (1/cc’)® 

There appear in (2. 6) also graphs of the form Fig. 2, 
namely diagrams in which one or more — 0, m,/N are 
acting in the diagram without introducing new isolated 
loops, but as we shall see in the following we can discard 
these graphs completely. 

To estimate the contribution to the energy from 
diagrams, first we can show by a simple counting that 
the connected diagrams which consists only of v(V) 
and o'(N) give an energy proportional to the total 
number V, — O(N)+0O(1)+---. The effect of the 


“interaction” 


x" a™ 1 Ras Mq 
Pp N™—+0( —(- ) tec} 
m=1 dN™ m! N 

produces two two kinds of diagrams [apart from the 
one-particle energy change (V—4)v9(—3o, mq) as men- 
tioned above |. The first one is of the form given in Fig. 
1, the contribution of which to the energy can be repre- 
sented as a product of contributions from each diagram 
as was shown above. In these graphs, each -->°, 2,/N 
acts on the completely separate self-connected loop. In 
estimating the order of energy coming from these 
diagrams, we note that (—}°,”,/N) is of order 1/N, 
while each N™(d"/dN™)0(N) or N™(d™/dN™)vt(N) is 
of order v(.V) or iol Hence in the first class of dia- 
grams (—)°, ,/N)™ produces (1/.V)™, with m+1 loops 
which consist of the interaction of ‘order v(N) and 
2'(V), and the latter loops give rise to energy O(N™*") 
(because a single loop with interaction »(V) and v'(.V) 
gives a factor proportional to NV, the total number); 
the total contribution is thus proportional to the total 

9If two or more of the same diagrams are contained in ap- 
parently disconnected “connected” diagrams, the above process 
counts diagrams 2!, 3!---times, hence we must divide by these 
figures. For instance, Fig. 1(d) for diagrams b equal to c, gives as 


the contribution 
1 1 : 4 


2! aa’a”a’” bh’ cc’ 
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number JN. In the second kind of diagram —}°, 2,/N 
acts one or more times without producing new loops as 
in Fig. 2. These give, with given (—)\,m,/N)™, a 
number of loops less than m+1; hence the energy is 
equal to or lower than order one. To get the total 
energy of the ground state up to order .V, we need 
therefore only consider the first class of “connected” 
diagrams. 


3. GROUND-STATE ENERGY 


In this section, we take into account the effect of the 
change of one-particle energy in zeroth order, which 
comes from the first and the second terms of v (2. 5a); 
they give 
SvoN (N—1)+2. p Mp(vpN +300) 

— }00(Qeg Me) 


and we have for the Hamiltonian, 
H=>,, ne +vyN +409 ]+300N (N—1) 
—}00(20q %q)— Lip Mp Lig Me 


—2 Np Le Ng, 


d™ 1 
+3ffeca N+ ¥ N™—1'(N) 
dN™ m! 


«(-*) Jee} 


m=l1 


with 
v'(N) B,*B-,*v4[ N(N —1) }* 
+l Li» B,*Bp* (29+? p)B p+ Vt 
—{ de Le Ls’ Bora*Bp'* 08 +08 p- 


v in powers of fg 


=De 


In (3.1) we put for v the expansion of 
(1. 6), and represent the Hamiltonian as a power series 
We take as zeroth order energy of the excited 
10 


in lo. 
particles 


> pL (p?/2m)+lof pN |ny, 3.1’) 


because, as was discussed in B.S.,? without inclusion of 
the “gap” we cannot proceed with a perturbation 
evaluation of energy in the expansion in powers of fo 
owing to the appearance of infrared divergences in the 
higher-order energies. 

We evaluate the ground-state energy following the 
order of the ordinary perturbation calculation ; namely, 
we call the energy which has two factors of ¢ the 
second-order energy . . . etc., and taking into account 
some higher order contributions simultaneously, we 
make correspondence with the actual expansion param- 
eter, namely, as we shall see, (8mpa*)!, (8mpaa?)!, and 
a/d. 

a) Lowest order. 
first term in (1. 6) is 


AE =4N(N—1)to 


1! We can drop —4%N and 2, n,}v9 from (3.1), because they 
give only an energy of order one. 


The second term of (3.1) with the 


= N2mrpa/m. (3. 2) 


SAWADA 


(b) Second order.—The contribution of iteration of 
the first order interaction, and the second term of (3.1) 
with 2 [0 is the second term of (1.6) ], is 


_),, 
ie ¢/m (3. 3) 


AE,® = 4 


1 
mat §(———_-- 
, q : _ (q?/m)—2Ntof, 


we actually have for the energy denominator —2Néof, 
—2tofo instead of —2Néof, and for the first factor 
N(N—1) instead of N?, but the omission of —2tofo and 
—N is justified because they contribute to the energy 
of order one. 

Here we note that f, is 


ful=fune-a)= f expia-rdn(ria'r / fi (r)d*r, 


and is only comparable to one for momentum g smaller 
than 1/a, where a is the core radius for model (1. 1), 
and for more general interaction it is the length ap- 
pearing in f. Changing the variable of summation in 
(3. 3) from g to x defined by the equation 

= (2Ntom)'x= (8xpa)}x, (3. 4) 


one can write (3. 3) symbolically [using the abbrevia- 
tion b=1/(2Ntom)!a | as 


R ~b 1 1 
VtemV (2Ntam)* f (—— -—) 4s 
0 mpm] +e 


The integral over x converges even for (2Ntgm)!a > 0, 
and the integral gives a series of the form 


A+ B(8mpaa?)!+C (8mrpaa?)+ - - - 
The actual value is 
2m pa 


—(8mpaa*)} 
m 


AF) =N 


— (15/8) (8mpaa?)!+ --- 
«(1+ 
— (2/1) (8mpaa?)'+ - - - 
where the first term is for the potential with Yukawa 


shape 


fa=1/(1+ (qa)?], 


and the second is for a sharp cutoff in momentum space 
(an oscillatory potential with the main part repulsive 


‘1G. 3. Pair creation-annihilation 
diagram (I). 
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oR 


Fic. 4. Diagram which gives energy of the order paX (pa*)?. 


STATE 


* + 


+ Vo” NIN-I) 


in coordinate space) 


fy=1 for g<1/a 
=0 for g>1/a. 


We can see that the effect of the “shape” function 
appears as a power series in (8mpaa*)!, a number which 
is usually larger than (87pa*)!. 

The considerations in B.S. show that there are also 
terms which contribute to the same order of the energy 
expansion in pa(pa*)! in the apparently higher order 
graphs (in the usual sense of expansion in powers of f0). 
Namely, if we add two factors Nfo to some converging 
graph, then we increase two energy denominators and 
introduce no further momentum summations, producing 


AEF) ®)! = N21? > ff 
qd 


= .\ 

m 15a 
where again the first line is for the Yukawa shape and 
the second is for the sharp cutoff in momentum space. 
The formula for the coefficient of the (Smpaa?)! term is 


2 ¢”% dy 
G=- J -E 
To y 


It was assumed in obtaining (3.7) that fy, is at least 
1+O(y*) for y— 0. 

(c) Third order—The third order energy can be 
written down as follows: The first term comes from 
repeated scattering by v"?, the second and last terms 
are 4v9°)N(N—1) with vo the third term of (1. 6), 
and the third term comes from scattering due to v® 


where y=ga. (3.7) 


and 2: 


j a | LI 
an.=iviv— el (Ff ‘-(s f f) 
aa aa 
1 1  \ 
-( J (5 f)+2(s f) | (3. 8) 
a a a 


where a= —g’/m as before, a’=—q?/m—2Ntof,, and 
the quantity in square brackets is the two-body scat- 
tering-matrix element 00 — 00. Transforming to the x 
variable (3.4), one can see that the integral over x 
converges in the limit of (8mpaa?)!— 0, so the leading 
term does not depend on a (we can take f=1 to get 


2mpa 32v2 (- (9, 4) (Smpaa?)!+--. 
(8mpa*)!{ ——+ | 


| — (2/1) (8mpaa*)'+--- 
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a pair-type interaction as shown in Fig. 3. The resultant 
contribution to the energy can be represented by multi- 
plying the original expression of energy inside the 


momentum summation by the factor 
1 
L(¢*, m)+BNio? 
1 


by changing to x(3.4) > "4 


(xt- ++) 


(I) (Nto)? 


where. . . contains the number of the order one which 
is provided by the presence of the “gap” Néo in the one- 
particle energy in (3. 1) (in the x variable it is of order 
one), and saves the infrared divergence of the integral. 
Namely, these interactions must be included to get the 
correct coefficient of pa(pa*)! in the expansion. 

This class of diagrams is shown in Fig. 4, and the sum 
of these diagrams is just given in B.S.,? with a slight 
change in notation 


1 1 ) 
; — erences te — Bf, 
— (q?/2m)— Ntofa—{L(q?/2m)+Ntofa P—(Ntofa)?}! —q@?/m . 


}) 


the leading term): 


AE = N (2rpa/m) (8mpo*) [1+higher order 


power series in (8mpaa*)*]. (3. 9) 


The pair-type diagrams for which argument (J) holds 
and which contribute to this order in p, a are given in 
Fig. 5. But this S, is the first order expectation value of 
energy which represents the scattering of opposite- 
momentum particles; 


Si = (Wo, I od da’ B,*B Pal PF q;4'—4 B, B Vo), (3. 10) 


with the wave function including all pair excitations 
with opposite momentum; namely, ground-state wave 
function with Hamiltonian 


H,° pm 


a—_ P 


np (p 2m)+lof pV | 
+ 3 \ pe By" q “lof N +- C034 


If we transform variables to the u-representation which 
was given in B.S. (20),? defined by Wo= Uo, ug= U"' BU, 
we can take the vacuum expectation value for y-vari- 
ables; then we get for the “shape’’-independent part 
[we take all f’s equal to one because the final expression 
converges for f=1 and the effect of f appears as a 


b AY 


Fic. 5. Third order diagram with inclusion of effect (/). 
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)+A+fAe- 


4. 
y (2) 


Fic. 6. Subtractive third order diagrams. 
power series in (8mpaa*)! | 


S, 


savie( 
qd 


where A, is defined in B.S. (23), (the a in that equation 
is now fo). But here, we must take into account of the 
second order interaction in (1.6) which contains the 


1 ) 
—2{( (g?/2m)+NtoP—(Nto)234F ” a 
(3. 11) 


SAWADA 


+ Ae Y tae 
second order pair creation and annihilation operator 
giving the diagrams of Fig. 6 where the small circle 
represents the second term in (1.6), namely v® 

—teLf(1/a)f]f. These terms are to be taken into 
account together with the diagrams which represent 
scattering of excited particles, as shown in Fig. 7, 
because our second order term in the expansion (1. 6) 
is designed to compensate the scattering. The small- 
circle interaction S$; can occur at every vertex in S2 
[the first two terms of S» is the third term of (3. 8) ]. 
The sum obtained by replacing the small circle with 
the ordinary vertex fof is just the same as the term 
appearing in Fig. 4 multiplied by the number of vertices 
in each diagram (in Fig. 4); hence 


Fic. 7. Diagram 
which contains scat- 
tering. (Second order 
scattering.) 


(3. 12) 


1 
: ) 1 Nt¢? i ; ‘ = Fes ) 
" F dly a —(g?/2m)— Nto—{L(q?/2m) +N lo P—(Nbo)?}} 


where because we must remember that Véo in combination with the kinetic energy is not the pair creation annihila- 
tion vertex, we put a bar above the vertex. (3. 12) gives 


1 1 


= deb § N71, z. 7 2. 


q@ —2{0(q?/2m)+Nto P—(Nto)?}4 «@ —(q?/m) 


Finally, the diagonal element of [.V(V—1)/2]v is (we take all f’s equal to one) 


N*t93 f__ 1 ? 
S;= -{( > 
2 a —(q?/m) 
The sums of these three contributions give 


NU 1 1 2 
l=( ; = )| +shape-dependent terms 
2 La \—2[(¢?/2m)+Nto P—(Ntbo)*}! —a?/m 


AE, ® , 


= N (2xpa/m)(8mpa*)[ (8/x?)+-power series in 8rpaa’)? }. (3. 14) 
From (3.5), (3. 6), (3.9), and (3. 14), we can see, as was remarked already in B.S. (51)—(54),? that the inclusion 
of creation and annihilation of opposite-momentum virtual pairs (I) affects the result rather slightly; namely 
for AE,” it changes 1 to 32V2/154r=0.9603, and for AE)’, 1 to 8/7?=0.81006. 

(d) Fourth order—In this order, we encounter the simplest type of the apparently separated “connected” 
diagrams. First, the scattering type of energy is always subtracting the term which comes from the interaction 
appearing in the expansion (1. 6) and is represented by the diagrams of Fig. 8, 


AE, scattering = N (2xpa/m) (8mpa*)} [1+-higher power series in (8mpaa?)! ], (3. 15) 


Because of the lack of divergence (ultraviolet) in the x integral in the limit of (8mpaa?)! — 0, the first term does 
not depend on the shape of the potential @ and is always unity even if we include higher-order scattering [see 
(3. 23) in (e) ]. The diagram Fig. 9(a) gives 

1 


— (q/2m)—((q—q')?/2m]— (q?/2m) — Nto( fat fa—a't fa’) 
1 1 


fy 


2( + N*t*) > te ’ Y ; ? . XK Nie? 2 are q',q' —_—_——_—— 
q —(¢ m)—2Ntof, i 


X 2 far a—a's0a— Sa’ z fo. (3.46) 
49 / ) J 


— (q?/m — (q’/m)—2Ntofa 
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where the first factor 2 arises because there are two kinds of diagrams (namely, each of two particles can have 
“self-energy” diagrams), the second term in the curly bracket is due to the second order change of the one-particle 
energy coming from >>, ”,v,°N in the second terms of the first square bracket of (3.1), and the factor two in 
front of the f is due to the possibility of exchange scattering. Also from (3. 1), we find the apparently discon- 


nected ‘“‘connected” diagrams shown in Fig. 9(b) which give 


—2/N 


N(N—})le? 
 nssaine 


N(N—1)te? 


” Jq ara mg te PEP 
2 a [—(q?/m)—2Ntof, P 2 1 = (q/?2/m)—2Ntofa’ 
N%? ! 


LD be Sv. (3.17) 
— (q’*/m)—2Ntofy 


Nt? —2/N 
<2 2 — > D Peg 7 ‘ - ‘an ‘ ars ~fa- iit 
2 «@ [—-(¢/m)—2NbofaP 2 @ 
Equation (3. 16) can be interpreted as a change of energy of one particle in the energy denominator of the second 
order diagram by an amount 


1 


A,Y= Nie? E (Jw. q’.q’ en pe igen "cial a i ee > i. o-feee i 2 
q’ — (q’?/2m)—((q—q’)?/2m]— (q?/2m)— Nto( far + fa-at+Sa) 


1 
| aT a fu), (3.16) 
— (q’?/m) 


because the expansion of These considerations suggest that the effect of “‘con- 


1 nected” diagrams which are apparently separated is a 


INA : ite x iz ta 
qa —(¢g?/m)—2Niof,—2A," 


gives (3. 16); (3. 17) can also be interpreted in a similar 
way with 
1 
A®M=—NI?Z> fy fay 
q — (g/m) —2Nto fy 


change in the one-particle energy and a change in the 
total number appearing in o(.V) and v'(.V). This dual 
interpretation is possible only for the lowest-order 
diagram [Fig. 9(b) ], because in this diagram we can 
pack the effect of either loop on the other; in higher 


° ~ ! 1) 
(g-independent). (3. 17’) ili 
But for (3. 17), we must note that there is another way 
of interpretation, namely as a change of total number 
appearing in the second order energy; we note that 
we can write (3. 17) as follows: 


vy 


! 
: ' vat" (N (N-1))2 
AN—[N(N-1)]t?3 XO fy’ fa’ 
dv a= —(q?/m)—2Ntofy 
(3. 17’) 


where 


AN=-4N(N-1)?D fy 


2 


Sa 
[— (q?/m)—2Ntof, 


—(di N‘)2nd order, ' 
va NS (Nin-t))2 
and ( )2ndorder Means the second-order expectation =V 
value of excited particle numbers with respect to the 
ground state wave function of the system 


H=> ,(p?/2m)n,+3[0(V)+c.c. ]. 


wz) a 
(N(N-1))® 


y(2) y(2) yo) -a/ \q 


Pe £000 ¥ 


yer yl) yl3) Fic. 9. (a) “Self-energy” type correction. (b) Fourth order 
apparently disconnedted “connected” diagram. (c) ‘‘Vertex” type 


Fic. 8. Fourth order scattering contribution to the energy. correction. 
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orders, as is shown in Fig. 10, the interpretation which 
we must take becomes to some extent fixed by the dia- 
gram. 

Addition of (a) and (b) gives 


1 
0 ANWEE fa hu 
"ee [—(¢ m)—2Ntof, 


X2(A,YP+A%). (3. 18) 


AF 


Before evaluating the integrals, suppose one connects 
two-particle lines of some diagram, as shown in Fig. 11, 
it introduces two to with one N and two energy de- 
nominators with one momentum summation, hence in 
the x variables defined in (3. 4), the contribution to the 
energy is to multiply the original expression with 
(symbolically) 


ign > 
[(q?/m)+---] 


Le N Vm? 


1 
(IT) 


1 1 Pe | 
—> (pa*)? 
(2Niom)? x v 


For the graphs of Fig. 9(a) and (b) or 9(c), the original 
graph is given in Fig. 12(a) 


1 . 
— \ papa’)? f dx, 
(q?/m)+:-- 


and hence for (a) or (b) [using the abbreviation b= 1 


(2Ntom)*a 
| ~b aX 
Npa(oa’)! fa (pa*)?—= Napa? f . 
. ‘s 


where 1/(paa*)!~b represents the cutoff provided by 
the “shape” function, and the integral converges at the 


lo” N? - 


qd 


1/(8mpaa*)? | 


1 


N? 
AF,“ (6) = 2 ty? z. > 2N 10" fa’ : fe wae ‘ 
) e@ — (q’*/m)—2Nto fa’ 


1 


X foa'ia q’—4@ 


When transformed to x-variables, this integral also 
diverges logarithmically in the limit of (8mpaa?)! — 0, 


PROPAGATOR CHANGE 


PA 
NUMBER CHANGE 


Fic. 10. Higher order corrections due to an apparently discon- 
nected connected diagram. 


— (q?/2m)—((q—q')?/2m ]— (q?/2m) — Nto( fot fa eis” 


SAWADA 


lower end (generally because of the “gap” of order 
unity). 

Thus, if we change the summation variable g into x 
in (3.18), then the integral over x diverges logarith- 
mically in the limit of (8mpaa’)!— 0: 


2rpa 1 ~b 2[ (3x°+6)!—1] 
AE)“ © = N——8rrpa’ lf dx x°—— - 
m TLS) (a?-+-1)? 


+power series in (8mpaa*)! |, 


where the numerator of the integrand is the sum of 
two “corrections” (3. 16’) and (3.17’) to the one- 
particle energy, and the power series in (8paa’)! is 
the shape-dependent part of this energy change (note 
that A,“’+A converges even if one puts f— 1). We 
can determine the coefficient of the logarithmic term 
independent of the shape of the potential : 


AEo @ = N (2xpa/m)8rpael — ((3)*/2) In(82paa*) 
+constant+power series in (8mpaa?)!]. (3. 19) 


One should note that besides the In dependence, the 
pe dependence of the constant term is the same as the 
third-order energy AF). 

The inclusion of pair creation and annihilation 
diagrams (I), which we expect to contribute to the 
same order in papa’, brings in more energy denominators 
without increasing the number of momentum summa- 
tions and hence there appears no divergence in the 
x-integral in the limit of (8mpaa*)! going to zero. For 
this reason, there appears no logarithmic term from 
these diagrams; of course, the constant term is affected 
by these diagrams [the converging x-integral in the 
limit of (8paa?)— 0 is the series in (8rpaa*)! of the 
form A+B(8paa*)!+C(8rpaa?)+---]. The contri- 
bution from Fig. 9(c) can be written in the following 
way: 


e 1 o 
2 fa q.-¢';-—qv las 


— (¢°/m)—2Ntof, 


(3. 20) 


and the coefficient of the logarithm can be determined 
without knowing the detailed shape of the potential: 
AFEo © = N (2mpa/m)8pa'l 4 In(8mpaa?)+const 


+higher power series in (8rpaa*)?}. (3. 21) 


N2 
Fic. 11. Connection of two 
particle lines (IT). 
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) 


ORIGINAL 


Fic. 12. (a). Original graph and induced graph for agument (II). 


(b) Three-particle correlation diagram. 
Summing the contributions from the scattering dia- 
grams and (a), (b), and (c), we get 


AE)“ = N (2xpa/m) { 8rpa'l_ G3 In (8rpaa*) 
+constant+power series in (8mpaa?)! | 
+ (8mpa*)! [1+ power series in (8mpaa*)! }}, 


with! 


(9s 22) 


(e) Finally, let us discuss higher order effects briefly. 
The scattering type of diagrams have always their 
counter terms which subtract the divergence in the 
x-integrals in the limit of (8rpaa*)! being zero, and the 
resulting x-integrals converge in this limit at the upper 
end; hence, the contribution starts from the term which 
is independent of the shape of the potential, namely, 
only a function of a. This term can be evaluated easily, 
and is 


Ke (n) 
“0 scattering 


1 n—l 
deat tal 
~ (g? m)—2Nlo —q/m 


+shape dependent term as a power series 
= N (2rpa/m) (8mpa*) ("—)/2 


[1+ power series in (8mpaa*)*]. (3. 23) 
The factor 1 in the first term, of course, changes when 
the diagrams of pair creation and annihilation (I) are 
taken into account. 

There are also diagrams of the form of Fig. 12(b). 
These introduce one f with summation over 
momentum and one energy denominator; namely, in 
the x-variable (symbolically) 


one 


1 
(IIT) to >. ae loVm(2Ntom)ix (pa?) bx 


[(q?/m)+--+] 


11 The same coefficient was found by T. T. Wu by the pseudo 
potential method and also by D. Pines and N. Hugenholtz (private 
communications). 
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(see Fig. 13), to the integrand of (3. 20) which has 
been diverging logarithmically in the limit of small 
(8mpaa*)!. Whence the first diagram of Fig. 12(b) has 
a linear divergence and the second a quadratic one in 
this limit. The leading terms are (using the same 
abbreviation for the upper limit of the integral as 
before) 


pa = ¢~dx ; 
N mo f —[(pa*))x, (pa*)a?, +++ + J 


m x 
= N (pa/m)pa'l a/a,(a/a)*, 


Take for example the second diagram: 
m?® N%196 V4(q!?/q") 
NNtoNlom( Viam)s(Ntom) f xdx 


pa A B 
m (paa?) (paa?)! 


+c In(paa’) 


+constant+power series in (oa) 


9 


pa at" 
= N p( ) {A+ B(paa’)! 
m a 


+[constant+C In(paa*) |(paa*) 


+higher power series in (paa”)!}, (3. 24) 
where we have picked out the most seriously diverging 
expression in the second line [in the limit of (paa*)4 
going to zero]; 10 
shows five energy denominators. One concludes that 
this type of diagram gives rise to a power series in a/a 
pa’-dependence and also they 


q’ shows four summations, and q 


without increasing the 
may contain a logarithmic term multiplied by a higher 
power of (paa*)!, pir the logarithmic term 
in (3.19), (3. 21), and (3. 22 


higher orders (even in the case of the hard core a=a). 


is not affected by these 


The effect of opposite-momentum pair creation and 
annihilation processes (I) brings down the degree of 
divergence in the above considerations and so the 
integral over x starts from higher power in (paa*)! than 
the original graph. [In (3. 24), paa?+ B/(paa*)§ 
+C+::- { + B(paa*)'+--- 
the addition of process (1) makes the x-integral converge 


is changed into because 
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Fic. 14. Effect of pair creation- 
annihilation diagram (I) on three- 
particle correlation diagram. 


at the upper end. | Take for another example, Fig. 14: 
18 1 
Vmto®N®—(Nto)?- 
q' g 

~b dx pa 
—= vemtsssne(Nt) f ‘ N- - (pa 


x m 


4 

3)3 x 
[ In(paa*)+constant+power series in (8rpaa*)!]. Hence 
the effect of (I) on the diagrams in Fig. 12(b) 
goes into higher order [Fig. 14 without process (I) is 
N (pa/m)po8(a/a)* |, although they may contain loga- 
rithmic dependence. The diagrams shown in Fig. 12(b) 
are proper three-body interactions and make the 
evaluation of the constant term in papa® very difficult 
in the case of a hard core (a=a), but for the soft-core 
case one may obtain the corresponding corrections in 
power series in a/a. There are also diagrams of the 
form Fig. 15 with forward scattering between two loops; 
and the contribution goes like 


6 
V2m'i N 4t° - 
(qg+---) 


—_ V2m' N4l,° 


1 .~ dx 
Niym + .:- 


= N (pa/m)pa*[ A+ B(paa’)'+---], (3. 


25) 


and contributes to papa’. 

From these arguments, it becomes clear that our In 
term in (3. 22) is not affected by the higher-order cor- 
rections but to get the constant term in the order of 
papa’, we must sum up AF)” (3. 14) and the constant 
terms in (3. 22) and (3. 25), and in the latter two we 
must include the effect of pair creation and anni- 
hilation processes (I). For the hard-core case (a=a), 
we must add to this the contribution from Fig. 12(b), 
for which we need not take into account the process (I), 
the effect of which occurs in higher order in pa as was 


discussed above; moreover, because there are no infra- 


Fic. 15. Diagram showing for 
word scattering between excited 
particles contained in different 
loop 
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red divergences even if we omit the energy “gap” of 
one particle energy, we can use the completely free- 
particle energy in the energy denominator, and so the 
contribution coming from Fig. 12(b) is the free three- 
particle correlation energy. 


4. SELF-CONSISTENT FORMULATION 


As we have seen in the fourth order treatment in the 
above section, the “connected” diagrams which are 
apparently disconnected contribute to the one-particle 
energy change [which is momentum-independent, 
because the change induced comes from apparently 
disconnected graphs, A® (3.17’)] and the change of 
N which appears upon replacing the zero-momentum 
creation and annihilation operators by functions of the 
total particle number and the total excited particle 
number operators. Expecting this result from the be- 
ginning, we would write our Hamiltonian (2. 5) in the 
following form: 


Hotai= Hot+H, 
¥ nf (g?/2m)—p]+3[0(¥)+c.c.], 
qg 


x a™ dani a Ny 
m-3 Nn —1(8)—(— : 
dN m! N 


Hy= 


*) +c] 


(4. 1) 


m=1 
+Lie "qb, 


which is obtained from (2. 5a) ay expanding functions 
of N—}>-, n, around the point N;; in (4. 1) 


0(N)=3uN(N—1)+D, Np(Vptr)N 
+ ¥ 4 Bo*B_.*volN (N —1)]}! 
40D p Be*Bp* (tg +0p)B p+q(N)! 
+3 Loe } p Le’ Bpta*Bp'* Bp’ +08 p, 


uw is the one-particle energy correction which we expect 
from consideration of (3. 17’), and N is the “corrected” 
value of N corresponding to V+AN (3.17’). We 
assume from the result of these 


(4. 2) 


N-—N =O(N) ~O(N), 


(mn ~O(N)~O(N), wO(1), (4.3) 


where 
v= (Wy,F¥y), 
with 


Regarding H; as perturbation, we want to determine 
and N to make the energy correction due to this per- 
turbation one order less than the zero-order energy 
about the numbers N or. 

The zero-order energy is the energy coming from the 
Hamiltonian 


=K+V(N), K= dy — 


‘2m)—u |, 
'(N) )=43[0(N)+c.c. ], (4. 4) 


H = 





GROUND-STATE 
and can be evaluated using connected diagrams only 
with V(N), and by a simple counting we can show that 
the energy is proportional to N’; we denote this as Ey. 
To first order in the perturbation, we have the sums 
of diagrams Fig. 16(a),” where for a large circle we 
take an arbitrary connected diagram with V(N), 


“ a™ 
A= .a Nv- = 
m=1 dN™ 


Nn 
r IN m 


ENERGY 


—N 1 N-N 
-V(N)i— -(- — -) +-—-—— ic —— 
m! N banss DUIN N 


OF BOSE-EINSTEIN GAS 1355 


represents some internal line (two lines in Fig. 16 do 
not mean particle number 2), a small circle represents 


N(dv/dN)V(N)[(N-N)/N]—" with any m, n 


(nm), and each cross is for —)ox m/N. 
Fig. 17. The sum becomes equivalent to a single action 
of A+u >-, 1, as shown at the end of Fig. 16(a), where” 


See also 


yar) 


where we have written the contribution of the form Fig. 18 summed over diagrams obtained by taking all possible 
connected diagrams for a large circle as (—}0, n,/N)y, because the sum can be written as follows: (Wo: no particle 


wave function)!* 


» = m — Pg Me 
(v. = £ lvm ! 


connected n,m =0 


q 


by using the definition of the wave function in Gell- 
Mann and Low®"* Eq. (10). Note that each graph in 
Fig. 16 is of order N,"° and is of the same order as the 
zero-order energy. 

The next higher order diagrams are obtained by 
mapping'® each lower large circle of Fig. 16 by the sum 
represented in Fig. 19; the factors 2, 3, --+ in the 
second line of the figure come from the fact that there 
are m possibilities to choose one —)>_,,/N for the 
shaded portion from the product of m_ operators, 


2 The interaction energy //; in (4. 1) contains one special kind 
of interaction arising from the derivative of the 1st term of v(V) 
and vf (NV) in (4. 2) (namely, hug (N —1) ~ }0.N?= Ex diagonal ] 
Because the differentiation of this term about N gives interaction 
consisting of the C-number multiplied by (— 2,n,/N), the 
diagrams corresponding to Fig. 16(a), 19(a), and 21(a) are dif- 
ferent from these figures and are given in Fig. 16(b), 19(b), and 
21(b). The weight in Fig. 19(b) and 21(b) (the factor 2) comes 
from the same reason as the weight in Fig. 19(a) and 21(a). 

Figure 16(b) gives 


_ (N-N=(Zqn)e\ 1. (N-N—(Zene\e\! 
N 27 N 


[for (2, m,n, see under Eq. (4. 5)] and so Eq. (4. 5) holds in- 
cluding Fig. 16(b). 
For Fig. 19(b) [or Fig. 21(b) which is the inverted Fig. 19(b) J, 


OMe) ted 


/ 
Go — 2 0, O)Wo / (Yo, U* \(—x ,OU. l(—-& , O)Wo) _ (vs, 


we have 


black square 


’ ye = — 2% fN- N—(2, nq ) 
~ N 21 N N 


and if we include this contribution to Eq. (4. 6), Eq. (4. 6) holds 
if we omit the_C-number (namely, omit from the first term in the 
last equality N (d/dN) (400M?) and N?(d?/dN?) (}voN*) ]. The same 
holds for (4. 9). 

18 The meaning of the formulas is the same as given in reference 
8. 

4 The proof can be seen by constructing the expectation value 
of the quantity F following reference 6: 


(Yo, Ua it(— «0 O)FU,(- 
=lim - 


a cerca i i x 
where U’,~! is the expression (2. 2) for the system //o; and putting 
expressions (2.2) or Eq. (a8) of reference 6 for U’, '(— ~, 9), 
we recognize that (Wo, /W») can be represented by connected 
diagrams only. 

8 * The argument is the same as given in .paragraph 2; each 
— 2X, n/N is of order 1/N; N( dn/dNn)V (N) is of order V(N); 
one loop gives a contribution of order N to the energy; for eac h 
term of_ Fig. 16(a) one has m+1 loops with (— 2, n,/N)™; 
hence (N)m*1(1/N m+ N 

16 The word “mapping” used hereafter means to take the same 
connected diagram for one of the lower large circle in one of the 
diagrams of Fig. 16 and the shaded part of one of the diagrams 
of Fig. 19, and form a new diagram having the shaded area as a 
common part. 


2, O)Wo) 
»9)o) 


(Wo FV) 
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(—>, n,/N)™; the shaded portion is to be understood in Fig. 19 as a portion to map below each of Fig. 16. The 
sum is equivalent to taking for the black triangle in Fig. .19(a)”: 


2  d™ —f1/N-N 
Black triangle=y >>, m,~+ > N"— in| ( = 
dN™ m! N 


m=1 


d m 


x 


> 


x¢ 7 


© 1 /N—N-(Xqm)n\"™ a 
e — N™ — V ( 
m=1 m! N dN™ 


1 /N—-N-(Xqn,)x\™ /_ or « 
be ( — mt *) (fo viN)) , (4.6) 
1m’! N dN™+ N 


= Ng & 


Nm’ 
i m 


where (N™(d"/dN™)V(N))w represents the sum of Fig. 
20 over all possible connected diagrams for the large 
circle (the proof is the same as that for (0, 1,)n). If 


we take for the equations of N and u 


N-—N-—(D, n,)n 


i 


d ms 0 1 
»- (vi) ="— tx-0(=), 
dN N ON N 


then (4. 6) becomes an operator composed of 


=O(1), 


O(1 


fe .. ; 
Black triangle= V (N)+0(1)- , (4.6') 


Dee Me 


because N™(d™ dN™)V(N is of order V(N ), 
(N™(d"/dN™)V (N))x = (V(N))y =O(N) 


KB Ba BoE —-8 


HEqna urZaqnq 


2 N-N 


=qn 
ON ¢ 2a 
N 


N 
OO 
af 

zane iqnq 


' 2, { 
Fy VoN™ ( N ) A N } 
(b) 


16. First-order correction to ground-state energy 
due to //; (4. 1). 


Fic 


‘ 1 N—N\*" /—2,¢% 
Yaa) C90 
(m—1)!1!\ N N N 
— > oe /_ 7 1 N-N\*"! 2 N-N\"™? 
Exe Con) AY tea) 
m=1 N dN™ wh(m—1)!1! N (m—2)!2!\ N 


3 N-—N 2 
xy (m—3)!3! i 


. a 
WN) +9 2oe Me 2 nd — v(N)) 
dN N 


[note that the quantity we denote by O(1) is not an 
infinite sum of quantities of O(1) but a few terms of 
O(1)]. Each diagram obtained by mapping (4. 6) 
below each one member of Fig. 16 contributes to the 
energy of order one, since, as we remarked before, each 
one of the diagrams in Fig. 16 is composed of m+1 
apparently disconnected loops with (—),,/N)™ 
(where m is an integer greater than or equal to zero) 
and each loop consists of interaction of order V(N), 
hence mapping to lowest large circle with the last 
diagram of Fig. 19 produces diagrams consisting of 
either m+1 loops with (— Lo, ,/N)” and 1/N [coming 
from first factor of (4. 6’) ] or with (—30, m,/N)""', so 
the contribution to the energy is (N)™*1(1/N)™™, 
namely, order one. 

The higher-order diagrams are obtained by mapping 
(4. 6) again to lower large circle of each of lower order dia- 
grams. Each diagram before mapping with the last sum 
of Fig. 19 consists of m+1 loops each consisting of an 
interaction of order V(N) with (—Y., n,/N)™ (where m 
is again an integer greater or equal to zero); hence the 
above consideration persists and the contributions to 


MEANS EITHER ONE OF THE FOLLOWING 
INTERACTION DUE TO N™ aa” v(N) 
N 


V (N) IS GIVEN IN (4 4) 


i 


7. Actual diagram written explicitly for the interaction 
represented by the small circle. 


-Zqnq , : , ? 
- est I Fic. 18. Diagram which gives 
N expectation value of excited par- 

ticle operator (divided by N). 
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ae 
ERR. 


(b) 


Fic. 19. Diagrams we should “‘map”’ to each of the lower large 
circles of Fig. 16, to get second order diagrams (the shaded area 
is the “mapping” area). 


Fic. 20. Diagram which gives expecta- 
tion value of N"(d"/dN™)V(N). 


the energy from higher order diagrams are of order one. 

Actually, the quantities of order one in the second, 
third, --- 
we have mapped with sum (4. 6), and the condition 


order energies consist of sums of diagrams 


d™ 
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(b) 


Fic. 21. Diagram showing possible position and weight of 
Fig. 16 to get second order diagram by mapping with Fig. 19. 


(4.7) and (4.8) can be reapplied and the sum of 
order-one quantities goes into a much lower order 
quantity, e.g. order 1/N, order (1/N)?, etc. For instance 
let us consider the second-order diagram Fig. 21(a), 
where the shaded area represents the portion of dia- 
grams in Fig. 16(a) which we are going to map with 
the sum in Fig. 19(a) and 2, 3--- appears for the same 
reason as in Fig. 19(a); namely, there are m possi- 
bilities to choose one (—), ,/N) out of (—YL, n,/N)™ 
for the shaded area. The sum Fig. 21(a) is equivalent 
to taking the square (of the last figure in Fig. 21(a)) as! 


fee 


2 =" as 1 N-—N\ 2 N—Ny\ 2 ,-¥ 8. 
Square=p >> n+ > (A m__V(N ) ( ) n ( ) ( : ) 
q m=I dN™ vh(m—1)!'1!\ N (m—2)!2! N N - 


a N—N\ =? ,— pe No? 
th TCS 
(m—3)!3! N N ; 


qm't+i 
dN l 


V ( 


me Ng 


- 1 
%)) 
xm’! 


+¥N 
l 


m 
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Fic. 22. Second order diagram. 
(Middle large circle is the shaded 
area of Fig. 21 or Fig. 19, which is 
the same.) 


and by (4. 7) and (4. 8) 


Square ~ O(1)———-+ V(N) 
y 


4 4 


O(1) 
(4. 9’) 


Hence the sum of the second-order terms, which can 
be represented by Fig. 22, contributes to the energy as 
a connected diagram composed of an interaction of 
order V(N) with an extra factor (1/N)*, and so is of 
order 1/N. 

In the first order diagram Fig. 16(a), even if we 
apply (4. 7) and (4. 8), there remains one term, namely 


AEy™ =yu(>-. m)v+O0(1), (4. 10) 


and so the energy of the system is 


Eo= Entu(dr m)x (4. 11) 


to the order N. In these discussions we have discarded 
all the doubly or multiply connected graphs generated 
by the interaction H; of the type illustrated in Fig. 23, 
because the contribution of these to £o is at most of 
order one, as was discussed in paragraph 2. 

The above considerations concerning the evaluation 
of the ground-state energy can be extended to the 
evaluation of the low-lying excited state energies and 
conditions (4.7) and (4.8) are sufficient to get the 
excitation energy to order O(1) by the following formula: 


(4. 12) 


. . axe 1 y 1 
Excitation = Ey’ iit. -_— ’ 
because the excitation energy of zero order [regarding 
H, (4.1) as perturbation ] is of order one and the per- 
turbation caused by the interaction H; becomes at 
most of order 1/N by conditions (4.7) and (4. 8). 
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Fic. 23. Diagrams which con- 
tribute to ground state energy of 
order one, and of the same nature 
as the diagrams shown in Fig. 2. 


The formulation we got above leads to the same 


formulation as that of Beliaev.* 


5. CONCLUSIONS 


We have shown that for the low-density Bose gas 
the energy of the ground state can be evaluated without 
a full knowledge of the potential energy between two 
particles up to the order NpaX pa? In(paa*), if we know 
the scattering length @ at zero energy between two 
particles and the soft-core radius @ (or the characteristic 
length of the potential) and, at the same time, the 
effect of the large population of zero-momentum 
particles can be replaced by a C-number weight of the 
interaction energy between excited particles and a 
change of the energy of the excited particles, and these 
are determined by Eqs. (4. 7) and (4. 8). 

The fluctuation of the energy from the energy ob- 
tained by the prescription of paragraph 4 seems to be 
sufficiently small (for the ground-state energy whose 
main part is of order NV, the fluctuation appears as a 
correction of order 1) 

We have not yet investigated the effect of a different 
“shape” of the potential energy in detail; a particularly 
interesting one will be the case where scattering length 
a— 0 does not mean potential energy — 0, in which 
case the expansion (1.6) will probably lose its use- 
fulness. 
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The thermal conductivity of liquid He’ at a pressure of § atmosphere has been determined experimentally 
and found to increase slowly from 7X10~* watt/cm°K at 0.24°K to 16X10~* watt/cm°K at 2.7°K with 
no evidence of superfluidity. Several models of liquid He* based on Fermi-Dirac statistics predict a 1/7 
dependence for the thermal conductivity of He® at the lowest temperatures, but no such behavior has been 
observed down to 0.24°K in the present work. A study of the convective heat transport in the liquid has 
indicated that the coefficient of thermal expansion becomes negative below about 0.5°K. A thermal boundary 
resistance across a copper-liquid He’ interface has been found which is similar in magnitude and temperature 
dependence to that found for a copper-superfluid He* boundary. 


I. INTRODUCTION 


ITH the exception of helium the macroscopic 

properties of liquids are changed only slightly 
by a change in isotopic composition. In contrast liquid 
He’ and liquid He‘ are dramatically different in many 
of their properties. They have been called quantum 
liquids since their properties appear to be determined in 
a significant way by Fermi-Dirac and Bose-Einstein 
statistics, respectively. 

The heat transport properties of liquid He‘ have been 
subject to several investigations’ *and found to be highly 
anomalous. In the helium I region, i.e., above the A 
point 2.19°K, the thermal conductivity obeys approxi- 
mately the kinetic gas relationship K=2.5nC,, where 7 
is the viscosity and C, the specific heat at constant 
volume.'~* This gas-like behavior is consistent with the 
high zero-point energy and the consequent open struc- 
ture of the liquid. In the liquid He II region of tempera- 
ture, below the lambda point, the heat transport in- 
creases by many orders of magnitude and can be 
explained only in terms of the two-fluid model and 
Bose-Einstein statistics.~7° The dominant mechanism 
of heat transport is a countercurrent convective flow of 
the normal and superfluid components. Below 0.6°K the 
contribution of the two-fluid convective flow to the heat 
transport becomes vanishingly small and a true con- 
ductivity proportional to 7* is observed.* In this tem- 
perature range the only excitations in liquid He‘ are 
: t This work was assisted by the National Science Foundation, 
the Office of Ordnance Research and the Research Corporation. 

* This material has been submitted by D. M. Lee as part of a 
dissertation for the degree of Doctor of Philosophy at Yale 
University. 

t Now at Cornell University, Ithaca, New York. 
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Physics, edited by C. J. Gorter (Interscience Publishers, Inc., 
New York, 1957), Vol. 2, p. 83. 
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9K. R. Atkins, Liguid Helium (Cambridge University Press, 
Cambridge, 1959). See Chaps. 4 and 6 for a detailed review of 
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longitudinal phonons with long mean free paths so that 
heat conduction is limited principally by the scattering 
of the phonons at the walls of the container. This be- 
havior is similar to that observed at the lowest tempera- 
tures in solid dielectric crystals such as diamond. 

The thermal transport properties of He* are expected 
to be quite different. No superfluid phase is likely 
although suggestions have been made that at a suffi- 
ciently low temperature a pairing of He* atoms might 
result in the liquid becoming superfluid.” Early theo- 
retical treatments” based on the ideal Fermi gas model 
predicted a thermal conductivity proportional to 1/T 
at temperatures well below the degeneracy temperature. 
On the same model the viscosity is proportional to 1/7”. 
Using the Landau model of a Fermi liquid, Abrikosov 
and Khalatnikov™ have formulated a theory of the 
transport properties of liquid He* which predicts for 
the thermal conductivity 


K=3X10-*/T (watts/cm°K), 
and for the viscosity 
n= 10~°/T? poise, 


at temperatures below about 0.1°K to 0.2°K. Until this 
investigation was undertaken no experimental data on 
the heat transport properties of liquid He* had been 
taken. We therefore set out to make such measurements 
to as low a temperature as possible. As a check on earlier 
measurements the thermal conductivity of liquid He? 
above the lambda point was also measured with the 
same apparatus. Preliminary reports!’ of this work 
were given at conferences in 1957. 


1 R. B. Dingle, Phil. Mag. 42, 1080 (1951). 

'! Cooper, Mills, and Sessler, Proceedings of the Kamerlingh 
Onnes Memorial Conference on Low-Temperature Physics, Leiden, 
Holland, 1958 (Suppl. Physica 24, $183 (1958) ]. 

'2T, Pomeranchuk, J. Exptl. Theoret. Phys. U.S.S.R. 20, 919 
(1950). 

18 A, A. Abrikosov and I. M. Khalatnikov, J. Exptl. Theoret. 
Phys. U.S.S.R. 32, 1083 (1957) [translation : Soviet Phys. J.E.T.P. 
5, 887 (1957) ]. 

4 Lee, Donnelly, and Fairbank, Bull. Am. Phys. Soc. 2, 64 
(1957). 

15D). M. Lee and H. A. Faribank, Proceedings of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, August 30, 1957, edited by J. R. Dillinger 
(University of Wisconsin Press, Madison, Wisconsin, 1958), p. 90. 
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Fic. 1. Diagram of the inner portion 
of the cryostat containing the salt pill 
P, the sample tube A filled with liquid 
He’, and the resistance thermometers 
T, and T>. 

















In conjunction with the thermal conductivity meas- 
urements, the thermal boundary resistance across a 
copper-liquid He’ interface was measured.'® Such a 
boundary resistance was observed first by Kapitza’’ in 
1941 for heat flowing across the interface between copper 
and superfluid Het (He II). In understanding this 
Kapitza boundary resistance it is important to know 
whether such a resistance exists in other liquids. How- 
ever, if it does exist in other liquids it may easily be 
masked by the thermal resistance of the liquid, inasmuch 
as the boundary resistance is not large and decreases 
rapidly with increasing temperature. He’ is the only 
other substance which exists as a liquid near 0°K where 
this boundary resistance appears to be very large and 
therefore we decided to look for this effect across a 
copper-liquid He’ interface at the lowest temperatures 
attainable. 


Il. THERMAL CONDUCTIVITY MEASUREMENTS 
1. Apparatus and Procedure 


Since the temperature region below 1°K was of pri- 
mary interest, a magnetic cooling method was employed 
in this experiment. The lower portion of the cryostat 
(shown in Fig. 1) was immersed in a bath of liquid 
helium. The conductivity cell and paramagnetic salt 
pill P were contained in a cylindrical brass can E which 
was attached to a brass flange by means of a gold “O” 
ring seal, O. A tube, L, was silver-soldered to this flange 
in order to allow He‘ exchange gas to be admitted from 
a bulb at room temperature or to be removed by a fast 
diffusion pump. The salt pill was a conventional com- 
pressed powder pill similar to that used earlier at Yale'® 

16H. A. Fairbank and D. M. Lee, Proceedings of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
Mad‘son, Wisconsin, August 30, 1957, edited by J. R. Dillinger 
(University of Wisconsin Press, Madison, Wisconsin, 1958), p. 93. 

17P. L. Kapitza, J. Phys. U.S.S.R. 4, 181 (1941). 

's J. C. King and H. A. Fairbank, Phys. Rev. 93, 21 (1954) 
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typically consisting of about 40 grams of potassium 
chrome alum with about twenty evenly spaced thin 
copper disks to provide good heat transfer within the 
pill. The thermal conductivity cell was screwed tightly 
onto the salt pill and the whole assembly was kept from 
touching the walls of the can E by means of thin stain- 
less steel spacers in the shape of four-pronged stars. 
Because of the poor thermal conductivity of stainless 
steel at these temperatures as well as the poor thermal 
contact between the spacers and the can wall, the heat 
leak was very small. 

The conductivity cell was similar in design to that 
used by Fairbank and Wilks.* The He’ was introduced 
through the capillary fill tube F into a thin-walled 
(0.0565-in. i.d., 0.0625-in. 0.d.) cupro-nickel tube A. In 
the apparatus shown in Fig. 1, an electrical heater H, 
consisting of several hundred turns of insulated No. 40 
constantan wire wrapped around a copper spool, was 
soldered to the upper end of the tube. The heat flowed 
from the heater vertically downward through the liquid 
column and then passed into a copper heat link C which 
was soldered to the lower end of the tube and was 
maintained at a low temperature by the salt pill. In 
a later model of the apparatus the heater was attached 
to the bottom of the column and the heat flowed verti- 
cally upward. The temperature gradient along the 
helium column was measured by means of 2 IRC 270 
ohm carbon resistance thermometers which varied from 
750 ohms at 0.2°K to 450 ohms at 3°K. The heater and 
tube containing the liquid He’ were isolated from the 
exchange gas can by means of a vacuum jacket J which 
was permanently sealed to prevent spurious heat trans- 
fer by residual exchange gas. 

In the first measurements the length of the helium 
column was 2 cm and the distance between thermom- 
eters was 1.18 cm. Because He’ has a high specific heat 
and a low thermal conductivity, the time required to 
reach equilibrium using this geometry was about one 


1G. 2.Schematic diagram 
of the ac bridge circuit used 
for measuring the resistance 
of the thermometers. 
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hour. Since the equilibrium time is proportional to the 
square of the length of the helium column, by reducing 
the length to 0.6 cm the time to reach a steady state was 
shortened to a few minutes. The distance between 
thermometers was reduced to 0.28 cm in the shorter 
tube. The resistance thermometers were soft soldered to 
small copper tabs which were in turn silver-soldered to 
the cupro-nickel tube. Considerable care was taken to 
keep the silver solder fillets as small as possible to mini- 
mize the uncertainty in the distance between the ther- 
mometers. This distance was carefully measured by 
means of a traveling microscope. 

Above 1°K the helium bath pressure served as the 
primary temperature standard against which the re- 
sistance thermometers were calibrated. Below 1°K the 
absolute temperature was determined by measuring the 
magnetic susceptibility of the salt pill using the ballistic 
method. The absolute temperature T was computed 
from the Curie temperature 7* using the 7— 7* correc- 
tions of Bleaney"” for potassium chrome alum and those 
of Cooke” for manganese ammonium sulfate. 

Demagnetization from initial fields of 8 kilogauss and 
temperatures near 1.2°K gave final temperatures on the 
order of 0.2°K or slightly lower. The heat leak was quite 
low and the heater power varied from less than 0.1 to 
2 microwatts so that long warm-up times, in some cases 
more than eight hours, were the rule. The heater and 
resistance thermometer leads were threaded through the 
exchange gas pumping tube and were thermally locked 
to the helium bath by means of binding posts attached 
to the flange at the top of the can E. The pumping tube 
contained an optical baffle to trap out radiation from 
the top of the cryostat, further reducing the heat leak. 

Because of the very low heat conductivity of the car- 
bon resistors at the lowest temperatures the power dis- 
sipated in these resistors during measurement had to be 
kept below 10~* watts to avoid a temperature rise in the 
resistors when measuring power was applied. This neces- 
sitated an accurate means of measuring resistance at 
very low power levels. For this purpose a 1000-cycle 
alternating current Wheatstone bridge employing tuned 
amplifiers and a phase-sensitive detector was con- 
structed similar to that used by Fairbank and Wilks.* 
The basic scheme of the bridge is shown in Fig. 2. R; and 
R» are the resistance thermometers in the conductivity 
cell. When the switch S is in the up position, the re- 
sistance box R is balanced against R»; when the switch 
is in the down position the box AR is balanced so that 
R,:+AR=R2, hence allowing a direct measure of the 
difference in resistance between R; and R». By switching 
quickly from one resistance box to the other it is possible 
to obtain the value of R, and AR almost simultaneously. 
This arrangement is particularly advantageous in de- 
magnetization experiments where the temperatures of 
both R; and R2 are constantly drifting upward. In these 
circumstances a more accurate measurement of the re- 


19 B. Bleaney, Proc. Roy. Soc. (London) 204, 216 (1950). 
»” A. H. Cooke, Proc. Phys. Soc. (London) A62, 269 (1949). 
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Fic. 3. The ther 
mal conductivity of 
liquid He’ and liquid 
Het as a function 
of temperature. Data 
were taken with three 
different apparatus 
as explained in the 
text. 
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sistance or temperature difference can be obtained by 
measuring AR directly than by first measuring R; and 
then measuring Ro. 

The thermal conductivity A of the liquid He* was 
calculated from the defining equation, 


K=QAx/AAT, 


(1) 


where Q is the power passing through a column of liquid 
of cross section A, and AT is the temperature difference 
between two thermometers Ax apart. Because the ther- 
mal conductivity of liquid He’ is so very low a sizable 
correction must be made for the heat carried by the 
walls of the sample tube. At the beginning of the experi- 
ment the thermal conductance of the empty cupro- 
nickel sample tube was carefully measured as a function 
of temperature. The thermal conductance of the tube 
filled with liquid helium is the sum of the conductance 
of the liquid column and that of the walls. Therefore 
Q/AT in Eq. (1) was calculated from the equation 


(Q AT) tiquia= (Q ‘AT) totai— (Q AT) cate (2) 


The tube conductance ranged from about 30% of the 
total conductance at 0.2°K to about 70% at 2°K. 


2. Discussion of Results 


The measured thermal conductivity values of liquid 
He’ are shown in Fig. 3. The thermal conductivity of 
liquid He* above the lambda point was also measured 
with the same apparatus and the results are shown in 
the figure. The open circles correspond to the earliest 
He’ data taken using the 2 cm liquid column and a 
manganese ammonium sulfate salt pill; the solid circles 
correspond to the data taken using a 0.6 cm liquid 
column and a potassium chrome alum salt pill. The 
above points were all measured with an apparatus in 
which the heat flow was vertically downward. In the 
measurements below 0.6°K only points with heater 
powers of less than 0.3 microwatts are shown. (The 
reason for this will become evident later.) At the lowest 
temperatures, powers as low as a few hundredths of a 
microwatt were used. 

The solid triangles in Fig. 7 indicate the points which 
were taken with an inverted apparatus in which the 
heat was applied at the lower end of the liquid He’ 
column and flowed vertically upwards. The length of 
the He* column was again 0.6 cm and the absolute 
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Fic. 4. The ther- 
mal conductivity of 
liquid He‘ above 7) 
with the results of 
Bowers,’ Grenier,’ 
and Keesom! shown 
for comparison. 
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temperature was determined by the susceptibility of a 
potassium chrome alum salt pill. In this inverted appa- 
ratus, heater powers between one microwatt and 0.08 
microwatt were applied in the temperature region be- 
low 0.65°K and no points are included above 0.65°K. 
(The reason for this will also become evident later.) 

Challis and Wilks”! have also reported measurements 
of the thermal conductivity of nearly pure liquid He’ 
(95% He’, 5% Het) from 1.3°K to 3.0°K. In their 
method the heat flow took place between two copper 
blocks separated by a narrow gap filled with liquid. 
In this method the measured resistance included the 
Kapitza thermal boundary resistance at each interface 
in addition to that of the liquid so that the results are 
not exactly comparable. However, their values of K 
show a similar temperature dependence to ours and are 
a few percent lower in value as would be expected. 

Down to the lowest temperatures there was no evi- 
dence of either superfluidity or the 1/7 dependence pre- 
dicted by the models based on Fermi statistics. Un- 
fortunately no measurements were made below 0.2°K 
so that no comparisons could be made with the semi- 
quantitative theory of Abrikosov and Khalatnikov."” 
These authors predict that K should be approximately 
equal to 4X10~® T-! watts/cm °K below 0.1°K or 
0.2°K. This would give a value of 4X 10-° watts/cm °K 
at 0.1°K and 2X10~* watts/cm °K at 0.2°K. These 
values are somewhat smaller than extrapolations of our 
data. Clearly, it would be desirable to perform measure- 
ments at lower temperatures in order to give this theory 
a proper test. 

The thermal conductivity values of helium I are in 
good agreement with the results of Bowers,’ Grenier,’ 
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Fic. 5. The ratio of the thermal conductivity to the product of 
viscosity and specific hea tat constant volume as a function of 
temperature for liquid He’ and liquid He‘. The kinetic theory value 
of this ratio, 2.5, is shown by the dashed curve. The upper curves 
are calculated using the viscosity data of Zinovieva™; the lower 
using the viscosity values of Taylor and Dash.” 


1. J. Challis and J. Wilks, Symposium on Liquid and Solid 
He’, Ohio State University, August 20-23, 1957 (unpublished). 
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and Keesom! within the accuracy of the various meas- 
urements. The results of these investigators as well as 
the present results are shown in Fig. 4. Challis and 
Wilks* from measurements using the same apparatus 
as for their He* measurements report values of the ther- 
mal conductivity of Het about 25% lower than ours. 
They suggest that this discrepancy again is probably 
due to the thermal boundary resistance which has not 
been subtracted. 

Grenier? and other'*?!. have pointed out that the gas 
kinetic theory relationship K = 2.5nC, between the ther- 
mal conductivity K, the viscosity 7, and the specific 
heat at constant volume C, seems to be reasonably 
obeyed for liquid He I. Figure 5 is a plot of K/nC, 
against temperature for both liquid He* and He‘ using 
our values of K and values of C, computed by Gold- 
stein® from the experimental saturated vapor pressure 
values. In the upper curves the viscosity values of 
Zinovieva*™ are used and in the lower curves 7 is taken 
from measurements of Taylor and Dash.” It is clear 
that K/nC, is strongly temperature dependent below 
1°K for liquid He’ although it becomes nearly constant 
above 1°K at a value close to 2.5 (using Taylor and 
Dash’s values of 7). 


Fic. 6. The apparent con- 
ductivity of liquid He® showing 
the increased transport due to 
convection. The heater power 
for each curve was as follows: 
Curve A, less than 0.3 yw; 
Curve B, 0.86 uw; Curve C, 2.0 
pw. The heat flow was verti- 
cally downward. 


9 
nm 


° 


K (milliwotts/cm °K) 








3. Density Maximum 


In the apparatus in which the heat flowed vertically 
downward, a striking anomaly in the thermal conduc- 
tivity of He* was observed below 0.6°K when the heater 
power was greater than about } microwatt. The thermal 
conductivity at these higher powers showed a sharp 
increase with decreasing temperature as shown in Fig. 6, 
where curve B represents points taken with a heater 
power of 0.86 microwatt and curve C represents points 
taken with a heater power of 2.0 microwatts. Curve A 
is taken from Fig. 3 and represents the thermal con- 
ductivity data taken at lower powers. The sharp in- 
crease in the heat transport for the higher powers sug- 
gests the presence of additional convective heat flow 
which could occur if part of the liquid column were at a 
temperature for which the density increases with in- 
creasing temperature. Since the heat flowed vertically 
downward through the column of liquid, convection 
would be expected to occur only if the coldest part of the 
liquid was less dense than the warmer portions. For 

 R. D. Taylor and J. D. Dash, Phys. Rev. 106, 398 (1957). 

*L. Goldstein, Phys. Rev. 112, 1465 (1958) and private 
communication. 

*K. N. Zinovieva, J. Exptl. Theor. Phys. U.S.S.R. 34, 609 
(1958) (translation: Soviet Phys. J.E.T.P. 7, 421 (1958). 
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both powers shown in Fig. 6, the coldest part of the 
liquid was at 0.48°K when the break away from the 
nonconvective thermal conductivity occurred. This 
would seem to indicate that a density maximum in 
liquid He’ at a pressure of 3 atmosphere occurs above 
this temperature. 

Thus below 0.48°K, He® would have a negative co- 
efficient of thermal expansion so that in accordance with 
the Maxwell relation 


(0S/0P)r= — (OV /0T) p, 


the entropy would be an increasing function of pressure. 
The existence of the density maximum was verified by 
making measurements with an inverted apparatus in 
which the heat flow was from the bottom to the top of 
the He’ column. With sufficiently high heater power an 
anomalously large transport of heat was observed above 
about 0.5°K but below 0.5°K the heat transport was 
independent of the applied power. The conductivity 
values obtained with this inverted apparatus below the 
density maximum were in good agreement with the low- 
power thermal conductivity values obtained using the 
earlier apparatus. This indicated that the convective 
heat transfer could be made negligible for downward 
heat flow in this temperature region by application of 
sufficiently small powers, and that the low-power meas- 
urements in the earlier runs gave true conductivity 
values. 

A density maximum in liquid He’ has been predicted 
by Abraham, Osborne, and Weinstock,”* by Goldstein”® 
and by Brueckner and Atkins,”’ and recent experiments 
by Lee, Reppy, and Fairbank,”* Taylor and Kerr,” 
Sherman and Edeskuty,® and Brewer and Daunt*! have 
confirmed the existence of this maximum. 


III. THERMAL BOUNDARY RESISTANCE 
1. Experimental Procedure 


By soldering a third resistance thermometer to the 
copper block on which the heater was wound, it was 
possible to obtain the temperature drop across the 
copper-liquid interface as a function of heat flux and 
therefore obtain the thermal boundary resistance with 
the same apparatus. The essentials of the method of 
measurement are illustrated in Fig. 7 where a schematic 
drawing of the sample tube is shown. The liquid He’ is 

25 Abraham, Osborne, and Weinstock, Symposium on Liquid 
and Solid He’, Ohio State University, August 20-23, 1957 (un- 
published). 

26 L. Goldstein, Phys. Rev. 112, 1483 (1958). 

27K, A. Brueckner and K. R. Atkins, Phys. Rev. Letters 1, 
315 (1958). 

28 Lee, Reppy, and Fairbank, Bull. Am. Phys. Soc. Ser. II, 3, 
339 (1958). 

29R. D. Taylor and E. C. Kerr, Proceedings of the Kamerlingh- 
Onnes Memorial Conference on Low-Temperature Physics, Leiden, 
Holland, 1958 (Suppl. Physica 24, $133 (1958) ]. 

%®R. H. Sherman and F. J. Edeskuty, Bull. Am. Phys. Soc. 
Ser. IT, 4, 240 (1959). 

31D, F. Brewer and J. G. Daunt, Bull. Am. Phys. Soc. Ser. IT, 
4, 6 (1959). 
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Fic. 7. Schematic draw- N 
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ing of the sample tube for 
measurement of the tem- 
perature drop across the 
copper-liquid interface as a 


function of heat flux. i 
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condensed into the cupro-nickel tube (1.5-mm diameter) 
capped at each end with a plug of high-purity copper. 
Power from the electric heater serving as the source of 
heat passes from the copper plug at temperature 7» 
through the column of liquid to the heat sink at tem- 
perature 73. The potassium chrome alum salt pill 
attached to the bottom copper plug serves as the heat 
sink and thermometer. The temperature gradient in the 
liquid is found from two carbon resistance thermometers 
attached at two points along the tube as previously 
described. Thus the temperature 7» of the copper heat 
source, the temperatures 7; and 7» along the liquid 
column and the temperature 7; of the copper heat sink 
can be determined as a function of the heat flow. As 
illustrated in Fig. 7 it is possible, therefore, to find by 
extrapolation the temperature of the liquid at each 
copper. surface and hence the temperature drop AT 
across the copper-liquid interfaces. The thermal bound- 
ary resistance is then calculated from the relation 


R= AAT/Q, 


where Q/A is the heat flux across the interface. As in 
the case of the thermal conductivity measurement of 
the liquid, the heat carried by the walls has been sub- 
tracted from the total heat flow to obtain Q. 


2. Results and Discussion 


The results of the thermal boundary resistance meas- 
urements at a liquid He*-copper interface are plotted 
in Fig. 8. The open circles represent measurements 
taken at the hot end of the He* column using a third 
resistance thermometer, and the solid circles represent 
measurements taken at the cold end of the column using 
the salt measurements to determine the temperature 
of the copper. As in the case of He‘, a temperature 
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Fic. 8. The thermal boundary resistance of a copper-liquid 
He? interface as a function of temperature. The solid line is the 
equation R= 130/T?. 





ric. 9. A log-log plot of the 
thermal boundary resistance of 
liquid He’ as a function of 7. The 
dashed curve represents the em- 
pirical relation R=45/7? obtained 
by Fairbank and Wilks® for a cop- 
per-liquid He* interface. The solid 
curve is the relation R= 130/7?. 
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difference across the boundary is found for liquid He’* 
proportional to the heat input and increasing sharply as 
the temperature decreases. Figure 9 is a log-log plot of 
the same data. For He‘, the boundary resistance found 
by Fairbank and Wilks® is given by the empirical rela- 
tion, R=45/T?, and is indicated by the dashed curve in 
Fig. 9. Because of the very high thermal resistance of 
He’, the accuracy of the boundary resistance is much 
lower than in the case of the Het measurement. How- 
ever, it does appear that the temperature dependence 
is similar and that the magnitude of the boundary re- 
sistance is slightly higher for He* than for He‘. A possible 
fit to the He*® data is given by the relation R= 130/T? 
shown by the solid curve in Fig. 8 and Fig. 9. In view of 
the low precision of this measurement, this formula 
should be considered only as a guide to the order of 
magnitude of the resistance to be expected. 

The fact that a thermal boundary resistance exists 
in liquid He’ of comparable magnitude to that found in 
liquid He* would seem to indicate that the major con- 
tribution to this boundary resistance is not connected 
with superfluid effects and, furthermore, that this re- 
sistance may be a general property of interfaces between 
dissimilar substances. Khalatnikov® and Mazo and 
Onsager® have attempted to explain this Kapitza 
boundary resistance as a type of thermal contact re- 
sistance which arises because of the different acoustic 
impedances of the two media. They consider the heat 
to be transferred by the radiation of sound waves be- 
tween the solid and liquid which results in a heat re- 
sistance proportional to 7~* and dependent on the elastic 
constants of the helium and the solid. On this theory 
such a resistance should be present for all solid-liquid 
interfaces. However, the observed temperature depend- 
ence below 1°K for the boundary resistance across a 
solid-liquid helium boundary is not in agreement with 
the predictions of the theory. Furthermore, measure- 
ments of Dransfeld and Wilks™ for a copper-liquid He‘ 


#17. M. Khalatnikov, J. Exptl. Theoret. Phys. U.S.S.R. 22, 
687 (1952). 

%R. Mazo, Ph.D. dissertation, Yale University, 1955 (un 
published ). 

*K. Dransfeld and J. Wilks, Proceedings of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
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interface do not show a dependence of the boundary 
resistance on pressure as predicted by this theory. Re- 
cently, Challis and Wilks*®* have developed a model for 
the Kapitza resistance which is based on the acoustic 
mismatch idea but which takes into account the increase 
in the liquid density near the solid-liquid interface. This 
model predicts that the Kapitza resistance above 1°K 
would be almost independent of pressure in agreement 
with the experimental results of Dransfeld and Wilks.™ 
The calculated variation of resistance with temperature, 
however, is not in agreement with observation.® It would 
appear that further work on this problem, both experi- 
mentally and theoretically, is in order. 


IV. CONCLUSIONS 


Down to the lowest temperatures reached in the ex- 
periment, the Fermi-Dirac statistics did not appear to 
have any dramatic effect on the thermal conductivity 
of the liquid He*. No evidence of superfluidity was found. 
It would be desirable to extend these measurements to 
lower temperatures where the theory of Abrikosov and 
Khalatnikov predicts a 1/7 dependence for this con- 
ductivity. Although rough agreement with the gas 
kinetic equation K = 2.5nC, above 1°K was obtained in 
these measurements, this relation did not hold at the 
lowest temperatures. 

Measurements of convective heat flow show that a 
density maximum exists in liquid He* at about 0.5°K. 
Therefore, the entropy of the liquid must increase with 
pressure below this temperature. The existence of this 
maximum has been predicted theoretically by several 
authors and has now been confirmed experimentally at 
a number of laboratories. 

The fact that a thermal boundary resistance exists 
in liquid He* makes it seem improbable that this effect 
can be explained by superfluidity. The acoustic mis- 
match theories account for some but not all of the 
boundary resistance behavior. Further work is indicated 
before a satisfactory understanding of this phenomenon 


can be achieved. 
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Exclusion Factors in Transport Theory 


E. I. Brount 
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It has recently been shown that the customary exclusion factors should be omitted from the Boltzmann 
equation. This raises some conceptional difficulties in relation to the Pauli principle. The resolution of these 


difficulties is discussed in this paper. 


T has been customary in transport theory to write 
the collision terms in the Boltzmann equation in 
the form 


af 
(~) = — >We fi 1—fer) — 
ol coll 


where the W’s are transition rates and the factors (1—/) 
are introduced to take account of the Pauli principle. 
In an appendix to a recent paper,! Kohn and Luttinger 
have derived a similar equation without these factors 
and have suggested that there are cases when the 
difference can have physical consequences. With these 
factors missing, it is not obvious how this equation is 
consistent with the exclusion principle, and Kohn and 
Luttinger’s very abstract treatment does not deal 
with this matter. One of the purposes of this paper is 
to show in the simplest possible case by a more con- 
ventional and detailed calculation, which takes account 
of the exclusion principle in all steps, just how this 
arises. An additional result will be obtained which 
shows that in fact while (1) is not correct in general, 
it is only necessary to replace Wix» by Wax to make it 
correct. 

It is, of course, clear that if Wyx-= We. it makes no 
difference whether the exclusion factors are included. 
Furthermore, this assumption of detailed balance is 
automatically satisfied in the lowest order Born 
approximation by virtue of Hermiticity. To obtain 
terms where there is a difference we shall discuss the 
terms arising from the next order, that is terms cubic 
in the scattering potential. The required expressions 
are given by Kohn and Luttinger’ in Eq. (78). The 
only change necessary is to replace single-state indices 
k,k’--+ by indices i,j,--+ representing states of the 
many electron system. We write for the rate of change 
of state 7 in third order as 


Weafer(—fe)], (1) 


(af; Deon =>. (Wi: 8 fi Wa f,), 
(2) 


d ij* ij 


(Hj Hpi) Hilly; 
UW l = 26 (w,1) ( — +- — 
7 


where 
d+;;=w jis, 


w= E,—E;. 


'W. Kohn and J. M. Luttinger, Phvs. Rev. 108, 590 (1957). 


Now our scattering Hamiltonian can be written in 
the form 
H.=L Hixax* ay, 


where a,* is the creation operator for state k, and ay is 
its destruction operator. 

Whereas the sequence (i,/,j,i) of states takes the 
form (k,k’,k’’,k) in the one electron problem there are 
two sequences corresponding to it in the many electron 
case. These are 


(a) 2; 
(b) 2; 


(i+k’;k); 
(i+k’; k); 


(itk”’;k); 1, 
(i+k’; k’’); i, 
where the state (i+k;k’) is identical to i except for 
the replacement of an electron in state k’ by one in 


state k. For these two sequences the operator product 


H H1j;H;;, takes the forms: 
(a) Dyer Herr He pd dy Og * Og Aye * ay 
= Axe Hien Ayn A— nye) A= ne), 
(b) Hyer pe 1 gee A perp Oy Ag * Og? Aye * dy 
= — Hype Aye Hen (1 — ny) mee 
The minus sign reflects the fact that, relative to 


(b) involves the exchange of two electrons. We 
insert these expressions in (2), obtaining 


W yy - 2rb(ow)| 5 He Hy A gr, 


kit 
n(1—ng)(1— ye) ng (1 — ge) tg 
x( ~ i al ) 
Apert ri Pa 


+3 Aa Hew Hen 


kit 


Ne(L—Ite_)(1— er) ge (1 — ng) (nee) 
epee mnie 
7 Pe ri 


= 475 (xx) d- [Re(HceHere Hee) ( 1/wxn7) 


KI 
Tim (0 gg Der Dye 8 (ere) A — 2ny::) } 
Xm(1—n,:). 


(Subscripts 7,/ designate the above mentioned many- 
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electron states, while subscripts k,k’, etc., designate 
states of individual electrons.) 

In the first term, where k” is a virtual state, the 
occupancy of the intermediate state is immaterial. 
On the other hand, the second term, where energy is 
conserved in state k”’, changes sign when the occupancy 
of the intermediate state changes. If the minus sign 
did not appear in (3b), the factor (1—2n,-) would be 
in the first term, not the second. 

It is easy to see that for the reverse transition, the 
probability is 


W y,° = 495 (wr) [Doe Re( Aye Hinge Hien) A Wier’) 
—y Im (Ae Hee Aye) 
XK 1b (worn) (1 — 2nye) ote (1 — me). 


Thus in the individual expressions for the transition 
rates, not only do the exclusion factors appear, but in 
addition other factors for the intermediate states are 
present. Thus any naive picture based on transitions 
from k to k’ must be expected to be inadequate. 

If we use these expressions to obtain the rate of 
change of f,=(m), we obtain (including the usual 
lowest order term) 


dfy, s 
= Po 2wd (wx: 


dt ke 
(0 Mew 2+2 Red (Mee Here Mierke wre) | 
Ri 


XK (fi— far) — 2 > 5 (coger) Im (A pe Aree Airs.) 
a7) 


((1— 2g) (4 Ie — 2m). (4) 


If we now observe that Im(Hjw Hex Hye.) is odd in 
the interchange of k’ and k’’, we see that all the n’s 
cancel except (m-+-m)=fitfx. This disappearance of 
exclusion factors and factors for the intermediate states 
can be considered as cancellation between the process 
scattering from k to k’ through k”, and that from k to 
k” through k’. Therefore we can write 


dfi di=>¢: (Writer — Warf), (5) 


W hx = 275 (wre) (Hix: 242 Dee Re(Ayne Hey ) 
X (1/ene Ae Derr 6 (wre) Im (Hie Hee Hee) J. 
(6) 


The last term is odd in k and k’, whereas the rest is even. 

We may remark that if the minus sign in (3b) were 
replaced by a plus sign, the exclusion factor would be 
necessary, and the second term in (6) would be multi- 
plied by (1—2%,-). This emphasizes the fact that 
results based on the exclusion principle alone cannot 
be expected to take full account of the antisymmetry 
of the electronic wave function. 

We see further that the present result cannot properly 
be broken up into transitions from k to k’, and reverse, 
corresponding to Wx and Wy, as is the case in the 
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one-electron problem and is as assumed in the derivation 
of the usual formula. If such a division were valid, we 
should indeed have a violation of the Pauli principle, 
but in fact we cannot ascribe any individual significance 
to the two parts, except in lowest order (and in terms 
where no intermediate states conserve energy). 

Further consideration of the last term of Eq. (5) 
shows that on summing over k’ it vanishes as a con- 
sequence of being odd in k’ and k’’. Therefore in this 
approximation we have 


¢ Wie = Dow W irks (7) 


so that we can write 


df, 
dt Fou —* 


=> Welle AI-fod—fe lf) J. (8) 
Ke 


Thus, whereas one might suppose on the basis of (5) 
that by careful choice of f,’s, it would be possible to 
make a given f,; greater than 1, (8) shows that this is 
not the case. 

We shall show in the Appendix that (7) can be 
established in complete generality from the dynamics. 
It is easy to see from (5) that (7) is a necessary as well 
as sufficient condition for the nonviolation of the 
exclusion principle. Thus, if we set all f,=1, the 
exclusion principle requires 0f,/0¢t<0 while conservation 
of electrons requires >> (0f,/dt)=0. Therefore each 
Of,/dt=0, and (7) follows immediately. 

In the conventional theory only by the assumption 
of detailed balance can the form (8) be justified. We 
now see that this is a general expression even in cases 
where lack of detailed balance may give a skewness to 
the scattering. 

We shall now see how (8) differs from (1) in the 
linear approximation, making use of (7). Restricting 
ourselves to terms of first order in the deviation from 
equilibrium, we obtained from Eq. (1) 


Of /Ot= Dove LWefotWen(1—fo) | fe — fr) 
=D Wee(fe—fr), (9) 


where fo is the common equilibrium value for f, and fy. 
(We are considering only impurity scattering, which is 
elastic.) Thus in the linear theory the effect of the new 
form is the replacement of Wi by W.-, [though even 
the form (9) which requires (7) has not previously 
been used, to our knowledge ]. W has the effect of 
reversing the skewness of the scattering for states below 
the Fermi level. 

It should be emphasized that there is no difference 
between the forms (1) and (8) unless Wixe+ Wy. 
This means that if the crystal and scattering centers 
have inversion symmetry and if time reversal holds, 
which requires absence of magnetic phenomena, the 
two forms are equivalent. Otherwise, asymmetry can 
be expected from terms in which an odd number of 
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intermediate states have the same energy as the initial 
and final states. 

The results obtained so far, as well as that of Kohn 
and Luttinger are applicable only to the case of 
impurity scattering. The question arises, whether or 
to what extent they are applicable in the case of 
phonon scattering. We can observe in the first phace 
that the great simplicity of the impurity case as 
exhibited particularly in the derivation of Kohn and 
Luttinger is due to the following facts: (1) in both the 
Hamiltonian and the density matrix the only com- 
binations of field operators which occur are a;*a,-; (2) 
these products obey the commutation rules: 


7 * 
[a4*a1,dm*a, | = 5 mOn*On— bk nOm* a). 


As a consequence, the equation of motion of the 
density matrix involves only these combinations, and 
is a simple linear equation for the density matrix. 

In the phonon problem, additional terms in the 
Hamiltonian involving the phonon field operators 
disrupt this simple scheme, and an unlimited variety 
of combinations of various operators become involved. 
It is clear that a simple equation like (6) is not possible 
for it would lead to a Boltzmann distribution for the 
electrons instead of a Fermi distribution. It is also easy 
to show by standard methods that in lowest order 
Born approximation, (1) is correct, provided Wix, and 
Wi contain the proper phonon weighting factors. 
This result corresponds to detailed balance when the 
entire configuration is considered. In higher order 
terms, this detailed balance need no longer hold, but 
even if it does, the higher order terms will involve not 
only exclusion factors but the f’s of the intermediate 
states, and, of course, the numbers of phonons n, in 
the various modes involved. Because of the non- 
commutativity of the phonon operators, there will be 
terms in which for a given mode the factor is (m,+1) 
and others in which it is ”,. Thus in a many phonon 
process it will be convenient to use a polynomical 
form in powers of the various (m,+3); there will be 
terms ranging from one with a factor (m,+3) for all 
modes involved to those with none. At very high 
temperature all modes will have ”,>1, so that only 
the terms with all (7,+3)’s will matter. This term is 
the same which would be obtained if the noncom- 
mutativity of the phonon operators were ignored, and 
is, therefore, very similar to corresponding terms in the 
impurity problem. In particular, the equations (5), 
(6), (7) will hold, and (1) will not hold. We have 
looked into the fourth order term in some detail and 
find that the terms other than this leading term are 
not simple enough to be worth recording in this context. 
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IN TRANSPORT 


THEORY 
APPENDIX 


Explicit expressions for the scattering probabilities 
have been given by various authors. Our treatment 
leans heavily on that of Gell-Mann and Goldberger. 

We define the scattering probability Wi. for kk’ 


as 


d 
Wae= [lard ext) 
dt t=0 


Here ¢(/)=e7~'“*"/*,.(0) are eigenstates of the Hamil- 
tonian in the absence of scattering. yt (t) = e~"# /AY,+ (0) 
are the so-called “incoming waves.” They can be 
defined as follows. y%+(0)=U(0, — ©) ¢(0), U(O, — ~) 
being the operator which describes the evolution of 
the system from time (— ©) to 0. In other words, if 
we start at — © with a wave ¢; it will at time 0 have 
evolved into state y,;‘+?. As discussed in (2), U(0, — ~) 
is not unitary and the y;* are not a complete set, but 
must be supplemented by any bound states which 
may exist. The ¢, on the other hand, do form a 
complete set. Thus we obtain 
d 

» i wt | min 
‘ 


- vit (1) ¢x(t)) | 
al t= 


d 
-| ee | gar (t Ket lve") 
dt k! - 


d 
[wun ro] =0, 
dt t=0 


since the y’s are taken to be normalized at all ¢. On 
the other hand, 


d 
2, Wart] —Ievet(D| ea(0) | 
3 dl t=0 


1 
= F DX (ee [We (2) Maer (2) | e(d)| . 
dt x’ t—0 


This cannot be so easily set equal to zero because of 
the incompleteness of the y’s. We proceed as follows. 
The expression on the right is equal to 

d . 

wel : (on (0) ei (Ek “HUB +) (0)) 


dt k ; 
(Wee (0) | em #(Fe-2D UA( (0) 


d 
= —(y,.(0) le iHk(7— > aa | eiH hi! 4», (0)) 
dl 


d 
=— : (ox (O)e# AS” |r| et UR) 2, (0)), 
at . 


where the |a) are the bound states. Unlike the y,, they 
are rigorously eigenstates of the total Hamiltonian 


2M. Gell Mann and M. L. Goldberger, Phys. Rev. 91, 398 


(1953). 
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and the operator |a)(a| commutes with the Hamil- 


tonian. The last expression is then 


d 
{gx (0)(S | a)! ) gx (0)) =0. 


dt 
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Thus we obtain 
d 
LD Wie =X Wee=|—| We) | ee (D1? 
KI kl dt t=0 
This relation is also a consequence of the unitarity of 
the S-matrix. 
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The correlation energy of the electrons in a semiconductor is expected to be less than in a metal with the 
same electron density. The reduction occurs because the existence of an energy gap between filled and 
empty states tends to increase the magnitude of the energy denominators of perturbation theory. This 
effect is studied in a simple model, based on the calculations of Gell-Mann and Brueckner, in which the 
semiconductor is represented as a free electron gas with an energy gap above the Fermi surface. The cor 
relation energy then depends on the ratio of the energy gap to the valence bandwidth as well as on the 
density. It is shown that for an energy gap large compared to the bandwidth, second order perturbation 
theory is correct; while for a small energy gap, an explicit correction to the Gell-Mann-Brueckner series 


can be obtained 


INTRODUCTION 

HE correlation energy of electrons in semi- 

conductors was first studied by Ufford' who 
applied second order perturbation theory to a simple 
model of a semiconductor. He showed that the second 
order theory gave a finite correlation energy (in opposi- 
tion to the case of a metal in which a logarithmic di- 
vergence is found), but obtained a logarithmic depend- 
ence of the correlation energy on the energy gap. This 
conclusion requires revision in the light of the results of 
Gell-Mann and Brueckner? who showed, for a free 
electron gas, how the contributions from all orders of 
perturbation theory can be summed to give a finite 
correlation energy. The correlation energy in a semi- 
conductor must approach this limit as the energy gap 
goes to zero. 

It is impossible, in the present state of knowledge of 
wave functions in solids, to make a detailed calculation 
of the correlation energy of electrons in any real crystal. 
A simple model must be chosen. The essential feature 
in which a semiconductor or an insulator differs from a 
metal is in the presence of an energy gap in the one 
electron excitation spectrum. A simple model of a semi- 
conductor would thus consist of a free electron gas 
(with an effective mass ratio m*), which has an energy 
gap above the Fermi surface. All other effects of the 
crystal structure are to be ignored. 

* On leave of absence from: Department of Physics, University 
of Miami, Coral Gables 46, Florida 

'C. W. Ufford, Phys. Rev. 59, 598 (1941). The “exchange cor 
relation energy” was neglected in this calculation 


2M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 


(1957). 


In the language of perturbation theory, we consider 
an infinite system with N electrons per unit volume 
which interact through Coulomb forces. The unper- 
turbed wave functions of the system are Slater deter- 
minants of plane waves, but the energy of a one par- 
ticle state of momentum is 


e(p) = p’/2mm* O<p<pr, 


1 
e(p)= p*/2mm*+Ec p> pr, “i 


where pr*=3rh'N. If the total energy of the lowest 
state of this system is calculated according to perturba- 
tion theory, with the Coulomb interaction as a per- 
turbation, the Fermi energy and the exchange energy 
are the same as for the ordinary “free electron gas,” 
but higher terms in the perturbation series are different 
because the energy gap, Ec, appears in the energy 
denominators. 

The second order term in the perturbation series for 
the energy per particle can be written (following the 
work of Macke?’) 


—3e4 
F,=—— faa apf dp.’ 
16h? p p*r® pi <pr p: 


»< pr 


pitaq| >ps P2+q| >>pr 


La’: (pr +p2'+q')/mm*+ Eo}? 


1 1 
x| —— } (2) 
gq’? 2q(pi’+ po’+q’)? 


It is convenient to introduce dimensionless vectors 


3 W. Macke, Z. Naturforsch. 5a, 192 (1950), 
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q, P1, P2 such that q/= qpr, pi’= pipr, Po’ = pepr, and to 
introduce atomic units (with energy measured in 


rydbergs). 
ap. dp» 
1<1 p< 


—3m* 
825 p 
pit+q| >I p2e+q! >1 


X(Cq- (pit potq)tec}" 


1 1 
x|-- a | (3) 
gq’ 2q°?(pitpe+q)? 


In this equation eg=mm*Eg/pr’=Ec/2Er where Er 
is the Fermi energy. It will be convenient in the follow- 
ing discussion to consider eg (rather than Eg) to bea 
given parameter, which characterizes a particular semi- 
conductor. Higher terms in the perturbation series may 
be constructed in the manner of Gell-Mann and 
Brueckner. It is important to note that each energy 
denominator contains eq. 


LIMIT OF LARGE ENERGY GAP 


The character of the perturbation series is quite dif- 
ferent according as the energy gap parameter eq is 
large or small compared to unity. The case of large 
energy gap is the simplest, and will be considered first. 
In that case, we may expand each term in the per- 
turbation series in inverse powers of eg. The leading 
contribution from the second order is of order eq, 
third order eg~’, mth order eg~"*'. Actually higher terms 
of the perturbation expansion are divergent, but we 
can easily sum the divergent parts of the series prior 
to integrating, in a manner exactly analogous to the 
Gell-Mann-Brueckner theory, and so obtain a finite 
correlation energy. The result contains terms of the 
order eg? Ineg coming from the elimination of di- 
vergences; but the second order determines the eq! 
term correctly. 

To evaluate the coefficient of eg, we can neglect the 
term q: (q+ pit pe) in the denominator compared to eg. 
We then have 


—3m*— pdq 
E,=—— | f- fav fav: 
Sr 5G ¢' 
1 edq 
“ f aps { dps(a+ p+ po | (4) 
2 


(subject to the usual restriction on p; and p2). The first 
integral can be done easily in a coordinate system 
suggested by Macke.’ We obtain a contribution 


—56m*/152 eG. 


The second term is more complicated. For g>2, all 
values of p; and ps2 such that p1, p2<1 are allowed; for 
q<2 the limitations on the initial states render the 
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volume element quite complicated. For g>2, we obtain 
a contribution 31/452’e¢ while for g<2 a Monte Carlo 
integration gave [0.45+0.03 |/x’e;. The result is then 


E,= —0.263m*/eg. (5) 


Since €g is itself proportional to m*, the dependence on 
the effective mass in (5) is illusory, and we have 


E.= —0.263/€¢’, (5a) 
where ¢g’=mEg/pr’*, the ratio of the energy gap to 
twice the free electron bandwidth. 

The complete second order perturbation integral (3) 
could, of course, be evaluated exactly, although the 
calculation would be quite lengthy. However all terms 
in the result of higher order than the first in eg~' would 
be modified by higher order perturbations. Equations 
(5) and (5a) are, however, exact for this model in the 
limit of very large energy gap. 

The result presented in Eq. (5) cannot be considered, 
however, to approximate the actual correlation energy 
of electrons in any real insulator. The limit of energy 
gap large compared to bandwidth occurs in materials 
for which the electrons are strongly localized on atoms; 
the case of extreme tight binding. Under these circum- 
stances, the correlation energy, which is essentially the 
error in the energy computed in the Hartree-Fock 
approximation, is principally due to the failure of that 
approximation to yield the correct localization of elec- 
trons on individual atoms, and does not vanish in the 
limit of very large eg. 


LIMIT OF SMALL ENERGY GAP 


If the second order perturbation (3) is evaluated in 
the limit of small eg, a term proportional to Ineg is ob- 
tained, as was first shown by Ufford.'! However, if the 
perturbation series is summed prior to carrying out the 
integration over q, the result is not only finite at eg=0, 
but possesses a finite first derivative (with respect to 
eg) as well. If the correlation energy in this model is 
expressed as a series in ¢g for small ¢g the zero order 
term must be the correlation energy of the ordinary 
free electron gas, which is given correctly by the Gell- 
Mann-Brueckner theory for small rs. Then there is a 
term, proportional to eg, whose coefficient is a compli- 
cated function of rs. If this coefficient is expanded in 
powers of rs, we may expect the Gell-Mann-Brueckner 
treatment to give correctly the lowest two terms in 
this expansion, corresponding to the fact that two terms 
are also obtained for the free electron gas. The per- 
turbation series does not possess a finite second deriva- 
tive with respect to eg at eg=0, so we must expect 
terms of the order eq? Ineg to be present as well. Co- 
efficients of such terms would also be given correctly 
by this treatment for high density, but to evaluate the 
correlation energy for arbitrary eg, though possible in 
principle, would require very extensive numerical in- 
tegration. We will obtain here only the coefficient of eg. 
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Following Gell-Mann and Brueckner, the correlation 
energy per particle at high density is given by 


. ed “f 
g?R(q,u) q\? AR 
x| —_—- -( ) in( 1+ )] rote (6) 
d d ¢ 


where \=4m*/rpr=4m*ars/x; 6.is a term added to 
ensure that all second order contributions are included, 
and «) is the exchange correlation energy. The de- 
pendence on the energy gap is incorporated in the 
function R(g,u). This equation is obtained by carrying 
out the summation involved in Eq. (22) of reference (2). 

The presence of an energy gap modifies the pro- 
pagator employed by Gell-Mann and Brueckner to 
reproduce the energy denominators of perturbation 
theory. With reference to Eq. (12) of reference (2) we 
use as propagator 


F=f dp exp[— |¢| (4q?+q-pt+ea) ]. (7) 
p<i 


[p+q| >1 


The function R(qg,u) is then 


1 
R(q,u)= f 
dor p<i 


p+q| >! 


Xexp[—|/! ($¢+q- pt ec) jdt. (8) 


@ 


af ene 


:s 


The integration required to obtain an exact evalua- 
tion of (8) would be very complicated, and the result 
would not be very useful since only a fraction of the 
entire perturbation series is included. However, to 
obtain results valid at high density, it suffices to make 
sure the apparent divergence in second order (for the 
ordinary free electron gas) is properly removed, and 
this can be accomplished by using a small g approxima- 
tion in (8). Then 


1 aN | 
Ron) == f vdx f ea exp[ — |t| (qgx+ec/2) ]dt. (9) 
2 0 —n 


Although this integral is relatively simple to evaluate, 
the result is still complicated, and the remaining in- 
tegrations involved in Eq. (6) become quite difficult. 
We proceed to expand £¢ as given by (6) for small e¢ 


dEc 
Fe(ea)= Ee(0)-+eo( ——~) +0(«ce Ineg). (10) 
€a 70 
The leading term £c(0) is the Gell-Mann-Brueckner 
formula‘ (with an effective mass m*). We differentiate 


: Ec (0) = m°C0. 062 Inm*r, —0.096]. 


CALL 


AWAY 


Eq. (6) with respect to ¢¢ and find’ 
(=) -- 
0€G - 
OR 1 06 de,” 
Chane, 
deg? 0 1+ARo/ gq dec 0 deg 70 


We will consider 06/deq and de,°)/deg separately. We 


must now determine R(q,u). From (9) 


1 (qxtec/2 yA 


12m* 
fies = Rl 


ads. 


R(q,u)=q 
0 (qxteo/2)? +qu? 


Thus 
OR 1 f' (#—2°) 
0€G “hel 0 (2 4x2) 


1 
= ——[In(1+1/u*)— 
4q 


2/(w+1)]. (13) 


We find also, in agreement with reference (2) 
[R(q,#) Jeg =0= Ro(u) =1—u tan“(1/u). 


The integration over g in Eq. (11) can now be per- 
formed. Put S(u)=—g(0R/deq). We then have after 
making a high-density expansion 


(14) 


f duRo(w)S(u) f CetA+ARo(w) gq’) }-'dq 
o 0 


Li Ro\} 
= | siw|r( ) - Ro fiw 
27_» r 


The remaining integrals have been evaluated nu- 
merically. The result is 


0Ec¢ 
( ) =0.144(m*p r)*—0.0587m* 
deg Jo 


06 de, 
+0(r)+(— ) +(—) « a5) 
eg 6 deg Jo 


It is now necessary to evaluate the last two terms in 
(15). In a manner analogous to reference (2), we have 


_3m* dq 
oe -{ ‘mf dp» 
nt <1 


pi+q! >1 |p2+q| >1 


6m* 2 1 1 
XLa-(prtpsta)tec+—— f ay f vde f ydy 
TT “9 0 0 


XL¢(xt+y)+ec}. (16) 


5 The limits of integration in (11) are slightly modified from 
those of reference (2). A corresponding change has been made in 6. 





CORRELATION 
Then 


06 3m* prdq 
(2) anf 
0eg/ Bri JS gdp. <1 pr<l 


pi+q| >1 p2+q| >1 


6m* 7*dq 1 
XC: (pit pe+q) }?- J - f wd f ydy 
a 0 0 0 


X(at+y). (17) 


The first integral can be done in a fashion suggested 
by Macke.* The quantity (06/deq)o is actually finite 
since the apparently divergent terms cancel if the inte- 
grands are combined, prior to integrating over g. The 


result is 
06 
(—) = —0),0429m*. 
0€G 0 


There remains the second order exchange correlation 
term. From Eq. (3) we find 
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Oey” 3m* edq 
(2) A anf 
deg Jo 16m’! Pw pci pr<i 


|pit+q| >1 |p2+q| >1 


X { (q+ pit p2)*Lq- (q+ pit pe) |}. 


SEMICONDUCTOR 


(18) 


This integral is quite complicated. It has been 
approximated in the following manner. For g<2, we 
set (q+pitp:)?=7+1, following a suggestion of Hub- 
bard.® For g>2, we set (q+pitpe2)?=q*. Under these 


approximations 
de,” 
( - ) = —().056m*. 
0€g 0 


Then the final result is 


Ec(eg) — Ec (0) = [0.144 (m*p r)!—0.158m* Jeg (19) 
= [0.200(m*/rs)!—0.158m* Jeg. 
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The first order anisotropy constant, K,, of a cubic ferromagnet with spin 1/2 per atom is calculated as a 
function of temperature at low temperatures. The source of this anisotropy is taken to be the nearest 
neighbor pseudodipolar spin-spin interaction and the spin-wave approach of Dyson is used. It is shown that 
K;, varies as the tenth power of the magnetization, itself a function of the temperature. In order to explain 
the experimental value of K, for nickel at T =0 the strength of the dipolar interaction must be ~300 times 
the classical value. Previous calculations by Van Vleck, Van Peipe, and Tessman are compared with the 
present work on the ground state. Only the work of Van Peipe accounts properly for the exchange and is in 
complete agreement with the present investigation. The perturbation scheme of Van Peipe is shown to be 
rigorously correct, the wave function converging to an exponential form. 


I. INTRODUCTION 


HE free energy per unit volume of a ferromagnet 
contains terms which depend upon the orienta- 
tion of the magnetization vector with respect to the 
crystalline axes. These terms are commonly distin- 
guished by the angular dependence associated with each 
of them. In the case of cubic symmetry the leading 
term is K;(a;2a2?+a;"a;?+a2*a3"), where K; is known as 
the first order anisotropy constant and aj, a2, and a3 are 
the direction cosines of the magnetization with respect 
to the crystalline axes. The next term is K2a;a,*a;’, 
where K2 is the second order anisotropy constant. 
There have been several calculations of the first order 
anisotropy at 7=0 of cubic ferromagnetics with spin 
value 4 per atom using the short-range pseudodipolar 
coupling. The approach used by Van Vleck! is ad- 
mittedly approximate in that the exchange energy is 
replaced by the Weiss molecular field. Tessman? treated 
the exchange by the usual spin-wave approximation 
and was able to show that the anisotropy is due to the 
fluctuations of the zero-point energy. In the explicit 
calculation of the anisotropy, he replaces the exchange 
energy by JZ, the maximum spin-wave energy, with 
results which agree with those of Van Vleck. It has been 
pointed out® that although the methods are different, 
the results are in agreement because the approximations 
made are equivalent to each other. The most extensive 
treatment of the problem was given by Van Peipe* who 
attempted a rigorous treatment of exchange. He ob- 
tained anisotropy energies somewhat larger than the 
others. Moreover doubt has been cast on this work® in 


* This work was supported in part by the Rutgers Research 
Council, The Office of Naval Research and Radio Corporation 
of America. 

+ Based on a thesis submitted in partial fulfillment of the re- 
quirements for the Ph.D. degree at Rutgers University. Present 
address: International Business Machines Research Laboratory, 
Poughkeepsie, New York. 

1 J. H. Van Vieck, Phys. Rev. 52, 1178 (1937). 

2 J. R. Tessman, Phys. Rev. 96, 1192 (1954). 

3 J. Van Kranendonk and J. H. Van Vieck, Revs. Modern Phys. 
30, 1 (1958). 

‘W. F. Van Peipe, Physica 5, 465 (1938). 

5 P. Argyres and C. Kittel, Acta Met. 1, 241 (1953). 
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that he apparently used a perturbation expansion in 
powers of .V, the number of atoms in the crystal, so 
that the convergence of the expansion is dubious. 

In Sec. II we transform the Hamiltonian, including 
the pseudodipolar coupling, into the language of second 
quantization. In Sec. III the low-lying energy levels of 
the ferromagnet, to second order in the dipolar term, 
are found. These calculations are based on the spin- 
wave method due to Dyson.® The first order anisotropy 
constant at 7=0, Kyo, is immediately extracted from 
the ground-state energy. The anisotropic part of the 
free energy is calculated in Sec. IV to give Ai as a 
function of the temperature. Although we do not repeat 
the argument here,'* we point out that a dipolar inter- 
action is not capable of giving anisotropy in a cubic 
crystal below the second order of perturbation. This is 
in contrast to the quadrupolar interaction, possible 
only for S>1, which yields anisotropy in the first order 
perturbation. Our results agree at 7=0 with those of 
Van Peipe and we point out, in Sec. III, that the other 
calculations differ because of their approximate treat- 
ment of the exchange. We find that K,/Kyo varies as 
the tenth power of the magnetization in the 7! law 
region for all the cubic lattices. 

In Sec. V we review the work of Van Peipe in atomic 
spin space. The treatment is extended to give an 
approximate ground-state wave function, appropriate 
for the calculation of energy to second order only. This 
wave function is shown to be exponential in form and 
the power series expansion of this wave function agrees 
in first order with the wave function which Van Peipe 
used to get the second order energy. We conclude that 
the Van Peipe calculation is correct since the wave 
function does converge. Also included in this section is 
a calculation of the fractional deviation of the ground- 
state magnetization from saturation due to the dipolar 
coupling for a simple cubic lattice. For this purpose the 
entire exponential wave function must be used and the 
resulting deviation is small. If the Van Peipe wave func- 
tion, i.e., only the first term in the expansion is used, 
the result is much larger. 


6 F. J. Dyson, Phys. Rev. 102, 1217 (1956). 
2 
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The application of the results of this investigation to 
real ferromagnets is discussed in Sec. VI. 


II. THE HAMILTONIAN 


If we neglect the magnetic dipolar coupling, the spin 
Hamiltonian is, for S=3, 


= —gusH >; Sr—J >, Sr, Sri4+1 
+2e > i.1(1- Sr;) (1- Sr;+1). (1) 


The first term is the Zeeman energy, with the zg direc- 
tion being that of the applied field H. The second term 
is the exchange energy and the last represents the 
pseudodipolar coupling which gives rise to the anisot- 
ropy. The atom located at R; has spin angular momen- 
tum #Sr; and the magnetic moment gugzSr;. The sums 
over. 7 range over the entire crystal of .V atoms. The 
sums on I range over the Z nearest neighbor vectors of 
the lattice, where I is measured in units of the nearest 
neighbor distance. The parameters J and ¢ measure the 
strengths of the exchange and pseudodipolar inter- 
actions, respectively. In particular, they have been 
chosen to correspond to the notation used by Van 
Peipe.* For nickel, it will be seen that «/J ~0.09. 
We separate the Hamiltonian into 


KH=Hotutv, 
where 
KHo= — gual >, SRi?—J 305.1 Sri: SRi+1 
+2 > iL (l4)*SreSri4r-+3 (41-)SRr Sr; +1 ], 
U=2e DL (Ue) SrSri40-t (UE) SR 7SR 410], 
V=te Di aL (+)2Sr Sr++ (I-)* SRA Sr, 41]. 
Following the usual definitions, 


SRt=SRZ7HISRY and J#=l'+il", (3) 
The dc part of the dipolar interaction has been included 
in 3o; that part which gives rise to the first order 
anisotropy at 7=0 is U, and U contributes to A, in 
the excited states only. At 7=0, however, the U term 
must be included in a calculation of Ke, the second 
order anisotropy constant. 
We introduce the spin-wave operators, 


c= NAD, Sriem it Ri, 
They obey the commutation rules 


and 


(Sut, Se]= 24 


[S75 * j= +.V Sy tk’ 


In terms of these operators 
KRo= — gupHN?S\* — J ag 1 exp ik-1) 
KCTS. ” +S, ASS -') { 2e€ ae 1 exp | ’ ik-1) 


K[ (ESS et) Sy St], (6a) 
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U=2e > «,1 exp(—k-1) 

X CUA) S Sac + (EE) S Sit], 
U=he d«.1 exp(—ik-I) 
XC) S a Sac + (EYP St S_ at. 


(6b) 


(6c) 


A spin-wave state in which n(=}°, x) spin waves are 
excited is denoted by 

|2)=[T u(x!) 4(S,-)"«!0), (7) 
where 0) represents the ground state of Ho, the state 
with n=0. Except for terms of order n/.V, these states 
are normalized and orthogonal. 

An approximate Hamiltonian will be written in terms 
of the ordinary creation and destruction operators, Ax* 
and A,, which operate on spin waves. To construct this 
Hamiltonian we let 3C operate on the wave function (7). 
The operators Sy? and S,* are commuted through the 
Sx operators in |”) until they operate on |0). Then 
use is made of S,+|0)=0 and S,?\0)=SN!\0)dx,0. At 
this stage, Sy~ is replaced by A,*. The original Hamil- 
tonian is replaced by one expressed in terms of A," 
and A, which, when operating on (7) with A,* sub- 
stituted for Sy~, yields the same linear combination of 
spin-wave functions. This procedure has already been 
carried out by Dyson® for the Zeeman and exchange 
terms. As an example we treat U here. By application 
of the commutation rules, 


Oo, 0-k Ok) Oke °° “Ok, | O) 
= Sy Oki Oks °° “Oks on' | 0) 
— N-4{ So Sty Sta + + + Ske 
-+ + Sk, +:°: 
+ $_ 47 Sty Ske 


+ S_ Sky +46Sk2 
-+ + Sky+} | 0). 


The term containing S,? makes no contribution to 
Un) since only the k=0 part survives, and >>) (l#/+)=0 
for cubic symmetry. The next term also vanishes since 
we may remove as a factor }>y exp(ik-1)=0. The re- 
maining terms have the following interpretation; one 
of the spin waves, say k;, is destroyed and two others, 
—k and k,;+k are created in its place. The Sy~ are 
clearly equivalent to creation operators, so that the 
S*S~ portion of U may be replaced by 


—eéV } > (Uptuy A tA er *®A K, k's 
kk’ 


where 


Uy= Vile ) exp(ik-I). 


By following a similar procedure, the Hermitian adjoint 
is obtained for the S#S* portion. 
The Hamiltonian in terms of the creation and de- 
struction operators is, 
5=35O+50’ +U+ 0, 
where 


H°=C+) x Mule, 
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xX’= —4N 3 i} ® A Dice EA gc * A gr * A An, 
= 2 e’’ 


W=—eN-1 > [ (u*+ty*)A up ne*A cA ye 


kk’ 
+ (tytiy )Ay*A nu *A yur |, 
V=he > (vA y*A_n*+04*AA_x) 
k 


—(¢€ N) te 


oF bd 


ie * 
Ve A pepe AncA gw A yy. 


Here C is a constant dependent upon the lattice and 
given by 


C= —}gusVH—4{NIZ+3Ne Di (1*)?. (9) 
The energy of each spin wave is, to first order, 


€x=gusl+J > 1(1—cosk- 1) 


—e >, [2(l4)?—(1-) cosk-1]. (10) 


The portion 5X’, like 3C°, is derived from Ho. It gives rise 
to binary collisions between spin waves with 


Picyko* = >>) exp(ik-D[1—exp(ik,- I) ] 
X[1—exp(—ik.-I)]. (11) 


We have also 
ve= D1 (0+)? exp(ik- I). 


There are terms of higher order in 1/.V belonging to 
% and VU which are not shown. These give rise to con- 
tributions to the energy which, for the low-lying states, 
are negligible.” The specific advantage of the procedure 
outlined above is in the interaction terms 3’ and 0, 
which are different from the corresponding terms in the 
usual spin-wave theory.® As derived here these terms 
are the complete effective spin-wave interaction which 
is contained in Eqs. (6a) and (6c). 

It may be observed that K°+' (except for the term 
proportional to «\~') is the Hamiltonian derived by 
Holstein and Primakoff* with the long-range magnetic 
dipole forces replaced by the pseudodipolar coupling. 
This Hamiltonian was diagonalized by them by means 
of a canonical transformation. We have obtained their 
result for the ground-state energy by regarding VU as a 
perturbation on 3° and summing the infinite series as 
was done by Brueckner and Sawada® in connection 
with the problem of liquid helium. The series corre- 
sponds to the binomial expansion of the square root 
in the Holstein and Primakoff result. The second order 
term in VU is just the one used by Tessman’ to obtain 
the first order anisotropy of the ground state. This 
procedure of evaluating and summing the infinite series 
is not included here." 


? The last term in ‘UO was originally included in this class by us. 
Neglect of this term Jed to an eighth power law and to an in- 
stability of the spin-wave spectrum. The importance of this term 
was pointed out by F. Keffer (private communication). 

* T. Holstein and H. Primakofif, Phys. Rev. 58, 1098 (1940). 

*K. A. Bruckner and K. Sawada, Phys. Rev. 106, 1117 (1957). 

S, H. Charap, thesis, Rutgers University, 1958 (unpublished). 
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III. EIGENVALUES OF THE ENERGY 


If 3’+U+D is treated as a perturbation on i’, 
there are contributions to the energy from 3X’ alone. 
For the low-lying states these are negligible. The small- 
ness of this dynamical interaction is one of the major 
results of Dyson’s® work. In fact all contributions to 
the energy in the perturbation series in which matrix 
elements of 3’ appear connecting the unperturbed state 
to an intermediate state are negligible (of order n/N) 
compared to the terms which we shall keep. This is 
due to the suppression of the sums over wave vectors 
imposed in these cases. On the other hand, those con- 
tributions to the energy in which matrix elements 
which connect only intermediate states via ’ appear 
are significant. If 5¢’ were the sole perturbation then, it 
would contribute a negligible amount to the energy. 
But this term has a significant influence on contribu- 
tions made by U and V. For this reason we calculate 
contributions to second powers in U and V, but to all 
powers 3C’! Consequently the energy to second order in 
the pseudodipolar interaction, U+'V, is an infinite 
series, each succeeding term of which involves one more 
collision of a pair of spin waves in the intermediate 
states by way of exchange (35C’) than the previous one. 
The entire series may be summed. With one unim- 
portant exception pointed out below Eq. (15), each 
succeeding term is just the previous one multiplied by 
a small numerical factor v;, dependent upon the type 
of lattice involved. This is just the geometric series. In 
the case of the exceptional term, the sum of the series 
is the derivative of the geometric series with respect 
to v;. 

There are contributions to the energy of higher order 
in the dipolar interaction. Even if there are such terms 
having the angular dependence associated with K, these 
are smaller than those which are calculated here by 
factors of (€//)* or smaller, and may be neglected. 

The second order energy of the unperturbed state 

n) 1S 


Eo" = (n| Va0 | n)+ (n| Wa *U | 2), (12) 


and the third order energy is 
E3"=(n|Va"'KH'a"'0 | n)+(n| Waa "UW 2). (13) 
In these expressions," a= Eo"— H°, where 
(Eo"—X°) |n)=0. 
A straightforward calculation yields 


é ; UK)” 4 
Een —-F.— (142m- Ty nw) 
4 N 


€k 


é | Ue Ue’ | Ney? 
a ame 


N «,k’ €x t+ €k! — €xyk’ 


(14) 


This notation for perturbation theory is standard in the 
theory of scattering. See, for example, J. Goldstone, Proc. Roy. 
Soc. (London) A239, 267 (1957), or K. A. Brueckner, Phys. Rev. 
100, 36 (1955), Sec. ITI, 
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In these terms products of the m, have been neglected. 
It is now evident why only V contributes to the ground- 
state anisotropy ; the last term, arising from the U por- 
tion, vanishes when no spin waves have been excited. 
Now £,’ is the term evaluated by Tessman.? In doing 
so he set ¢.=JZ. This term, as well as all of Eq. (14), 
is evaluated in Appendix A without approximating the 
exchange energy and the values of Kio calculated in 
this way for the three cubic lattices are shown in 
Table I. The third order energy is more involved. In 
Appendix B it is shown that, if only the long wave- 
lengths are excited, 


pe? ps a (re * nw) 


€k 
22 [tact te | 


N «,k’ 


Mae 
} (15) 


Pare 


where vj;=0.211, 0.1339, 0.08161, for the simple, body- 
centered and face-centered cubics, respectively. Notice 
that there is a term in which each spin wave is counted 
twice as compared to the corresponding term in £2. In 
the next order each spin wave is counted three times in 
this term, and so on. If we sum the entire series, the 
energy, to second order in the pseudodipolar coupling 
and to all orders in 3’ is 


E*"=C+)>. Mew 


—(1—»,;) 


€ + Ee — Chey’ 


At low temperatures only the long-wavelength spin 
waves are excited. In that case one finds, for Eq. (16) 


E*= E,t+Dx mex. (17) 
The ground-state energy to this order is 
E, (sc) =C+0.268N (e/J)(T—1), 
E, (bec) =C—0.1374N (e/J)(T+1), 
E, (fcc) =C—0.05430.V (&/J) (P+2.39). 


(18) 


TABLE I. The first order anisotropy constant at T=0, Kyo, in 
units of @N/JV, for S=}, for the cubic lattices. Here F2° is a 
refinement of Tessman’s result, and (1—»;)"'#2° takes into ac- 
count the interaction between spin waves due to exchange. 

Face centered 
cubic (fcc) 


Simple cubic Body centered 
(sc) cubic (bec) 
0.167 
0.26(4)* 
0.211 
0.268 


0.0419 
—0,05+0.03 
— 0.04987 
— 0.05430 


0.111 
~().14 

0.1190 
— 0.1374 


Tessman 

Van Peipe 

from F£:° 

from (1—»;) 1k, 


* Third figure calculated by authors. 
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The spin-wave written, (see the 


Appendixes), 


energy may be 


ex (SC) = €x—5.35(e/J)('—}4), 
« (bec) = €x-+ 2.748 (e/J) (T— 3), (19) 
ex (fcc) = ex + 1.0863 (e/J) (T—1/4.45). 


In these expressions terms proportional to (e/J)k® have 
been neglected in comparison with the exchange energy 
contained in €, which is proportional to Jk*. The angular 
dependence is given by the function T=a;’a:’+a;’a;" 
+az’a;* where ai, a2, a3 are the direction cosines of the 
field relative to the crystal axes. 

The first order anisotropy energy is given by K,VI, 
where V is the volume of the sample. The values of K, 
for the ground state, Kio, are given in Table I. The 
magnitude of the pseudodipolar coupling constant, e, 
may be estimated by comparison with experiment. For 
nickel, a face-centered cubic, the experimental value of 
Ko is ~750 000 ergs/cc."* We will use J~230Kp and 
V/V~5X10. Here Kz is Boltzmann’s constant. The 
numerical value of e/J then turns out to be ~ 0.09. The 
strength of the classical dipolar interaction between 
nearest neighbors is about 300 times smaller. 

The energy of a spin wave is, by Eq. (19), essentially 
positive. The function T' ranges from 0 to } in a way 
that the coefficient of &/J is positive if the magnetiza- 
tion lies along an easy direction ([100] for the simple 
cubic, [111] for the others). If the magnetization is to 
be in some other direction it must be the result of the 
application of a magnetic field. The Zeeman energy re- 
quired to excite a spin wave in such a field will always 
be sufficient to keep the excitation energy of a spin 
wave positive. 


IV. TEMPERATURE DEPENDENCE OF K, 


The spin waves may, at low temperatures, be re- 
garded as a system of noninteracting Bose particles of 
energy éx. The free energy of the system is 


y= E,t+KeT dx In{1—exp(—ex/KaT)). (21) 
We separate the spin-wave energy into the two parts 


ex= ex’ +Aex, (22) 
where Ae, contains the dependence upon the direction 
of the field with respect to the lattice and is small com- 
pared to ex’. The anisotropic part of the free energy is 
easily shown to be 


(1—p;) LB Y+D (ny) Aer. (23) 
Here (ny) is given by the Bose-Einstein distribution. 
The second term of (23) contains the temperature de- 


pendence in a series of powers of Kz7T/J, the lowest 


122 R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., Princeton, 1951), p. 569. 
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power being 3. The leading term is of the form 
al’ }°x(nx). The other terms are negligible in the tem- 
perature region under consideration. The anisotropy to 
to first order is given by 


Ki =Kt(a/V)>-x(nx). (24) 


In terms of the magnetization, M(T), it may be shown 
that, in the 7! law region for M(T), 


(25) 


eo 


K, ea aN S/Kio) 


M 


where My is the saturation value of the magnetization. 
The value of the exponent —(a@.VS/KyioV) is 10 for all 
cubic lattices, independent of the evaluation of the 
integrals for a and Kyo, themselves! 


V. THE GROUND STATE 


In this section we treat the ferromagnetic ground 
state in order to answer the question raised by Argyres 
and Kittel'® concerning the convergence of the per- 
turbation series used by Van Peipe,' in calculating Ayo. 
It is asserted that, because the expansion is apparently 
in powers of \, the results are not rigorous. We show 
that, although the first order wave function is a poor 
approximation to the ground state, it is part of a con- 
vergent series. The use of this wave function to evaluate 
the second order energy is thereby justified. 

As is pointed out in Appendix A, in obtaining Eq. 
(A2), the anisotropy of the energy of the state of com- 
plete alignment of the spins, the ground state, is in- 
sensitive to the strength of the applied field. For the 
purposes of this section then, a limited Hamiltonian 
may be used, consisting of the exchange energy plus 
the VU portion of the pseudodipolar coupling. The dc 
part of the dipolar term is neglected along with the 
Zeeman energy. Since we are mainly concerned with 
convergence, we consider in each order in .V only the 
terms to lowest power in ¢/J. Thus we drop the U 
portion of the dipolar term and calculate the wave 
function using only the first term of (6c) as the 
perturbation. 

We recall that in the spin-wave treatment, except 
for the collision part of the exchange, the corrections 
to the wave function due to VU correspond to the excita- 
tion of independent pairs of spin waves of wave vectors 
k and —k. This leads us to try, as an approximate 
wave function 


V=e%, (26) 


where Wo represents the unperturbed wave function of 
the ground state and g is an operator bilinear in Sr;-. 
The expansion in powers of g is assumed to correspond 


13 See reference 5. The authors are grateful to Professor Elihu 
Abrahams, who brought this letter to their attention. 
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to the ordinary perturbation series. Thus 


V=Potyityet-::, 


with ~i= go, Y2= (2!)—1g¢’fo, and so on. The operator g 
will be determined so as to make y the correct first 
order wave function. In the higher orders if y,’ is the 
proper nth order wave function, we write Wn'=Wnt ¢n, 
where ¢, is a correction which must be small if the 
exponential form is to be a good approximation to the 
ground-state wave function. In the limit V—+ © we 
show this to be true, for ¢, is found to be of order n/.V 
compared to y,, and can therefore be neglected. How- 
ever, if V is finite, when is comparable to .V, ¢, may 
not be neglected in comparison with y,. The exponen- 
tial wave function is nevertheless a good approximation 
to the ground state in this case also, for the following 
reason; in the case of spin } per atom, there cannot be 
more than one spin reversed on any one atomic site, 
and the series does not increase in powers of V through- 
out. At first succeeding terms are NV times as large as 
their predecessors, but when the number of terms be- 
comes comparable to .V, succeeding terms become 
smaller by factors of «//J. Thus, for those values of 
n (n~.N\) for which ¢gn~Wn, one may neglect yp, itself 
in comparison with the preceding terms in the wave 
function, because this term is ¢/J smaller than the 
previous one, not .V(e/J)! 

By standard perturbation theory, the corrections to 
the energy are given by 


E,= (Wo, Upn_1’), (27) 
where 

(28a) 
(28b) 


(28c) 


(Eo—- 5Ho)Wo =0, 
(Eo— Koh’ = Vv, 
( Eo— Ko) Wp! = Vy — Ew, 


and so on. 


The unperturbed Hamiltonian, Ho, is simply the ex- 
change operator in the present approximation. Setting 


vi’ == gto(¢i1=0), and 


g=4 Die BSROSRi+r-, (29) 


where r is summed over all the vectors of the lattice, 
we find by manipulation of Eq. (28b), 
Dif JL (Br— Bry) — (Br— Bo)b1,. J+-3€(*)*61,2} =0. (30) 


This equation corresponds exactly to Eqs. (19) of Van 
Peipe’s' paper. Note that Eq. (28b) may be written 
[g,5Co Wo= Uo, where V is that part of U proportional 
to (/+)?. The B, which solve Eq. (30) yield 


[g,Ko ]=U-+x, (31) 


where x¥o=0. However xn is of order x compared to 
y,. Equation (28c) may be written 


2Lg",Ho Wot (Ho— Ko) g2= Ugyo— Epo= U-gyo. 
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Making use of Eq. (31) and the fact that [g,0-]=0, 
we find 


(Eo— Ko) g2= — 3 (gxt+xe)Yo- 


Therefore ¢2 is of order .V smaller than y2. Compared 
to W1, ¢2 is of order «/J smaller. The same procedure 
may be carried out for the higher order terms with the 
result that ¢n~ (n/N )Wn. Thus, as discussed above, the 
exponential wave function is a good approximation to 
the ground state. 

The second order energy is just 

k2= (Yo, Ugo) = Fe > i.1(-)? Bi. (32) 

This is just the quantity evaluated by Van Peipe,* who 
made use of the fact that the first order anisotropy is 
described by the second order energy and therefore 
calculated the wave function to first order only in the 
dipolar interaction. It has been shown here that the 
series does indeed converge so that Eq. (32) does yield 
the rigorous result. 

It is interesting to calculate the fractional deviation 
of the ground-state magnetization from saturation. 
This is 


AM 1 (WX; Sri*,e% Wo) 2 (Wg) 


—= =—-——_—, ( 
M, NS (WW) NS (WW) 

since the commutator [>°; Sr,‘,g |= —2g. If we define 
W(A)=eYo, and note that dW(A)/dA=gWV(Ad), then it 


may be shown that 


AM er: . 

= ——— — In(W(A),W(A))| a1. 
My NS dX 
We expand (A) in a power series and find on collecting 
terms that 


( (A), (A)) = exp[? (Wo, g Yo) |. 
Then, finally, making use of Eq. (29) 


AM/My=— (1/S) ©! Br!?. (34) 


In evaluating the sum in this last equation one must be 
sure to include the entire lattice. If the magnetization 
is calculated by use of the Van Peipe wave function 
alone, the sum is over nearest neighbor vectors only 
and the result is much larger [see Eq. (36) ]. 

In order to evaluate the B, we make the Fourier 
transformation 


B,=Dx Bye**"". (35) 
With 6;,,=N- >, exp[ik- (I—r) J, Eq. (30) becomes 
doef 2exBut+V er, —N > ByT eye &’)} ¢it-r=(), 


The last term in the braces evidently represents the 
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collision term denoted by 5c’ in Sec. II. Neglecting this 
we have 

€ UE 


> —e'*'', 


k €,% 


B.= (36) 


ON 


The same result may be obtained by consideration 
of the ground-state wave function in spin-wave lan- 
guage in the presence of the perturbation VU only, and 
neglecting 5¢’. That part containing 2,* may be neg- 
lected since, for any number of reversed spins its 
contribution is of higher order in ¢. Compared with 
terms to the same order in ¢ it is of order V~™ or smaller. 
Then by ordinary perturbation methods, the ground 
state wave function is the following product ; 


€ Ux 
J { wr A .* 


2 2e, 
€ 2 UK 2 
+(5) (~) (Ay*A_y*)?+::- pv 
2 2% : 


If the product is expanded, one finds 


v=Ih|1- 


€ UK 
v-|1- pwn A,*A 
? 


2€k 


Ausatdetsatt be 


1 e\* a U_lye 
+ ( ) ) 
2\27 we’ 2ey ey: 


This is just the exponential ¥=e%o, with 


" * * 
Ai ote 


€ 1 
aaa 


2ex 


€ 
oe me SR, SR; De ik . (Ry Rj), 
N ii 


This corresponds exactly to g as given by Eq. (29) with 
B, given by Eq. (36). 

If we use this value of B, in £2 as given by Eq. (32), 
the energy F,° of Sec. II results. In order to calculate 
the exact solution of Eq. (30) we follow the method 
used by Van Peipe.‘ 

Set 


Be=Ddo1 pibesi, (37) 


where the b, satisfy 
D1(b;— brs 1) - 416 ,,0. 


Again, the sums on I range over the Z nearest neighbor 
vectors of the lattice. Now make the Fourier trans- 
formation 


(38) 


b=)» bye*'*. 
Equation (38) may be solved for the by and one has 


by=44/LN ¥1(1—cosk-I) J, 
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and 
e k-r 
(39) 


ber > « ° 
N > (1—cosk-1) 


We substitute the expression (37) into Eq. (30), and, 
making use of (38) we get 


4mrpi— Lv prvbuyy=— (€/2J) (It). (40) 


By symmetry p_1=p:. The 0, are given for all cases of 
interest in Appendix A. If Eq. (40) is summed over | 
we find, since >°; 61,1 is independent of I’ that 5°; p:=0. 
Using this fact and the technique described in Appendix 
A just below the listing of the by,,, we manipulate Eq. 
(40) to give 

€ 1 

(+ yp— 


; (41) 
2J 4r(1—y;) 


ae 


where the v; are defined in Appendix A. We substitute 
(39) and (41) in (37) to get the result 


€ VU, 
B,=—(1—»))— De®. 
2N 


74 €k 


(42) 


Comparison with the results of Sec. III shows that the 
B, do contain the exchange collision interaction. 
Now Eq. (34) becomes 


AM € UK : 
=——(1-—»,)"). 


Mo 2N ek 


(43) 


For the simple cubic lattice, with the magnetization 
along the [001 ] direction, and in the quadratic approxi- 
mation for €,, it turns out that 


AM cwex- €\? 
= — (0.79) ( ) = -0.21( ). (44) 
My 15\J J 


In comparing with the result given by Argyres and 
Kittel’ note that our exchange integral is theirs and 
that their dipolar coupling strength, C, is 4e. Further- 
more, in their semiclassical calculation they do not take 
the exchange collision term, 3’, into account. In Eq. 
(44) this term gives rise to the factor (0.79)-*. For a 
spin of 3, in the same circumstances, they have 
— 1/60(C/J)?= —4/15(€/J)*, which is too large by a 
factor of 2. 

The result of this section is simply this; the Van Peipe 
calculation has been shown to be a rigorously correct 
one on the model used. Calculation of K; may be made 
with the wave function known to first order only. 
A knowledge of the entire wave function is necessary 
in order to calculate the magnetization and other 
properties. 


VI. CONCLUSION 


The pseudodipolar interaction has been separated into 
a number of parts expressed in terms of Dyson’s® spin- 


AND? KK. 


WEISS 

wave operators. One of these is diagonal in the spin- 
wave states and is therefore isotropic. Another, V, 
which connects states differing in spin-wave occupation 
numbers by two, gives rise to the first order anisotropy 
of the zero point energy and also contributes one-fifth 
of the temperature dependence of K, at low tempera- 
tures. The remainder of the temperature dependence is 
produced by the last of these parts, U, which connects 
states differing in spin-wave occupation numbers by 
one. This portion does not, however, contribute to 
K, at T=0 because the cubic symmetry causes the 
matrix elements connecting the ground state to states 
having just one spin wave excited to vanish. 

Keffer has argued that the pseudodipolar inter- 
action gives rise to a negligible temperature dependence 
of K;. This error was due to neglect of the terms in the 
Holstein-Primakoff* Hamiltonian of order eV~!, which 
do contribute significantly to the spin-wave spectrum. 
We, on the other hand, are indebted to Professor Keffer 
for pointing out the importance of the term propor- 
tional to «V~ in our Hamiltonian, which is essential to 
the previously mentioned { of the temperature 
dependence. 

A calculation based on the Holstein-Primakoff for- 
malism of the temperature dependence of K, due to 
this interaction was made by Kasuya."* In this calcula- 
tion it was not possible to take into account the ex- 
change interaction between spin waves, nor was it 
possible to get that part of the pseudodipolar inter- 
action proportional to e\~'. In the present work the 
exchange interaction is shown to give rise to correc- 
tions of as much as 25% in the energy. But the tem- 
perature dependence, expressed in terms of the mag- 
netization, involves a ratio of energies and therefore 
this correction is unimportant for this purpose. How- 
ever, the addition of this pseudodipolar term does affect 
the dependence of A, on the magnetization, increasing 
the power law from the eighth to the tenth power. 

There has been no attempt made to determine the 
temperature at which the analysis of this paper fails 
because of the approximations which have been made, 
nor has any attempt been made to determine the tem- 
perature dependence of the pseudodipolar coupling 
parameter, which has here been implicitly assumed 
constant. Carr'® has proposed the following empirical 
expression for the temperature dependence of A, in 
nickel, 


K.(T)=K w(1—1.74(T/Tc) ](M/M»)". 


In anticipation of the result of this paper, that the 
pseudodipolar coupling gives rise to the tenth power 
law, he has suggested that the linear dependence on T 
which appears in this formula is due to the variation of 


“ F. Keffer, Phys. Rev. 100, 1692 (1955). 

16 T. Kasuya, J. Phys. Soc. Japan 11, 944 (1956). Because of a 
numerical error, the value of Kyo in this paper is too small by a 
factor of 2. As a result his power law is too large by the factor 2. 

16 W. J. Carr, Jr., Phys. Rev. 109, 1971 (1958). 
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the coupling parameter with the temperature. It should 
be noted, however, that at very low temperatures data 
is scarce and that the empirical formula fits best at the 
higher temperatures, especially where K, becomes posi- 
tive. It appears then that no clear-cut comparison of 
this theory with experiment may be made at this time. 


ACKNOWLEDGMENT 


The authors wish to acknowledge the assistance of 
Mrs. Marilyn Charap, who carried out the numerical 
integrations for the face-centered cubic lattice using an 
IBM 650 data processing machine. 


APPENDIX A 


We evaluate the second order contribution to the 
energy. The part of Eq. (14) which is independent of 
the spin-wave occupation numbers, /2°, may be written 


9 


E,X=-- > (hitP(h-)? dS ex 
4 lvls 
XexpLik-(hi+h)]. (A1) 
The sum on k is determined by the value of the sum- 
mand for large k because of the density of states. In 
that region the spin-wave energy, ex, may be set equal 
to just the exchange part, and 


€N 


k,°= a (d+)? (12- by +12. (A2) 


167J 11,12 


The 6, were defined in Sec. V. A number of them were 
evaluated by Van Peipe.‘ We have calculated the others 
in which we are interested by use of Eq. (38) as well as 
by numerical integration. In our notation, by, is that 
b, associated with the lattice vector whose components 
along the cube edges are, in units of the length of a 
component of a nearest neighbor vector, the integers 
f, g, h. The values of interest are: 


boon = 3.23, bi00= 1.14, bono = 0.82, 
b43:9= 0.70, 611:= 0.56. 


Simple cubic: 


Body centered: booo= 2.187, b11,:= 0.616, boo9 = 0.456, 
bo29= 0.366, b222=0.317. 
booo = 1.395, b; 10> 0.348, beo0= 0.231 a 
boo9= 0.168, bo1,;= 0.190. 


Face centered : 


Because of the symmetry, the value of any b;,, remains 
unchanged if its indices are permutted in any way or 
reversed in sign. At this point we are ready to sum over 
I, in Eq. (A2). The technique used here will also be 
used in Appendix B to get the third order energy and in 
Sec. V of the paper in the determination of the pi. 
Those terms for which l.=-+1, are separated from the 
rest. For the remaining terms, except in the case of the 
face-centered cubic, a common coefficient exists. One 
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may write 
Lo(ls-Pbu+e= (bu+n+by -1,—F) (ly-)P2+F Le(ls-)*. 


In the case of the face-centered cubic one must add the 
term 


(2b200— F)[(l*) “FF 


where by 1,* we mean either of the two nearest neighbor 
vectors of the face centered cubic which are normal to 
1,. For the simple cubic lattice, body centered and face 
centered cubics, respectively, F =2bj10, b220+b002, and 
be1i+b01. Because of the cubic symmetry >> 12(/2-)?=0. 
The coefficient of (/;-)* shall be called 42v;, and we 
have for the simple cubic, 42v;= boo0+b200— 26110= 2.65, 
for the body centered, 42v;=bo00+b222—b220— boos 
=1.682, for the face centered, 42v;=Do09+b220—bo21 
—bo11.=1.025. The coefficient of [(1:*)-}*, the extra 
term for the face-centered cubic, is B= —0.076. 
Equation (A2) may be simplified to 


eN B 
vj dtl )3 + 


> (ti*-)?],— (A3) 


E,°=— 

4] T 
where B is defined only for the face-centered cubic. In 
the usual order, it may be shown that 


32 


Dil y=41-46), —(+Pr), 2(3+1), (A4) 
9 


and for the face-centered cubic 


v(H*)2=2(1—-3P). (AS) 


The last term in EF." [Eq. (14) ] has a finite value at 
k=0, where k=k,+ky. For small k this term is 


e 
= : L,+1,7ls le? Ye 
JN ile 


<[1+exp(—7k-h) ][1+exp(—ik-1) } 


_ expLiky: (h+h) J 
XexpLi(k/2):(h+h)] ¥ anna 
ki >-1(1—cosk- 1) 


The sum on k, is related to the 6, and one can show this 
second order term in U to be 


— Yu mx(4e/J) [yj SPP 


+ (B/4r) SPT), (A6) 


except for terms in &”. In the usual order again one finds 
16 


(1—2P), 
9 


Di) =47, 2(1-T), (A7) 
and for the face-centered cubic 


Di her 


Then, for the simple cubic, body-centered and face- 


-2(3I'—1). (A8) 
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centered cubic lattices we have, respectively, neglecting 
terms dependent on &, 
Ex" =v,N (&/J)(T—1)—20v,(—})(2/J) De mx, 
E2"= — (8/9)v;N (2/J) (0 +1) 
+ (160/9)v;(T—2)(€/J) du mx, 

Ex"= —N(/J)[40j(34+T)+(B/8m)(1—3P)] 

+(é/J)[10v)(P—})+ (5B/2e)(1—3P)] De ne. 
Notice that the coefficient of I in the energy per spin 
wave is exactly 20/V times the coefficient of I’ in 
the zero-point energy, independent of the evaluation 


of the parameters v,; and B. 


APPENDIX B 
We calculate the third order contribution to the 
energy. If products of the m, are neglected, 
(n|Va"K'a"V | n) 
ee] V_lye* 


=—- i > 1 exp(ik’- 1) 
4N «,k’ €x Ek’ 


4 
x (cosk-1-1)(1- Dur Ne: +2mc+2ne (B1) 
N 


It may be shown that the effect of the B parameter is 
negligible beyond the second order as considered in 
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Appendix A. By the methods of Appendix A then it 
may be shown that 


Vy* N 
Dw D1 — exp(ik’- 1) (cosk-1—1) = v;—2,*, 

€x’ J 
and 


UK N 
dx D1 — exp(ik’- 1) (cosk-I—1) = 1s Me's 


€x J 
when substituted into Eq. (B1). It follows that 


(n| VaK’'a"V | n) 


é U_K 2 4 Be 
~~» > “(1+4m-—Evme )| (B2) 


€x 
Again neglecting products of the my, and for k+k’ small, 
(n| Wa"3’a"U | 2) 


22 (it ty) (yy * — Uys *) 
=—D; _ — _ 


N x,’ €xt Ek! — Cay k’ 


XK +k? (B3) 


Except for the term containing u_4’* this is just 
v;(n\|WaU|n). This other term vanishes for k+k’=0, 
and may be neglected otherwise since the coefficient is 
small compared to that of the term we keep. 
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Expansion and coloration measurements of undoped and impurity-doped single crystals of NaCl have 
been made under x-ray irradiation (43 kvp and 20 ma) for intervals up to three hours. Expansion was mea- 
sured in a direction normal to the x-ray beam with a sensitive capacitive dilatometer that was designed to 
compensate automatically for thermal fluctuations. It was found that the initial rate of creation of F centers 
exceeds the rate of creation of vacancy pairs as computed from the expansion data; however, after continued 
irradiation the rates of F-center and vacancy-pair production are approximately evenly matched. This 
suggests that the initial production of F centers results from both vacancies originally contained in the crys- 
tal and vacancies created during irradiation, while the later coloration is due essentially to vacancies that 
are created in the irradiation process. Within the framework of this interpretation it is possible to estimate 
the initial negative-ion vacancy concentration of a number of crystals. This concentration ranges from 
1X10!*/cm! for a Harshaw crystal to a value larger than 6X 10!7/cm! for a calcium-doped crystal grown at 
NRL. Although the presence of a large initial concentration of negative-ion vacancies in calcium-doped 
NaCl explains its enhanced color sensitivity to x-rays without a corresponding enhancement of x-ray-induced 
expansion, this explanation is not in accord with simple expectations of charge compensation and the law of 
mass action. 


I. INTRODUCTION been observed, it was deemed inviting to investigate 
further the x-ray expansion of a variety of specimens 
of the same alkali halide with known differences in 
sensitivity to x-ray coloration at room temperature. 
The question to be answered is whether coloration and 
expansion go hand in hand regardless of the coloration 
sensitivity of the crystal. The alkali halide system that 
was chosen was NaCl, and undoped as well as impurity- 
doped specimens were studied. The reasons for the in- 
clusion of the impurity-doped crystals in this work were 
twofold. First, a possible connection between the x-ray 
expansion and the presence of impurities in a crystal has 
not been previously investigated. Second, the intro- 
duction of certain impurities provides a controlled way 
in which to alter the coloration sensitivity of crystals 
to x-rays. Etzel,’ for example, has shown that the addi- 
tion of calcium to NaCl results in F-band enhancement 
under x-ray irradiation in proportion to the quantity 
of calcium introduced, while the addition of cadmium 
to NaCl does not lead to a similar F-band enhance- 
ment. In addition to the impurities of calcium and 
cadmium which are divalent, the effect of doping with 
monovalent potassium is also investigated in this study. 


YLLOWING the demonstration of Estermann, 
Leivo, and Stern! that the density of a KCI crystal 
decreases upon being irradiated with x-rays, the phys- 
ical expansion that accompanies x-ray irradiation has 
been measured in the alkali halides by sensitive elec- 
tronic? * and photoelastic*:> methods. In addition Etzel® 
has studied the x-ray generation of negative-ion vacan- 
cies by optical methods. As first indicated by Ester- 
mann, Leivo, and Stern a general equivalence has been 
observed between the concentration of F centers as 
computed from optical measurement and the expected 
concentration of positive- and negative-ion vacancy 
pairs as computed from expansion assuming no lattice 
constant change. The measurement of Estermann, 
Leivo, and Stern indicated that roughly twice as many 
vacancy pairs were created as F centers, while Lin,’ 
working at a lower coloration range (<10'’/cm*), ob- 
served almost perfect correspondence between F centers 
and vacancy pairs for x-ray-irradiated KCl and NaCl. 
Wiegand and Smoluchowski,® working with x-ray- 
irradiated LiF at low temperature reported a volume 
expansion equal to the volume of one negative-ion 
vacancy per F center. 
Because of the interesting correlation between the 
coloration and expansion that accompanies x-ray irra- 
diation and the variations in this relation that have 


II. EXPERIMENTAL PROCEDURE 
A. Preparation of Crystals 


As listed in Table I four impurity-doped NaCl crys- 
tals and one undoped NaCl crystal were grown at NRL. 
The NaCl from which these crystals were grown was 


* This article is based on a thesis submitted to the Faculty of the 
Graduate School of the University of Maryland in partial fulfill- 
ment of the requirements for the degree of Doctor of Philosophy. 


+A preliminary report of this work was given at the March 
1958 meeting of the American Physical Society, Bull. Am. Phys. 
Soc. 3, 126 (1958). 

1 Estermann, Leivo, and Stern, Phys. Rev. 75, 627 (1949). 

2K. Sakaguchi and T. Suita, Tech. Repts. Osaka Univ. 2, 177 
(1952). 

3L. Lin, Phys. Rev. 102, 968 (1956). 

4 Primak, Delbecq, and Yuster, Phys. Rev. 98, 1708 (1955). 

6D. A. Wiegand and R. Smoluchowski, Phys. Rev. 110, 991 
(1958). 

6H. W. Etzel, Phys. Rev. 100, 1643 (1955). 


analytical-grade material that was initially purified as 
a single batch to remove metallic impurities. The crys- 
tal growth was performed by the Kyropoulos® tech- 
nique using a platinum crucible. A cylindrical crystal 
approximately 3 cm in length and 4 cm in diameter 
was grown in about two and one-half hours. After 


7H. W. Etzel, Phys. Rev. 87, 906 (1952). 
*S. Kyropoulos, Z. anorg. allgem. chem. 154, 308 (1926) 
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TABLE I. Crystals investigated with impurity concentrations 
added to melts specified in mole percent (M%). 


NRL 
NRL 
NRL 
NRL 
NRL 
Harshaw 
Optovac 
Natural 
*The natural crystal was obtained from the Smithsonian Institution 


through the courtesy of Dr. S. Switzer. It was originally obtained from 
near Baden-Baden, Germany. 


growth, the crystal was cooled by lifting it just above 
the surface of the residual melt and lowering the oven 
temperature to 100°C. The molar concentrations of 
impurity added to the various melts are specified in 
Table I in mole percent (M%). These impurities were 
analytical-grade material that were used without added 
purification. The calcium chloride was used in its hy- 
drated form as it was obtained commercially; the 
water of hydration presumably boiled out of the melt 
before the crystal was grown. The concentration of 
impurity actually built into the crystals was substan- 
tially less than the impurity concentration in the melt 
owing to the purification that occurred during crys- 
tallization. For the impurity-doped crystals used in this 
work the work of McFee,’ Kelting and Witt,” and 
Etzel and Maurer" suggests that a reasonable estimate 
of the concentration of impurity in the crystal was 
10% of the concentration of impurity added to the 
melt. Table I also lists three undoped crystals used in 
this investigation that were not grown at NRL; two 
were obtained commercially (from the Harshaw Chem- 
ical Company and the Optovac Company) and the 
third was a natural crystal. 

The requirements of the x-ray expansion measure- 
ment, discussed in Sec. B that follows, necessitated the 
preparation of crystals in rectangular blocks with two 
opposite faces perfectly plane and parallel; further- 
more, it was necessary to prepare these faces in such a 
way that the distance between them could be repro- 
duced accurately for a number of crystals. It was found 
that these requirements could not be satisfied by 
ordinary razor-blade cleaving techniques, and accord- 
ingly a grinding technique was developed. The crystal 
dimension perpendicular to the ground faces was 1.270 
cm while the other dimensions were roughly 0.2 cm X 1.0 
cm as determined by razor blade cleavage. These crys- 
tals were irradiated parallel to their smallest dimen- 
sion and expansion was measured at right angles, 
parallel to the 1.270-cm dimension. X-ray coloration 
measurements were performed on crystals approxi- 
mately 0.040 cm along the x-ray direction that were 

*R. McFee, J. Chem. Phys. 15, 856 (1947). 

 H. Kelting and H. Witt, Z. Physik 126, 697 (1949). 

uH. W. Etzel and R. J. Maurer, J. Chem. Phys. 18, 1003 
(1950). 
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cleaved from the crystals prepared in the same manner 
as those used in the expansion measurement. The use 
of comparatively thin crystals for the x-ray coloration 
measurement is discussed in Part ITT. 

Prior to irradiation the optical absorption of each 
crystal was measured over the range of about 2000 A 
to 7500 A. These observations were made with a Cary 
Recording Spectrophotometer, the same instrument 
used for coloration measurements after irradiation. It 
was found that the crystals listed in Table I were almost 
perfectly transparent over this range with only two 
exceptions. First, the 0.5 M% cadmium-doped crystal 
showed a broad ultraviolet absorption that tailed off 
into the visible to about 5000 A. A thick section of this 
crystal showed milky-white when viewed with the 
naked eye. A method that proved successful in remov- 
ing this cloudiness was that of heating the crystal at 
700°C for approximately 30 minutes and then quench- 
ing it in air. Optical examination showed that the pre- 
vious absorption in the range from 2000 A to 5000 A 
disappeared. Since the occurrence of turbidity in the 
0.5 M% cadmium crystal was an effect that was as- 
sociated with the presence of the large addition of 
cadmium impurity, a second cadmium-doped crystal 
was grown with less cadmium (0.1 M%) in order that 
it might be initially transparent without further heat 
treatment after growth. The second instance of an 
optical absorption in the unirradiated crystal was noted 
in the region of 2000 A. This absorption which sug- 
gested the existence of a band to the short-wavelength 
side of 2000 A was present in all but the natural and 
calcium-doped crystals. Measurements verified the ex- 
istence of this band which peaked near 1850 A. Etzel 
and Patterson” have suggested that this band owes its 
existence to the presence of the hydroxyl ion. 


B. Measurement of X-Ray Expansion 
and Coloration 


A capacitive method was employed for measuring the 
x-ray-induced expansion in this study. This method 


Fic. 1. Block diagram of the 
electrical circuitry employed in 
the expansion measurement. 
The components surrounded in 
dashed lines are mounted in 
thermostated enclosures. 





2 H. W. Etzel and D. A. Patterson, Phys. Rev. 112, 1112 (1958). 
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Fic. 2. Temperature “insensitive” crystal capacitor for mea- 
suring x-ray expansion. Both the upper capacity plate (1) and the 
lower capacity plate (5) are mounted on sets of three NaCl 
crystals, (2, 3, 4) and (6, 7, 8). The expansion of the irradiated 
crystal (7) causes the gap between the plates to close and the 
capacity change is measured with the aid of fine copper wires (9). 
The capacity plates, the support blocks (10) and the base block 
(11) are precision ground tool steel. 


had the advantage that the expansion could be con- 
tinuously measured during the course of the irradiation, 
and moreover, directly observed on a recorder. The 
apparatus is depicted in the block diagram of Fig. 1. 
The crystal under study was mounted so as to support 
one plate of a parallel plate capacitor. This capacitor 
(called the crystal capacitor in the figure) was linked 
to a capacity bridge through a switch. When the crystal 
expanded, the change of capacity of the crystal capaci- 
tor unbalanced the bridge and the resulting signal was 
registered on a recorder. The recorder deflections were 
calibrated in terms of a change in capacity with the use 
of a variable standard condenser which was switched 
into the circuit in place of the crystal capacitor. The 
crystal expansion was then computed from the known 
capacity change. The capacity bridge was a Fielden 
Proximity Meter designed for the measurement of 
small changes in electrical capacity (1X10-* mmf or 
less). In order to measure expansion continuously over 
several hours it was found that thermostating the 
bridge greatly improved its stability. The standard 
capacitor in addition to being used for calibration was 
used to correct for drift in the capacity bridge during 
the course of an expansion measurement. This was ac- 
complished by setting the standard capacitor on some 
convenient value prior to turning on the x-ray beam. 
During the course of the expansion the standard capaci- 
tor was switched into the circuit periodically in place 
of the crystal capacitor and deviations that occurred 
were applied as a correction to the expansion data. In 
general these corrections were small. 

To avoid thermal effects during the course of an 
expansion measurement the crystal capacitor was de- 
signed to compensate automatically for thermal fluctu- 
ations. An isometric drawing of this capacitor is shown 
in Fig. 2. Thermal fluctuation was compensated by 
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supporting both plates of the condenser with NaCl 
crystals of equal length. The upper plate (1) of dimen- 
sions 0.95 cmX2.86 cmX3.81 cm was mounted on 
three NaCl crystals (2, 3, 4) and the lower plate (5) 
of dimensions 0.95 cmX 2.86 cm X 2.86 cm was likewise 
mounted on three NaCl crystals (6, 7, 8). Thermal 
fluctuations resulted in both capacity plates moving 
up and down in unison without a change in the gap 
spacing and hence without a change in capacity. Only 
the expansion of the x-irradiated crystal, crystal (7), 
caused the lower capacity plate to close differentially. 
The capacity change which resulted from the wedge- 
shaped closing of the gap was detected by the capacity 
bridge with the use of fine copper leads (9) which were 
soldered to the capacitor plates. With all six crystals 
cut and ground to the same vertical dimension as dis- 
cussed above, the capacitive gap was established by the 
difference in thickness between the support blocks (10) 
and the lower capacitor plate (5). This difference was 
chosen to give a small gap in order to make the sensi- 
tivity sizable. A gap near 0.005 cm was used throughout 
these measurements. 

Figure 3 pictures the thermostated enclosure in 
which the standard capacitor (9) and the crystal capaci- 
tor (12) were housed. The temperature was regulated 
with a mercury thermoregulator (3) which controlled 
the heating coils (4) at the bottom of the enclosure. 
Rotating blades (5) were used to circulate the heated 
air continuously. The thermoregulator was set to main- 
tain a temperature of about 34°C within the enclosure 
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Fic. 3. Crystal capacitor and standard capacitor housing. The 
following items are numbered in the figure: transite wall (1), 
glass wool insulation (2), mercury thermoregulator (3), heating 
coils (4), rotary fan blades (5), fan blade shaft (6), fan blade 
motor (7), rubber pads (8), standard capacitor (9), viewing 
window (10), extended knob (11), crystal capacitor (12), lead box 
(13), x-ray beam aperture (14), x-ray tube (15), x-ray-tube anode 
(16), x-ray irradiated crystal (17), beryllium exit window of 
x-ray tube (18), cooling jacket (19), thermostated copper plate 
(20), copper coils (21), and desiccant box (22) 
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while room temperature was regulated at about 25°C. 
The x-ray tube (15), mounted outside the enclosure, 
was a Machlett OEG-50 tube with a tungsten target; 
it was used in the self-rectified circuit of a Picker In- 
dustrial Generator (not shown in the figure). This tube 
was operated at 43 kvp and 20 ma for all crystal ex- 
posures. Considerable effort was made to avoid the 
transfer of heat from the anode of the x-ray tube (16) 
to the irradiated crystal (17), a distance of 12.4 cm. 
In addition to the anode cooling provided by water 
coils built into the x-ray tube, the tube was fitted with 
a jacket of copper tubing (19) that provided for circu- 
lation of water. Furthermore, a copper plate (20) was 
maintained at constant temperature by the circulation 
of thermostated water through copper coils (21) which 
were soldered to the plate. One of three beryllium 
windows (each approximately { mm) external to the 
x-ray tube was soldered to this plate so that a constant 
temperature barrier separated the x-ray anode and the 
irradiated crystal. 

The results of a large number of measurements to 
test the thermal stability of the crystal capacitor with- 
out x-raying indicated that the effective temperature 
control was approximately 5X 10-*°C over a period of 
time from two to three hours, the length of the usual 
x-ray expansion exposure in this study. Furthermore, 
the expansion measurements indicated that there was 
negligible crystal heating during the course of the x-ray 
exposure itself. This was evidenced by the following 
three observations. First, with only one exception 
(calcium-doped NaCl) the crystal expansions were 
stable after the termination of the irradiation. Had the 
expansions been due wholly or partly to thermal effects 
one would have expected a contraction of the expanded 
crystals in all cases. Second, irradiation of a crystal 
during separated time intervals always resulted in 
expansions that could be fitted continuously to one 
another, very much as if the irradiation periods followed 
each other continuously. After an expansion had been 
fairly well saturated during the first irradiation interval, 
the second irradiation interval did not produce addi- 
tional expansion. Third, the magnitude of expansion of 
different types of crystals showed consistent but size- 
able differences under identical irradiation conditions. 
This could have resulted from a thermal expansion only 
in the unaccountable event of sizeable differences in the 
coefficients of thermal expansion of the various NaCl 
crystals. 

As indicated above, the measurement of the colora- 
tion produced by x-ray irradiation was performed in 
separate exposures. These exposures were carried out 
under the same irradiation conditions as the expansion 
measurements in the enclosure of Fig. 3. The procedure 
adopted was to interrupt the x-ray exposure periodically 
to make a spectral absorption measurement in order to 
follow the coloration growth as a function of x-ray time. 
Experience showed that the few minutes taken to per- 
form the measurement did not appreciably distort the 
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Fic. 4. Relative linear expansion of Optovac NaCl as a function 
of F-center concentration for three crystal mountings. 


growth curve. Spectral measurements were made over 
the range from about 2000 A to 7500 A in order that 
the formation of color centers other than the F center 
might be observed. The F-center concentration was 
computed from Smakula’s equation as given in a recent 
paper by Dexter,'* 


nf=1.29K10"LN/(N2+2)Jumax s, 


where m=concentration of F centers (number/cm'), 
f=oscillator strength, N=index of refraction, pmax 
=absorption coefficient at the absorption peak (cm™') 
and W,=width of the absorption at half maximum 
(electron volts). 


(1) 


Ill. EXPERIMENTAL RESULTS 


It has been pointed out earlier that considerably 
thinner crystals were used for the coloration measure- 
ment (~0.040 cm) than for the expansion measure- 
ment (~0.2 cm). This was due to the fact that x-rays 
were absorbed differentially throughout the body of the 
irradiated crystals. It was anticipated that owing to the 
preferential absorption of x-rays near the incident face 
of an irradiated crystal, it was likely that this face also 
expanded preferentially in accord with the results of 
earlier investigations which indicated a correlation be- 
tween x-ray coloration and x-ray expansion. This ex- 
pectation was verified in the following manner. Three 
Optovac NaCl crystals, shown in cross section in Fig. 4, 
were prepared for an expansion measurement. These 
crystals were ground so that the front third, the center 
third, and the back third of the crystals supported the 
bottom plate of the crystal capacitor as indicated in the 
sequence (a), (b), and (c), respectively, of Fig. 4. X-ray 
expansions were determined for each arrangement for 
an exposure interval of 21 minutes. On the completion 
of the exposure, each crystal was cleaved and the 
F-band absorption was determined for the third of the 
crystal whose expansion was measured. The F-center 


8 —D. L. Dexter, Phys. Rev. 101, 48 (1956). 





X-RAY EXPANSION 
concentration and corresponding relative linear ex- 
pansion are plotted for the three crystal sections. It is 
clear that the expansion was indeed largest where the 
coloration was the largest. Since the crystal capacitor 
of Fig. 2 sensed the maximum expansion (and thus the 
expansion of the front face of an irradiated crystal), the 
coloration measurement of comparatively thin crystals 
gave a more realistic estimate of the F-center concen- 
tration of the front face of the thicker crystals used in 
the expansion measurement. An extrapolation to the 
front surface of the crystal, using the data of Mador, 
Wallis, Williams, and Herman, for F-center concen- 
tration versus x-ray penetration depth, suggests that 
this method results in an estimation of F-center con- 
tent to better than 15%. 

The expansion as a function of x-ray time for the 
various crystals listed in Table I is given in Fig. 5. 
These curves show certain characteristics that were 
common to all the crystals investigated. In general, 
the rate of expansion was found to be largest at the 
onset of the x-ray exposure, followed by a relative de- 
crease in the expansion rate, with the suggestion of an 
eventual saturation. This behavior of the expansion 
phenomena was first indicated by the density measure- 
ments of Estermann, Leivo, and Stern! and later veri- 
fied by the continuous expansion measurements of 
Sakaguchi and Suita. Furthermore, the commence- 
ment of expansion occurred simultaneously with the 
commencement of irradiation, contrary to the result 
reported by Lin* in which a delay in expansion was ob- 
served at the onset of irradiation. Although the data 
following the x-ray exposure are not shown in Fig. 5, 
it was found that the x-ray-induced expansion was 
stable after the termination of irradiation for all crys- 
tals except one, the calcium-doped crystal. This crystal 
began contracting immediately with the termination 
of irradiation and the contraction continued at a 
decreasing rate with over half of the x-ray-induced 
expansion disappearing in approximately two hours fol- 
lowing the exposure. In no case was there observed a 
continued expansion after the x-ray exposure was termi- 
nated as reported by Lin.’ The data of Fig. 5 indicate 
a considerable variation in the magnitude of expansion 
for the various crystals studied. It would be expected 
that the significance of this variation rests with the 
fact that the unknown factor or factors giving rise to 
expansion are different for the different crystals. If 
“incipient” vacancies at jogs of edge dislocations are 
the source of vacancies as proposed by Seitz,!® one is 
inclined to speculate that the common variable factor 
from one crystal to another is the dislocation density. 
Thus, a crystal with a large dislocation density would 
be expected to have a correspondingly large expansion. 
Contrary to expectation the crystal with the smallest 
expansion, the natural crystal, was observed with 


4 Mador, Wallis, Williams, and Herman, Phys. Rev. 96, 617 
(1954). 
18 F, Seitz, Revs. Modern Phys. 26, 7 (1954). 
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Fic. 5. Relative linear expansion as a function 
of x-ray exposure time. 


polarized light to be highly strained, and under etching 
showed evidence of a dislocation density many times 
larger than the Optovac crystal, which expanded a con- 
siderably larger amount. It is possible, but unlikely, 
that the highest jog concentration occurred in the crys- 
tal with the smallest dislocation density. 

The expansion results indicate that the presence of 
impurity atoms did not alter the x-ray-induced expan- 
sion of crystals in a consistent manner. Excluding the 
heavily doped cadmium crystal, Fig. 5 shows that the 
lightly doped cadmium crystal expanded more than 
the undoped NRL crystal, the calcium-doped crystals 
expanded less, and the potassium-doped crystals showed 
very nearly the same expansion. The very large com- 
parative expansion of the heavily doped cadmium crys- 
tal that was heated and quenched to remove initial 
turbidity was possibly related to the state of dispersal 
of the cadmium in the crystal in accord with the work 
of Ziickler'® who associated the turbidity of cadmium- 
doped KCl with the formation of colloidal cadmium 
chloride. Apparently the heat treatment used in this 
study resulted in the production of a transparent crys- 
tal by dispersing these colloids. It is interesting to 
speculate that the action of the x-rays was to cause a 
re-precipitation of the cadmium chloride out of the 
lattice with an accompanying lattice expansion, how- 
ever, insufficient information limits an interpretation of 
this type. It was confirmed, however, that the large 
expansion was not simply associated with the heating 
and quenching process since a similar treatment given 
to one of the Harshaw crystals resulted in essentially 
the same expansion as an untreated Harshaw crystal 
as seen in Fig. 5. Furthermore, the lightly doped cad- 
mium crystal that was initially free of cloudiness with- 

16 Z. Ziickler, thesis, Géttingen University, 1949 (unpublished). 
See reference 15 for a discussion. 
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out heat treatment showed a considerably smaller ex- 
pansion, comparable with the expansions of the other 
crystals in this study. 

The results of the x-ray coloration measurements are 
summarized in Fig. 6, in which the F-center concentra- 
tion is plotted as a function of x-ray time. These con- 
centrations were computed from Eq. (1) using an oscil- 
lator strength of 0.7.!" As expected, the calcium-doped 
NaCl crystal showed the greatest sensitivity to colora- 
tion. Notable are the relatively low coloration sensi- 
tivities of the Harshaw and natural crystals, roughly 
an order of magnitude below that of the calcium-doped 
crystal. The coloration of the other crystals is observed 
to fall somewhere between these extremes. Undoubtedly 
one of the most interesting results of: this investigation 
was the fact that the large enhancement of F-band 
coloration in calcium-doped NaCl over the undoped 
NRL crystal (Fig. 6) was not accompanied by a pro- 
portionate enhancement of x-ray expansion (Fig. 5). 
The consequences of this result are discussed in the 
section which follows. 


IV. DISCUSSION 
A. Two-Stage Coloration Model 


It was pointed out that the comparison of expansion 
and coloration in the alkali halides in earlier work was 
made on the basis of a model which assumed a match 
between the number of F centers observed optically 
and the number of vacancy pairs computed from the 
expansion with no account taken of lattice constant 
changes. In order that the expansion be correlated with 
the F-center concentration, the model tacitly assumes 
that the negative-ion vacancies produced by the irra- 
diation are exclusively converted to F centers.'* The 
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17 F, Seitz, Revs. Modern Phys. 18, 384 (1946). 

18 It is also assumed that the expansion measured in this study 
corresponds to the uniform, unrestrained motion of the front 
surface of the irradiated crystal. The validity of this assumption 
is limited by the degree of irregularity of the expanded surface 
[see T. Hibi and K. Ishikawa, J. Phys. Soc. Japan 13, 709 (1958) ] 
and the extent of strain in the crystal owing to the expansion 
gradient through the body of the crystal as evidenced by photo 
elastic studies.‘ 
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exclusive production of F centers was very closely ap- 
proximated in the irradiation conditions of this experi- 
ment. The only other color center observed was the 
M center, and its absorption peak height amounted to 
at most 2% that of the F center at the termination 
of irradiation. The composite results of relative lin- 
ear expansion versus F-center concentration are given 
in Fig. 7. Also given in the figure is the line 
of slope a*/12 (a is the lattice constant) which 
serves to indicate perfect agreement with the theo- 
retical model of a vacancy pair per F center as 
given by Lin.’ As noted in curves (d), (e), (f), and (g) 
of Fig. 7 the data are observed to pass through two 
stages with respect to agreement or disagreement with 
the theoretical model. The initial or first stage at low 
coloration is marked by disagreement with the theo- 
retical slope, whereas after further expansion and 
coloration, a second stage is reached in which approxi- 
mate agreement is obtained with the theoretical slope. 
In the Harshaw crystal, curve (0), the first stage occurs 
quite rapidly so that essentially only the second stage 
appears in Fig. 7, while in the calcium-doped crystals, 
curves (c), it is presumed that the measurements were 
not carried out long enough to observe the second 
stage and only the first stage is observed. It is thought 
that the natural crystals, curves (a), like the Harshaw 
crystal, are in their second stage throughout the major 
portion of the measurements and the disagreement 
with the theoretical slope is due to the uncertainty in 
the small expansion that was obtained for these crys- 
tals. The natural crystals are shown as dashed lines in 
Fig. 7 so as to be more easily distinguished from other 
curves which are bunched near the origin. 

The fact that the initial slopes of the curves of Fig. 7 
are lower than the theoretical slope suggests that an 
insufficient number of vacancies were produced during 
the initial expansion to account for the F-center con- 
centrations observed. This divergence is interpreted as 
resulting from the production of F centers from vacan- 
cies originally in the crystal prior to irradiation. Thus 
the first stage coloration results from the production of 
F centers from both vacancies originally within the 
crystal as well as vacancies produced by the x-rays. 
The second stage expansion and coloration, however, 
in which agreement with the theoretical slope is ap- 
proximated, indicates that the production of F centers 
is very closely matched by the production of an equi- 
valent number of vacancies. In this case each F center 
results from a negative-ion vacancy created by the 
x-rays. The initial rapid rise of F-center growth (Fig. 6) 
is associated with the first stage, while the gently in- 
creasing portion of the coloration growth curve that 
follows is associated with the second stage. The fact 
that different crystals reach the second stage at different 
F-center concentrations suggests that the initial con- 
centration of negative-ion vacancies varies from crystal 
to crystal. This interpretation is supported by the fact 
that the crystals with the most rapid coloration growth 
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(Fig. 6), owing presumably to vacancies originally in 
the crystal, are the crystals that reach their second 
stage at the largest F-center concentration. This two- 
stage model for F-center coloration in the alkali halides 
is identical to the model first proposed by Gordon and 
Nowick" on the basis of x-ray coloration work on de- 
formed NaCl which was later strengthened by the 
gamma-ray work of Nowick.”’ This model, however, is 
at variance with the results reported by Lin® in which 
the initial production of F centers is evenly matched by 
the production of vacancy pairs. Lin’s result implies 
that it is unnecessary to assume the presence of vacan- 
cies in the crystal prior to irradiation to account for 
the F-center concentrations observed. 


B. Estimate of Negative Ion Vacancy Content 


Within the framework of the two stage model dis- 
cussed above, the data of Fig. 7 can be used to obtain 
an estimate of the initial negative ion vacancy concen- 
tration of a number of the crystals investigated. A 
simple, linear extrapolation of the second stage (to the 
abscissa) gives an estimate of the F-center concentra- 
tion that cannot be ascribed to vacancy production 
during irradiation. These values are given in Table II. 
They not only apply to free negative ion vacancies, 
but also to other negative ion vacancies originally in 
the crystal that become F centers on irradiation with- 
out contributing appreciably to the expansion, for 
example, negative ion vacancies contained in vacancy 
clusters. Because the calcium-doped crystal was ob- 
served presumably only during the first stage, its 
initial negative ion vacancy content is larger than the 
maximum F-center concentration observed; it is esti- 
mated at roughly 6X10'’/cm*. Furthermore, the un- 
certainty in the absolute expansion of the natural 
crystal owing to its small expansion, does not allow for 

19 R. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956) 

*” A. S. Nowick, Phys. Rev. 111, 16 (1958). 
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an extrapolation. The second stage slopes of a number 
of the curves of Fig. 7 are not perfectly defined, so that 
the concentrations in Table IIT must be considered ap- 
proximate. It might be pointed out in connection with 
the estimates of Table II that Straumanis* has found, 
on the basis of density and lattice constant measure- 
ments of NaCl, that the porosity can account for a 
minimum of 3X10'8 negative ion vacancies per cm* 
aid perhaps as many as 9X 10!'8/cm* at room tempera- 
ture. The void volume indicated by Straumanis is not 
necessarily associated only with vacancies and vacancy 
clusters, but can also be associated with other flaws in 
the perfect structure such as submicroscopic cavities 
and cracks. Straumanis’s result indicates, however, 
enough porosity to account for the negative ion vacancy 
concentrations given in Table IT. 

It is informative to consider the estimates of negative 
ion vacancy content in the crystals listed in Table II 
in light of ionic conductivity measurements. Under con- 
ditions of thermodynamic equilibrium the concentra- 
tions of positive and negative ion vacancies are given 
by the mass action law, which states that the product 
of the positive ion and negative ion vacancy concentra- 
tions within a crystal is a constant at a given tempera- 
ture. The conductivity in the intrinsic range, /.e., at 
temperatures of the knee of the conductivity curve and 
above, is dominated by thermally generated Schottky 
defects so that the positive and negative ion vacancy 


TABLE IJ. Estimate of initial concentrations 
of negative ion vacancies. 


1X 10!*/cm! 
4X 10'6 
7-—9X 10'8 
14x 106 
16X 1016 
60X 10'* 


Harshaw 
NRL 
NRL 
NRL 
Optovac I 
NRL NaCl:0.5 M% 


CdCl, 
KCl 


CaCl, 


21M. E. Straumanis, Am. Mineralogist 38, 662 (1953). 
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concentrations in this range are approximately equal. 
This concentration can be computed for NaC! from the 
expression given by Etzel and Maurer," 


n= 1.2 10" exp(— 2.02 ev/2kT) cm. (2) 


In the low temperature or structure-sensitive range 
below the knee of the conductivity curve the number of 
thermally generated vacancies becomes small, in accord 
with Eq. (2), and the vacancy content of the crystal 
is controlled by vacancies which are required to com- 
pensate for the charge of multivalent impurities (the 
so-called principle of charge compensation). It is ex- 
pected, for example, that the introduction of positive 
divalent impurities results in the production of positive 
ion vacancies, and under conditions of thermodynamic 
equilibrium the number of negative ion vacancies is 
suppressed in accord with the mass action law. The 
difficulty in estimating negative ion vacancy concen- 
trations in the structure-sensitive range rests with the 
fact that it is not clear if thermodynamic equilibrium 
exists in the crystal. Under nonequilibrium conditions, 
vacancies are “frozen” into the lattice and the mass 
action law is no longer applicable. Thus to apply Eq. 
(2) safely one should at least be at the temperature of 
the knee of the conductivity curve. 

The knee of the conductivity curve for NaCl has 
been observed by Compton” to fall as low as 467°C. 
Assuming that all NaCl crystals are in thermody- 
namic equilibrium at this temperature (regardless of 
the fact that their conductivity knees might lie at 
higher temperatures), Eq. (2) yields a negative ion 
vacancy content of about 1X10!*/cm*. This concen- 
tration agrees with the room temperature estimate of 
the Harshaw crystal of Table II and yet it corresponds 
to a temperature well above room temperature, and 
probably above the actual temperature of thermody- 
namic equilibrium. It is clear that the disagreement is 
larger for the other crystals of Table IT which have 
negative ion vacancy concentrations in excess of the 
Harshaw crystal. The disagreement is particularly 
widened for the crystals with positive divalent addition. 
For example, in the case of the calcium doped crystal 
(assuming a calcium addition of 510-4 mole fraction 
in the crystal) the requirements of charge compensa- 
tion imply a positive ion vacancy concentration of 
about 10%/cm*. Invoking the mass action law at 467°C 
leads to a negative ion vacancy concentration of 
(10'*)?/10" cm® or 10'%/cm*. This is to be compared 
with the room temperature estimate for the calcium- 
doped crystal of 6X 10'7/cm*. It becomes apparent that 
the estimates of negative ion vacancy concentration 
based on the principle of charge compensation and the 
law of mass action are incompatible with the negative 
ion vacancy concentrations of Table IT. To resolve this 
incompatibility a more complete understanding of the 
kinetics of the coloration process is no doubt needed.” 


2 W.D. Compton (unpublished). 
*8 J. H. Schulman, J. Phys. Chem. 57, 749 (1953). 
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C. Calcium-Doped NaCl 


Within the framework of the two-stage interpreta- 
tion of the data of Fig. 7, the calcium-doped crystal was 
observed only during the first stage which is character- 
ized by disagreement with the theoretical model. The 
second stage agreement with the theoretical model that 
was observed for other crystals would be expected to 
occur in calcium-doped NaCl at longer irradiations 
than those produced in this study. Thus the estimate 
of Table II put the lower bound on the initial negative 
ion vacancy content at about 6X10!7/cm*, which was 
considerably larger than any of the other crystals in- 
vestigated. In the light of this estimate the enhance- 
ment of the coloration of calcium-doped NaCl over 
undoped NaCl (Fig. 6) can be simply attributed to its 
larger initial negative ion vacancy content. The lightly 
doped cadmium crystal presumably did not show a 
similar coloration enhancement because its initial nega- 
tive ion vacancy content was not increased above the 
undoped crystal. This explanation for the F-band sen- 
sitization of calcium-doped NaCl and lack of sensitiza- 
tion of cadmium-doped NaCl is considerably different 
than the two previous proposals put forth by Etzel? 
and Seitz.'® Etzel’s explanation depended on the degree 
of association of the positive ion vacancy and the 
positive divalent impurity which was in turn related 
to the hole trapping efficiency and the ultimate sta- 
bility of the F center. Seitz’s mechanism was based on 
the dispersal of negative ion vacancies created at dis- 
location jogs; this dispersal was promoted by the action 
of unassociated positive ion vacancies. 

Unfortunately few experiments have been carried 
out which give information on the low-temperature 
concentration of negative ion vacancies in the alkali 
halides. Although conductivity measurements have 
amply reflected on the positive ion vacancy content 
in the low-temperature range, they have said virtually 
nothing with respect to the negative ion vacancy con- 
tent owing to the negligible mobility of the negative 
ion. There are two experiments, however, which can 
be considered in regard to the negative ion vacancy 
content of calcium-doped alkali halides. First, there is 
the work performed by Pick and Weber™ in which the 
density change in KCI was determined as a result of 
the introduction of the calcium ion. These investigators 
observed a density decrease in KCI] doped with CaCl, 
that was approximately 25% short of the decrease ex- 
pected from the charge compensation model in which 
each substitutional calcium ion produces a potassium 
ion vacancy. If, in addition, one requires the presence 
of simple negative ion vacancies according to the re- 
sults of Table II, the discrepancy would be even 
greater than 25%. Perhaps the detailed manner in 
which negative ion vacancies occur in the lattice ‘is 
such as to reconcile these inconsistencies. A second ex- 
periment, which is favorable to the initial presence of 


4H. Pick and H. Weber, Z. Physik 128, 409 (1950). 





X-RAY EXPANSION AND 
a large negative ion vancancy content as a result of 
calcium doping, was performed by Etzel.?* Etzel ob- 
served that F-band sensitization that is produced in 
x-ray irradiated NaCl doped with calcium is also pro- 
duced with ultraviolet radiation. Under the assumption 
that the ultraviolet is capable of creating only a small 
number of vacancies compared to the number created 
by the x-rays, Etzel concludes that excess negative ion 
vacancies are initially present in the calcium-doped 
crystal. Certainly additional experiments with respect to 
the low- temperature negative ion vacancy content of the 
alkali halides would be of interest. 

As pointed out earlier a characteristic of the calcium- 
doped NaCl not observed for any other crystal investi- 
gated was the contraction of the crystal after the x-ray 
beam was turned off. It was interesting to see if this 
contraction was accompanied by a corresponding fading 
of the F band. It was found that the percent fading of 
the F band in the dark in the calcium-doped crystals 
was actually smaller than most of the other crystals in 
this study. If the great abundance of F centers are 
created from vacancies originally in the calcium crystal 
as proposed, it is not necessary that the disappearance 
of x-ray created vacancies be accompanied by a sizeable 
depletion of F centers. 


D. Summary 


The leading observations and conclusions of this in- 
vestigation can be summarized as follows: 

First, the presence of impurity atoms (calcium, 
cadmium, and potassium) does not sizeably alter the 
x-ray induced expansion of NaCl crystals; the only 
exception was a heavily doped cadmium crystal that 
was heated and quenched prior to irradiation to remove 
an initial turbidity. 

Second, a highly strained natural NaCl crystal was 
observed to expand and color less under x-rays than 


25H. W. Etzel (unpublished). 
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any of the synthetic crystals. The presence of a large 
dislocation density in this crystal would tend to argue 
against the dislocation-jog mechanism for the creation 
of vacancies under x-ray irradiation. 

Third, x-ray induced expansion occurs simultaneously 
with the commencement of irradiation and terminates 
simultaneously with the cessation of irradiation coa- 
trary to the observations of Lin. 

Fourth, x-ray expansion and coloration are simply 
related to one another (one vacancy pair per F center) 
only after vacancies originally present in a crystal are 
transformed to F centers. This interpretation supports 
the two stage coloration mechanism of Gordon and 
Nowick and allows for an estimate of the initial nega- 
tive ion vacancy concentration of a number of the 
crystals investigated. These concentrations are in 
excess of the concentrations expected from simple 
thermodynamics. 

Fifth, the enchanced sensitivity of calcium-doped 
NaCl to the production of F centers under x-ray irra- 
diation is attributed to a large initial concentration of 
negative ion vacancies of unknown origin. 
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The Bardeen, Cooper, and Schrieffer theory of superconductivity is extended to the case of high current 
densities by explicitly including in the phonon-induced electron-electron attraction the modification of the 
phonon spectrum in a moving coordinate system. This modification results from the Doppler effect. In 
materials having cross-sectional dimensions of the order of the penetration depth, it is shown that at current 
densities of the order of 10° amp/cm? the superconducting state is stable relative to the normal state, this 
holding both in superconducting metals and in metals ordinarily not considered superconducting at all. For 
this high-current state, it appears possible to obtain superconducting transition temperatures as high as room 
temperature. Means for achieving such an effect experimentally are discussed. 


I. INTRODUCTION 


T is well known that a superconducting current 
carrier goes normal when the current density in the 
superconductor exceeds a critical value, of the order of 
10’ amp/cm*. In this paper the writer would like to 
advance the idea that under suitable conditions! super- 
conductivity can reappear for a range of current densi- 
ties in the neighborhood of 10° amp/cm’. This corre- 
sponds to a superconducting electron drift velocity equal 
to the speed of sound. We see that there are two sepa- 
rate ranges of current density for which superconduc- 
tivity occurs, separated by a range over which only the 
normal phase exists. Since this is a rather startling idea, 
the theory of the effect will be developed with con- 
siderable care in the following section. 

The writer’s ideas are based on a slight extension of 
the theory of superconductivity developed by Bardeen, 
Cooper, and Schrieffer? and elaborated by Bogoliubov.* 
The BCS theory applies to the case of zero current 
density (in the absence of magnetic interactions). The 
extension of the theory to the case of finite current 
density has been considered by Bogoliubov® at the 
absolute zero of temperature and by Bardeen‘ at finite 
temperatures. In extending the theory, both of these 
writers made a certain approximation ; specifically they 
did not include the modification of the phonon spectrum 
in a moving coordinate system, this modification being 
simply the Doppler effect. Such an approximation is of 
no consequence in the low-current range of super- 
conductivity. Since Bogoliubov and Bardeen were dis- 


cussing only this range, they were fully justified in 


* A portion of this work was carried out at Laboratories RCA 
Ltd., Ziirich, Switzerland. 

'! The suitable conditions are specifically that the cross-sectional 
dimensions of the superconductor are small enough for the current 
to be approximately uniformly distributed over the cross section. 
This will hold, for example, in metallic whiskers or cylindrically 
shaped thin films when the radius of the whisker or the thickness 
of the film is comparable with or smaller than the London pene 
tration depth A=10~ cm. 

* Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
This will be referred to as BCS. 

3N. N. Bogoliubov, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 58 
(1958) (translations: Nuovo cimento 7, 794 (1958); and Soviet 
Phys. JETP 34 (7), 51 (1958) ]. 

‘J. Bardeen, Phys. Rev. Letters 1, 399 (1958). 


making the approximation. As we shall see in the follow- 
ing section, however, the Doppler effect on the phonon 
spectrum is crucial to the very existence of the high- 
current range of superconductivity. Because of the 
Doppler effect, the phonon-induced attraction between 
electrons rises rapidly as the electronic drift velocity 
approaches the speed of sound. In the high-current 
region of superconductivity the effective energy gap 
may be several orders of magnitude larger than the gap 
in the low-current region. Thus it is not unreasonable to 
expect room-temperature superconductivity in the high- 
current range. 

The theory indicates that high-current superconduc- 
tivity should occur not only in superconducting ma- 
terials but also (even more strikingly) in metals such as 
copper which are ordinarily not superconductors at all. 

In Sec. III we will discuss some of the difficulties in 
actually getting high-current superconductivity experi- 
mentally. A particular experimental arrangement for 
achieving it will be proposed. The technological im- 
portance of the effect will be discussed briefly. 


Il. THEORY 
The de current density J=nev in a superconducting 
metal can be broken into two parts, a conduction cur- 
rent density J.=(ne/m)po and a diamagnetic current 
density 
Ja=—(ne?/mc)A. (1) 


Here n is the density of superconducting electrons, v 
their mean velocity, m their effective mass, po their 
mean momentum, and A the vector potential. Ja repre- 
sents that portion of the current resulting from magnetic 
interactions, whereas J, represents the current that 
would occur if there were no magnetic interactions or, 
more specifically, if the velocity of light c were set equal 
to infinity without changing the boundary conditions 
which specify the total current flowing through the 
superconductor. This means that the total current 
flowing across a cross-sectional area of the conductor 
must result entirely from J.; the integral of Jz over the 
area vanishes. J, is solenoidal (VX Ja0), whereas J, 
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is irrotational> (VXJ.=0). Since ¥-J, also vanishes, 
we see that J, is the gradient of a scalar whose Laplacian 
vanishes. For a cylindrical conductor of arbitrarily 
shaped cross section (the case with which we shall be 
concerned in this paper), this implies that J. is a con- 
stant independent of position. Thus the total current 
uniquely specifies J.. 

Equation (1) implies that Jag at any point in the 
superconductor depends only upon the value of A at 
that point. This is not quite correct, since, as Pippard® 
postulated and BCS proved, J, is a nonlocal function of 
A, the value of J, at any point depending on the values 
of A lying in the neighborhood of that point. For our 
present purposes, we may disregard this complication. 
Equation (1) differs from the London theory of super- 
conductivity’ only in the choice of the gauge of A. This 
results from the fact that in the London theory A is 
chosen such that it is proportional to the total current 
density J rather than the diamagnetic current density 
J. However, Eq. (1) still leads to the London equations 


VX J=— (c/4r)?)H, 
VJ=)"J, 
VH=)\7H, 


H being the magnetic field, and \= (mc?/4arne*)! being 
the London penetration depth. (Use is made of the fact 
that the curl of J, and the divergence of H and of J all 
vanish.) The gauge used in the present paper appears to 
be the correct one to use in extending the BCS theory of 
superconductivity to finite conduction current densities. 

Such an extension of the BCS theory has already been 
made by Bardeen.‘ The superconducting state is found 
by minimizing the free energy (in the laboratory 
coordinate system) subject to the two constraints that 
the current density due to the superconducting electrons 
be J. (in the absence of magnetic interactions) and that 
the current density due to the normal electrons be zero. 
When we make a Galilean transformation to a coordi- 
nate system moving with velocity po/m, this minimiza- 
tion becomes Bardeen’s Eq. (4). In the transformed 
coordinate system, the distribution function for ground- 
state pairs is the same as in the BCS theory. The 
distribution function for quasi-particle excitations (nor- 
mal carriers) differs from that in BCS and is 


2 fi — 2[ 8 Fath vo +4 4 ] L (5) 
Aside from vo= po/m, the notation is that of BCS. The 
velocity Vo represents the mean (or drift) velocity of the 
superconducting electrons in the absence of magnetic 
interactions. Equation (3.27) of BCS must therefore be 


5 For a superconductor the proof is essentially equivalent to the 
proof that the particle current density of superfluid helium atoms 
is irrotational. See, e.g., F. London, Superfluids (John Wiley & 
Sons, Inc., New York, 1954), Vol. 2, pp. 128, 129. 

6 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 

7F. London, Superfluids (John Wiley & Sons, Inc., New York, 
1950), Vol. 1, p. 73. 
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replaced by 


1 @ de 
N(O) V 0 (e+ €")! 


X (tanh3@L (e+ €o?)!+ prvo cosO])o. (6) 


The averaging is over all possible orientations of k 
relative to vo, while pr represents the Fermi momentum 
of the metal. This equation gives us the energy gap 2eo 
as a function of temperature 7=(k@)' (Rk being 
Boltzmann’s constant). Note that at 7=0 we get an €o 
independent of vp. 

There appear to be two distinct mechanisms of cur- 
rent quenching in a superconductor. In the first mechan- 
ism quenching occurs when the drift kinetic energy 
density of the superconducting electrons at any point 
equals the internal free energy density difference (nor- 
mal minus superconducting), i.e., when 


sum = H 2/8n, (7) 


v being the drift velocity of the electrons in the presence 
of magnetic interactions and H, being the critical mag- 
netic field. This is the conventional criterion for current 
quenching.’ Bardeen® has pointed out that at T7=0 this 
can be put in the form'® 


v= (3) %e0, pr. (8) 


This form is particularly useful when comparing the two 
quenching mechanisms. 

Bardeen® and Bogoliubov’® have pointed out that 
quenching will occur when 


vo = €0/Pr (9) 


on the energy-gap model of a superconductor. To see 
this, imagine an electron excited over the energy gap on 
the forward side of the momentum distribution (1.e., the 
electron’s wave vector k is parallel to vo). The electron 
absorbs an energy 2¢€9. Now let the electron be shifted 
to the back side of the momentum distribution (i.e., to 
a k antiparallel to vo). The electron gives up an energy 
2prvo in the laboratory coordinate system. Since the 
total energy absorbed by the electron in carrying out the 
above process is 2(€.— prvo), we see that it will become 
energetically favorable to break up ground-state elec- 
tron pairs as soon as 0 is large enough to satisfy Eq. (9). 
This is the second mechanism of current quenching. 
Such quenching manifests itself mathematically in the 
fact that 2f;, the distribution function for normal 
carriers, assumes the physically unreal characteristic of 
being greater than unity whenever v9> €0/ pr. 

Since (J/J.) = (v/v0), we see that in a macroscopic 


8 See, e.g., D. Shoenberg, Superconductivity (Cambridge Uni- 
versity Press, Cambridge, 1952), Sec. 5.9. 

* J. Bardeen (private communication). 

‘©The proof makes use of the BCS expression for H/8m at 
absolute zero (this expression being valid at finite vo) and of the 
fact that N (0) is the derivative of 4n with respect to the Fermi 
energy. 
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superconductor v> on the surface of the supercon- 
ductor where J>>/,. (Here we have made use of the fact 
that, roughly speaking, J is confined to a surface region 
of thickness \, whereas J, is uniform over the entire 
cross section of the specimen.) Thus Eq. (8) will be 
satisfied for a total current far smaller than that re- 
quired to satisfy (9), and the first mechanism of current 
quenching will be operative. On the other hand, if the 
cross-sectional dimensions of the specimen are com- 
parable with or smaller than the penetration depth X, 
then J will be approximately uniformly distributed over 
the cross section Under such conditions 
quenching occurs roughly when v equals €/pr. Note 
that this represents the case of large v without at the 
same time unreasonably large total current. If the cross- 
sectional dimensions are appreciably smaller than \, 
then Eq. (9) will be satisfied for a total current smaller 
than that required to satisfy (8), and the second 
mechanism of current quenching will be operative." 

A straightforward extension” of the BCS theory leads 
to an integral equation for the half energy gap €ox, 


and v=. 


(10) 
2(e, 24+ én) ) 


(Of course, this is an integral equation only in the sense 
that the summation over k’ may be replaced by the 
equivalent integration.) At absolute zero of temperature 
where {,=0, Eq. (10) goes over into the expression 
derived by Bogoliubov’® for the energy gap. Equation 
(10) applies equally well to the case of finite conduction 
current density provided we work in a coordinate 
system moving with the mean velocity of the supercon- 
ducting electrons. In such a coordinate system the free 
energy as given by Eq. (3.16) of BCS must be mini- 
mized subject to the constraint that normal electrons 
have a specified mean velocity. Since the expression for 
the mean velocity of the normal electrons does not in- 
volve hy, (the distribution function for ground-state 
pairs), when we minimize the free energy with respect to 
h,, subject to the above constraint, we get Eq. (3.18) of 
BCS just as in the case of zero conduction current. 
Equation (3.18) in turn leads to Eq. (10) above. 


"Tt should be mentioned that the derivation of Eq. (7) assumes 
that a normal-superconducting interface can form during the 
process of quenching, this interface having a thickness of the order 
of the Pippard coherence distance &. For specimens having cross- 
sectional dimensions smaller than £, however, it is not clear that 
any interface can form. See reference 8 for a discussion of this case. 
If no interface forms, then Eq. (7) is replaced by an expression 
predicting a higher value of v required for quenching. Thus our 
conclusion that the second mechanism of current quenching is 
operative in sufficiently small specimens holds a fortiori. 

2 In the BCS theory the potential V4, is taken to be a constant 
over a certain region of k-space and zero everywhere else. The 
BCS derivation of the expression for the energy gap can be 
generalized immediately to arbitrary Vxx, however. The expres 
sions for hy and Fy given by BCS still apply. It is necessary only to 
assume a k-dependent energy gap. See J. C. Swihart, (Proceedings 
of the Kamerlingh-Onnes Conference on Low-Temperature 
Physics, Leiden) [Physica 24, $147 (1958)]. 
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The effective potential V ,,» can assume both positive 
and negative values (i.e., it can be both attractive and 
repulsive). In particular, when | ¢€.—¢€x’| becomes suffi- 
ciently large, Vx goes negative, a fact which will be- 
come apparent later when we examine the detailed form 
of Vix. It was assumed by BCS that the repulsive 
portions of V;., make no contribution to the summation 
in Eq. (10). This is equivalent to the assumption that 
€09:=0 over the regions of k-space where | €,—€x’) 1s 
large enough for V ,, to be repulsive. On the other hand, 
if one assumes that €o, is negative over these regions, 
then the summation in (10) is increased in size. (A 
negative eo, results from a negative value of the 
parameter h/,! in the BCS ground-state wave function.) 
In effect, a negative value of eo, for k sufficiently far 
from the Fermi surface will result in a larger (positive) 
value of the gap at the Fermi level. In order to simplify 
the analysis, we will follow BCS in assuming zero values 
of €o, in the regions of k-space sufficiently removed from 
the Fermi surface for V.4" to be repulsive. Thus we are 
calculating a lower limit to the gap at the Fermi level. 
This in no way affects the conclusions of the paper. 

It should be pointed out that the sign of €0, is not 
something which can be directly detected experi- 
mentally. The experimentally-measured half energy gap 

lim (€42+ €042)! 


k0 


= | COKF |, 


will be positive no matter what the sign of €, is. Let us 
investigate the dependence of the free energy upon the 
sign of €o, or Ay}. The only part of F which can possibly 
depend upon the sign of /,! is the interaction term 


Pin — >. View LAr l—hi hye (1—hy) }} 
&k’ 


K(1—2f,)(1—2fe-). (11) 


However, this can immediately be rewritten as 


F int —1 > eo ZL. (1—2f;,), 
k 


which demonstrates that F jnt is independent of the sign 
of €0k- 

Equation (6) represents the extension of the BCS 
theory to the case of finite conduction current density. 
Specifically, when Vx, is replaced by a constant over 
the attractive region and use is made of Eq. (5), then 
Eq. (10) becomes Eq. (6). As Bardeen‘ has pointed out, 
this procedure rests upon the assumption that V x4’, and 
thus V, is independent of vo, the mean velocity of the 
superconducting electrons in the laboratory coordinate 
system. Strictly speaking, this is not correct, although 
under usual conditions it is a very good approximation. 
We wish to determine under what conditions the ap- 
proximation breaks down. 
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The potential V4» can be written 


View =Verw—Verx. (12) 
V p is the phonon-induced electron-electron attraction ; 
Vc is the (screened) Coulomb electron-electron repul- 
sion. If we assume that the effective mass approximation 
holds for the conduction electrons (as we shall assume 
throughout this paper), then V cx, will be a function 
only of |k—k’!, so that V cx, will be independent of vo. 
The phonon-induced potential Vp; results from the 
virtual exchange of a phonon between two supercon- 
ducting electrons. In a coordinate system moving with 
the mean velocity of the superconducting electrons, the 
two electrons of an interacting pair will have equal and 
opposite momenta. 


In the BCS theory 


1M xx ‘ 
Vee = 
Thon. p1 — (€~— € x")? /ftw pn 


Mer 
r » (13) 
Fer jer h— (€ pe — € 4)? / Mer 

The electron-phonon matrix element squared | Myx, |? 
=|M,,|? is proportional to the magnitude of the 
phonon momentum, namely |k—k’!. For convenience 
we define a constant V po such that this proportionality 

constant is 3V pols, s being the speed of sound. Thus 


|M xx |?= M yk 2=3V pohs k—k’|. (14) 
hw; is the energy of the phonon as measured in the 
coordinate system moving with the mean velocity of the 
superconducting electrons. Assuming a Debye phonon 
spectrum, we have 

hop =hs | k—k’| —h(k—k’)- vo. (15) 
The first term represents the phonon energy in the 
laboratory coordinate system. The second term results 
from the Doppler effect on the frequency of sound (and 
thus on the phonon energy) in a moving coordinate 
system. This is the term effectively disregarded by 
Bardeen‘ when he assumed that V is independent of vo 
in his analysis of the superconducting state of finite 
conduction current. The two terms in Eq. (13) represent 
the two possibilities as to which electron emits the 
phonon that is in turn absorbed by the other electron 
of the pair. When vo=0 (the case treated by BCS), we 
see that these two terms become equal and 


€xn— Ex 2 
V per Vnf1—( ) | e 
hs k—k’ 


We see that the constant V po is just the constant value 

of V pxx assumed by BCS when e, and e€, are smaller 
’ 

than the mean phononcenergy (iis | k—k’|)= hw». 


(16) 
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In the Bogoliubov theory of superconductivity Eq. 
(13) is replaced by 
|M xx |? 
Then + (€2/ Eg) tex, Eye 
| Myr | 3 
+ ’ 
hho p+ (€2 Ex)+ex, Ey 


V pee = 


(17) 
where 
Ex= (€2+eo,2)!. 


The two terms in Eq. (17) result from the two Feynman 
diagrams of Fig. 2(a) in Bogoliubov’s paper. When 
vo=0, Eq. (17) becomes 


(18) 


1 
hs |k— k’| 


V Pee = V nf 1+ 


ex" €4"" “ 
x( nm )| (19) 
(exten)? (en? eon)! 


Since eo, is much smaller than the mean phonon energy 
hw, for all known superconductors when vo=0, we see 
that (19) may be approximated by the constant V po 
when e, and ey are smaller than fw just as in the BCS 
theory. Like Bardeen, Bogoliubov disregarded the 
Doppler effect in discussing the case of finite vo. 

The Bogoliubov theory has been modified by 
Rickayzen® to include energy renormalization, whereby 
the unperturbed energy differences in the energy de- 
nomifators are replaced by true energy differences. 
Rickayzen gets a V px which differs from Bogoliubov’s 
in having €,2/ Ey and e,°/E, replaced by Ey and Ey, 
respectively. The two forms of V p,, are for all practical 
purposes the same for ordinary superconductivity where 
€o.<hw. However, they predict quite different results 
for the case where 1o~s. The Bogoliubov energy de- 
nominator (as well as that of BCS) can become much 
smaller than it is in the case of ordinary superconduc- 
tivity, leading to a much stronger phonon-induced 
electron-electron attraction. The Rickayzen energy de- 
nominator cannot become smaller than it is in the case 
of ordinary superconductivity, i.e., 


hs|k—k’| —h(k—k’)-vot Ei. +E, 2 hs| k—k’|, 


whenever the superconducting state is stable relative to 
the normal state (v9 <¢0/pr). This implies that there 
will be no high-current superconductivity if one uses the 
Rickayzen form of V pxx. 

The writer would like to suggest that the Rickayzen 
form is incorrect, not because there is anything wrong 
with Rickayzen’s renormalization procedure, but rather 
because there are inherent difficulties with the 
Bogoliubov theory with which Rickayzen begins. Thus 
let us re-examine the Bogoliubov theory. The essence of 


> 


18 G. Rickayzen, Phys. Rev. 111, 817 (1958). 
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Bogoliubov’s method is the introduction of a certain 
canonical transformation. The unitary operator which 
generates this transformation has the property of not 
commuting with the total electron number operator 


N=>° x. Gis Bhs; 


ay," and a,x, being the usual one-electron creation and 
destruction operators. This means that the canonically 
transformed electron-phonon interaction Hamiltonian 
also fails to commute with .V. Thus the transformed 
interaction Hamiltonian represents interactions which 
are rather unphysical in that the total number of elec- 
trons change during the interactions. When one treats 
the transformed interaction Hamiltonian by perturba- 
tion theory, one obtains energy denominators, each one 
of which is the energy difference between two states of 
differing expectation value of V. This means that the 
energy denominators are incorrect. In the true physical 
electron-phonon interaction, total electron number is 
strictly conserved, so that a correct theory should con- 
tain only energy differences between states of the same 
expectation value of V. 

This difficulty with the Bogoliubov canonical trans- 
formation is connected with the fact that the ground- 
state and excited-state wave functions of the theory are 
not eigenfunctions of V. This is also characteristic of the 
BCS wave functions, since, as Yosida'* has shown, both 
theories are actually using the same wave functions. One 
might wonder why BCS do not also become enmeshed 
in the above difficulty. The reason is that at the outset 
of their theory BCS replace the electron-phonon inter- 
action by an effective electron-electron interaction. The 
only place energy denominators appear in the theory is 
in the form of this effective electron-electron interaction. 
Such energy denominators have nothing to do with the 
superconducting wave functions, but rather represent 
energy differences between wave functions having the 
same expectation value of .V (since they are con- 
ventional two-electron wave functions). 

If possible, one would like to remove from the BCS 
theory the approximation of replacing the electron- 
phonon interaction by an effective electron-electron 
interaction. We shall now show that this approximation 
can indeed be removed without getting into the diffi- 
culties associated with the Bogoliubov theory. Consider 
the contribution of the electron-phonon interaction to 
the superconducting ground-state energy resulting from 
second-order perturbation theory at the absolute zero of 
temperature. In particular, we consider the term re- 
sulting from the portion H’ of the electron-phonon 
interaction Hamiltonian, where 


H’= (4 \8(M nu *d, ye *a, t*anttM,, b, raat i wata kd) 
+conjugate, 

b,* and 6, being the usual phonon creation and destruc- 

tion operators. H’ connects the BCS ground-state wave 


“K. Yosida, Phys. Rev. 111, 1255 (1958). 
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function Wo with the intermediate BCS excited-state 
wave function ¥,, where one-electron states —kJj and 
+k’? are definitely occupied, +kt and —k’y are defi- 
nitely unoccupied, and a phonon of wave vector k—k’ 
is present. At this point we emphasize one characteristic 
of perturbation theory which is crucial to the present 
discussion. It is absolutely essential to use a set of 
unperturbed basis functions with respect to which the 
unperturbed Hamiltonian Hp is diagonal. As it stands, 
Wo is not a member of such a set. (For example, Ho has 
a nondiagonal matrix element connecting Yo with the 
state containing the excited pair kt, —kj.) A proper set 
consists of wave functions which are diagonal in the 
occupation numbers of the one-electron states associ- 
ated with the electron creation and destruction opera- 
tors in H’. Thus W; is a suitable basis function. Vo may 
be decomposed into the four basis functions V2, V3, V4, 


V;, 1.€., 


Vo= [h, (1—h, ) Jot [hy (1—hy) ] 3 
+[hehve }¥a+[(1—hy) (1— Ae) Vs. 


W» is that state where kt and —ky are definitely occu- 
pied, k’t and —k’J are definitely unoccupied ; V; is that 
state where kt and —kjy are definitely unoccupied, k’t 
and —k’J are definitely occupied ; V, is that state where 
kt, —ky, k’t, and —k’y are all definitely occupied; V; 
is that state where kt, —kJ, k’t, and —k’y are all 
definitely unoccupied. ¥;, V2, and WV; all have expecta- 
tion values of V which are identical; in contrast that of 
WV» is greater by an amount 2(4,+/,-—1), that of WV, is 
greater by an amount two, and that of W; is less by an 
amount two. The interaction Hamiltonian H’ connects 
WV, with Wy and W; but not with Wy and V5. From the 
point of view of time-dependent perturbation theory, 
we have an initial state Wo which is a coherent super- 
position of unperturbed basis functions. The second- 
order contribution to the ground-state energy resulting 
from H’ has two kinds of terms; those proportional to 
Hy.’ |? or | H,;'|?, and those proportional to | H21’H,;3'|. 
The former kind represents the contributions of discon- 
nected Feynman diagrams (one-particle self-energies) 
and must be eliminated. The latter kind gives the energy 
shift 
—3| Myx |The (1 —hyhy A—hy) |! 


<C(Wi-W2) + (Wi- Ws)“, (20) 


where W, is the energy of V;. As was done by Rickayzen, 
we here use true energy differences rather than unper- 
turbed energy differences. It is easy to show that 


Wy=Wot Ep tEythox,, 

W.= W o+2(e,2, Ex)+ (€042/ Ex) + €0%7/ Ex, 

W3> Wot 2(€; -) ‘Ex)+ (€ox? Ex) + 60,7, Ey. 
All three energies contain the term (€0;2/E4+ €0%/E:), 
which results from the fact that for ¥1, V2, or V3 pairs 
cannot make transitions in and out of pair states k , 
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and k’. Thus (20) becomes 


[hi(1—hy)hue(L—hye) 8, Mee |? 


hrc — Lex? k,)—€, Ey RT 


In a similar fashion the interaction Hamiltonian H’”’ 
(obtained from H’ by reversing the signs of k and k’ and 
turning over the spin vectors) gives a contribution which 
differs from that above only in that hw,, is replaced by 
hw ,,. Summing these contributions over all k and k’, 
we obtain the electron-phonon interaction portion of the 
ground-state energy. If we compare this with Eq. (11) 
(setting f,=0 in the latter since we are at T=0), we see 
that 

M xx |? 
V eke = ‘ e 


2/En)— ex? / Exe 


he en — L(x’ 
1M xp |? 


ho ;, e—L(e? Ky.) —€," Ey P Mews 


F ho eR 


s (21) 


This is the form of Vp,, which appears to be most 
accurate. Henceforth we shall use this form. 

It is interesting to note that our final form for V px, 
is independent of whether we use unperturbed energy 
differences or true energy differences in the energy 
denominators. This follows from the fact that the per- 
turbation part of the energy is the same for W;, We, and 
W;. We can see that if we had replaced W2 and W; by 
Wo we would have obtained Rickayzen’s form of V px,’ 
(using true energy differences) or Bogoliubov’s form 
(using unperturbed energy differences). Note that (21) 
differs from the BCS form of V px, only in that €;?/ Ex 
replaces €;. Thus the two forms are for all practical 
purposes identical for ordinary superconductivity where 
«°/E, differs from e, only when €x<<hwo. 

Substituting (14) and (15) into (21), we find for small 
€°/E, and €,°/Ey 


V pee =V por, (22) 


Vo'% 
ee 
SK 


x=k—k’. 


where 


(24) 


When | (€:?/Ex)—€%*/E,| becomes comparable with 
hsxa, the interaction potential becomes repulsive and 
€ox goes to zero. Thus we shall assume that the summa- 
tion over k’ in Eq. (10) is restricted to the region where 
| (E47 E )— ex" Ey | <hisxa, or 


ex? <hsxa{ thsxat[€oxn?+ (shsxa)? }*} (25) 


for €,=0. We shall assume that Vp;, is given by Eq. 
(22) whenever (25) holds true. Because of the factor a, 
V px: becomes much larger than V po as v9 approaches 
the speed of sound. For the time being, we restrict the 
discussion to the case v<s in order to avoid repulsive 
V pe. 
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Strictly speaking, €o, is a function not only of the 
magnitude of k but also of its orientation. The orienta- 
tion dependence arises through the factor a. (It is easy 
to see that é€o, is invariant to inversion of k.) The 
appropriate €9, to put in Eq. (9) is that for which k is 
parallel to vo. Thus we will assume such a k in evaluating 
(10). For purposes of performing the summation over 
k’, we shall assume that ¢€0, is independent of k’ over the 
region of summation, although, as we have just pointed 
out, this is not strictly true. As in the BCS theory, we 
replace Vcx.x by a constant mean value in evaluating 
(10). Replacing the sum by the equivalent integration, 
Eq. (10) becomes 


1 1 
=2f dt (LV pow \— Veo | 
N(0) 


26) 


’ 


emax — tanh}3@[(e+ «*)!+-vopr(1—2/) J 
xf de ( 


(e+ €?)! 


4 


where 


(27) 
(28) 


Emax” = Asal Shskat+[ c+ (Shsxa)? |*}, 
a=1—(v0/s)*P, 


hsxk=2sprt, (29) 
and /=sin36, 6 being the angle between k’ and k (or vo). 
The integration 2 fj! tdt=}f," sinédé represents the 
averaging over all possible orientations of k’. It is 
necessary to exercise caution in performing this integra- 
tion in order to avoid getting divergent results due to the 
fact that a vanishes in the neighborhood of 7=s. In 
obtaining the above equations we have made use of the 
fact that in k-space the integrand of (10) is of appreci- 
able size only over a region near the Fermi surface 
where, to a good approximation, fsx is a function of ¢ 
but not of e«. We are integrating over 6 from zero.to 7, 
which is equivalent to letting the phonon momentum 
hx range from zero to 2pr. Strictly speaking, this may 
not be correct since the maximum phonon momentum 
is limited by the boundaries of the first Brillouin zone. 
However, an approximate method of including the 
possibility of Umklapp processes is to ignore this limita- 
tion on fix. Thus we (as did Bogoliubov) allow 6 to take 
on all possible values. 

It appears to be very difficult to carry out the 
integration of (26) at finite temperatures. Let us re- 
strict ourselves to T=0, where the hyperbolic tangent 
becomes unity. Equation (26) becomes 


1 
N(0)" of dt (LV po !— Veo J are sinh(€max/€o). (30) 


The integration over / cannot in general be carried out 
analytically. However, in the limit of large eo, the right- 
hand side of (30) becomes V poes~*{(hsx/a)!),, where 
((hsk/a)}),=2So'(hsx/a)4tdt is the average of (hsx/a)! 
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over all possible orientations of k’. This suggests that 
we go back and make the following replacements in 
Eq. (22) and all succeeding equations. We replace hsx by 


hwy=((hsx)*)? = (32/25)spr, (31) 


and we replace hsxa by 


hw = (hsk)*) A (hs a)!), 2 = funk (1 s), (32) 


I(x) , J O(1—x/) ai| ; (33) 
) 


where 


Thus the interaction potential becomes 


V= V pol (Ask a)!)?((hsx)*), 2 |, 


= V po/F (v0/s)—V co. (34) 


Such a procedure insures that the correct answer is 
obtained in the limit of large eo. The BCS result is also 
obtained when v goes to zero. With the above replace- 
ments, Eq. (30) becomes 


hw : 
(Soot Leo? + (Gros). 
N(O)V €0° 


sinh? 


Solving for eo, we get 


1 1 d 
€0 ho sinh | [1++sint 3 (36) 
V(O)V: N(O)V 


Let us now consider the case where vo>s. For certain 
values of ¢, a will now be negative and (for small e) 
V pxx will be repulsive. As € is increased, V p, x becomes 
more repulsive, blowing up at the e for which the 
denominator of Eq. (22) vanishes. For larger ¢, V px: 
is attractive, the attraction decreasing with increasing e. 
Integrating V p,, over ¢, to a first approximation the 
repulsive interaction cancels the attractive interaction. 
We can take account of this in our previous analysis by 
now restricting the integration over angles to values of ¢ 
for which V p,, is attractive for all «. In other words, 
rather than letting / go from zero to one, we now let / go 
from zero only to s/v (v%>s). Thus we replace Eq. (33) 
by 

2 


5 1 2 
ro)" f (1—2°/) | : 
245 
5 fle 2 
| f (i(1—.x°/*) a] = x5F'(1), 
? 


Note that F(x) achieves its minimum value at += 


4 3/4)! 3 
F(1)= 0.20945. (38) 
5 (1/4)'(—1/2)! 
Equations (32), (34), and (36), when combined with 
(37), now apply to values of v greater than s as well as 
those smaller than s. 
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lic. 1. Half energy gap ¢ versus mean superconducting-electron 
velocity v for a superconducting metal. 


The work of Pines'® indicates that for the supercon- 
ducting elements .V(O)V co lies in the range 0.4-0.5, 
\ (0) V po lies in the range 0.6-1.0, and V (0)[V po— V co J 
lies in the range 0.2-0.5. Thus if either v is much 
smaller than s or v is appreciably greater than s, then 
\(0)V is sufficiently smaller than one so that 


sinh?(1/.V(0)V)>>1, (39) 


and Eq. (36) becomes 


€9=hw/sinh(1/N(0)V). (40) 


For w<s, this is the BCS result. [For v appreciably 
greater than s, Eq. (40) applies only so long as N(0)V 
remains positive ; for vo large enough for V to be negative 
there is no energy gap. | On the other hand, if 7 lies in 
the vicinity of s, then 


N (0) VN (0) V po/F (20/s) 
is sufficiently larger than one so that 
sinh?(1/.V (0)V)=(1/N(0)V)*<1, 
and Eq. (36) becomes 


€9=hw/sinh?(1/N(0)V) 


~hwo[_N (0) V po PLF (v0 fs) T*. (41) 


The energy gap is a maximum at v=s, where €o is given 
by 

©) mx 6.1 IDV (QO) V po Pspr. (42) 
This implies that, whenever (0) V po> 0.405, there is a 
range of values of v surrounding v=s for which 


€0— prvo is positive, i.e., the superconducting phase is 


16). Pines, Phys. Rev. 109, 280 (1958). See also P. Morel, 
Phys. Rev. Letters 1, 244 (1958). 
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stable against current quenching in specimens of suit- 
able cross section.'¢ 

The quantity €9>—prv) may be looked on as an effec- 
tive half energy gap in the laboratory coordinate system, 
since this is the quantity which must be positive for 
superconductivity.!” The behavior of €)— prvo is shown 
schematically in Fig. 1 for a superconducting metal. 
Considering the variable v, we see that there are two 
distinct regions of superconductivity separated by a 
normal region. As we have already seen, the high- 
velocity region of superconductivity lies in the neigh- 
borhood of v= s. In contrast, the low-velocity region 
terminates at a velocity two orders of magnitude 
smaller than s. To an excellent approximation, V = V po 
—Vco over the entire low-velocity range, so that the 
theory of Bardeen‘ applies. 

It should be pointed out that the possibility of a high- 
velocity region of superconductivity exists for a metal 
such as copper which is ordinarily not thought of as a 
superconductor. For such a metal the low-velocity 
region of superconductivity does not exist since V po is 
smaller than V co. However, when v reaches the velocity 
where F(v0/s)=V po/Vco, then V becomes attractive 
and a finite €9 exists. For vp in the neighborhood of vo=s, 
the effective half energy gap (€0>— prvo) should be posi- 
tive just as with the superconducting metal, since the 
equations derived previously apply with equal validity 
to all metals whenever V is attractive. This behavior is 
illustrated in Fig. 2. 

In this paper we have actually calculated (€9— prvo) 
only at the absolute zero of temperature. Actually it is 
of great interest to know at what temperature (€9— prvo) 
vanishes, i.e., to know the superconducting transition 
temperature 7, as a function of v. A direct calculation 
of 7. appears to be quite difficult; however, it seems 
likely that RT, (k= Boltzmann’s constant) will be of the 
order of (e€o—prv) just as it is in the BCS theory. 
Assuming this, we may expect transition temperatures 
comparable with or larger than the Debye temperature 
in the high-velocity superconducting region. Thus room- 
temperature superconductivity appears feasible. 

In the last paragraph we implicitly assumed that 

M,.x\?, and thus V p,,-, is independent of temperature. 
This is correct; but it is not immediately obvious why, 


since one might conclude that | M,,-|* should increase 


with temperature, the argument being that the matrix 


element for an electron-phonon collision increases with 
the number of phonons present. Such a conclusion is 


16 Note that if the specimen has a macroscopic cross section [so 
that v>>v and Eq. (8), rather than Eq. (9), determines the current 
quenching } then the superconducting state will in general not be 
stable even when €)— prio is positive (high-current region) since 
€)— (3)prv is negative. This is the basic reason why we must have 
a microscopic cross section in order to achieve high-current 
superconductivity. 

'7 The quantity 2e) is the minimum excitation energy for real 
transitions which conserve momentum, whereas 2(€)— Prvo) is the 
minimum excitation energy when momentum is not conserved 
Thus 2¢9 can be looked upon as the optical gap and 2(¢)— prvo) as 
the thermal gap. 
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Fic. 2. Half energy gap €9 versus mean superconducting-electron 
velocity v% for a normal metal. 


wrong for the following reason. The potential we have 
been considering in this paper is due toa virtual emission 
of a phonon followed by a reabsorption of the phonon. 
At higher temperature we should also consider the 
possibility of virtual absorption of a phonon followed by 
re-emission. This process gives rise to a repulsive po- 
tential since the phonon energy occurs with a reversed 
sign in the energy denominators (being an absorption 
rather than an emission). Thus the total V p,, resulting 
from both processes is proportional to |M,,-|*, where 
now 

M xx |? (43) 


M enn |?— | Makx|’, 


M.,.|* resulting from the former process and | M ax’ 
from the latter process. |Maxx’|* is proportional to 
n,, the number of phonons of wave vector « present in 
thermal equilibrium, where », is of course an increasing 
function of temperature. |M,, |? is proportional to 
n,+1. It follows that |M,,-|*, and therefore the total 
Vp,x’, is independent of #,, and thus of temperature. 

III. POSSIBLE EXPERIMENT 


As has been already stated, in order to achieve high- 
current superconductivity we need a conducting speci- 
men whose cross section is such that the superconducting 
current density is essentially uniform over the whole 
cross section. This can be accomplished with either a 
metallic whisker or a cylindrically shaped thin film.'® 
The radius of the whisker or the thickness of the film 
must be comparable with or smaller than the penetra- 
tion depth. It is probably easier to make a suitable 
whisker than it is to make a suitable film. 

The primary problem involved in achieving high- 
current superconductivity is that of getting high current 
densities without burning up the specimen while passing 

'8 A planar film is unsatisfactory since the current will tend to 
pile up at the edges of the film 
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Fic. 3. Circuit for inducing high-current superconductivity 


through the range of current densities where the speci- 
men is in the normal state. Let us consider doing an 
experiment where we gradually increase the current 
through the specimen. We must investigate the possi- 
bility of dissipating the heat generated by the ohmic 
resistance in the normal state. There is a mean heat 
current density normal to the surface of the specimen 


j=J"/(yo), (44) 


J being the electron current density (~ 10° amp/cm’), 7 
the electric conductivity, and y the surface-to-volume 
ratio of the specimen. We want as large a @ as possible 
in order to minimize J. Thus we assume g is limited not 
by bulk scattering but only by boundary scattering. 
Thus for a whisker @ is proportional to the radius 7 of the 
whisker. But the surface-to-volume ratio y is 2/r, so 
that yo is independent of r. Thus there is no advantage 
gained by trying to increase the surface-to-volume ratio. 
The same conclusion holds for a thin film. For a suitable 
whisker or film, o is probably never greater than 10° 
ohm cm~ (probably only for noble metals can this 
value be approached). Taking a whisker radius of 
r=2X10-° cm, J=10° amp/cm?, we have Jj=10° 
watt/cm*. Thus we need a material to conduct away the 
heat having a thermal conductivity of the order of 
x=10° watt/cm deg. Only the noble metals at about 
1°K come near satisfying this requirement, and even 
here only if the metallic crystal is perfect enough for the 
thermal resistance due to impurities or imperfections to 
be negligible. This suggests oxidizing the surface of a 
copper whisker and then plating copper in bulk over the 
oxide layer. The oxide layer serves as electrical insula- 
tion between the whisker and the outer copper, but at 
the same time it offers negligible thermal resistance to 
the heat dissipation compared with the thermal spread- 
ing resistance of the outer copper. The temperature of 
the system must be kept as low as possible in order to 
maximize the thermal conductivity x. The reader will 
readily admit that such an experiment would be very 
difficult to carry out and its success would be problem- 
atical. 

An alternative procedure is to increase the current 
density to its desired value so rapidly that there is no 
time to generate /°R losses. It has been suggested!’ that 
the minimum possible time for the decay of a supercon- 
ducting state is the time it takes a phonon to travel the 
Pippard coherence distance &, since electrons separated 


°C. Kittel (private communication). 


by a distance & have their motion correlated by the 
exchange of phonons. Thus the minimum time of decay 
of the low-current superconducting state is &/s~+10-" 
sec. (There may be reasons why actually the transition 
time is larger than &/s.) A possible experimental ar- 
rangement is shown in Fig. 3. A length of 1002 coaxial 
line is shorted at one end and terminated at the other 
end by a 1002 resistance and 100 yuf capacitor in series. 
A 100-volt battery is in parallel with the capacitor. An 
unavoidable distributed inductance of 1;=0.1 uh is as- 
sociated with the battery. A portion of the center 
conductor of the coax is replaced by a mercury capsule 
switch which can be closed mechanically in 10~" sec 
with the aid of an external magnetic field. At the 
shorted end of the coax, the center conductor is tapered 
and replaced in its last half cm by a superconducting 
whisker of cross-sectional area 10~® cm?. Taking the 
whisker diameter to be 10~° of that of the outer con- 
ductor of the coax, we see that the whisker represents an 
inductance L»=10- yh, so that the rise-time of the 
current set by the switch will not be appreciably 
lengthened by the inductance of the whisker. (Here we 
make use of V=LedI/dt, dI/dt being 10" amp/sec.) In 
order to avoid reflections at the battery side of the coax, 
we want the line to look matched at a frequency of 
10" sect, i.e., RO>(2rX10"C)—. We want the L;/R 
rise time to be much smaller than the RC decay time, 
i.e., R*>>L,/C, in order that the capacitor C not dis- 
charge appreciably during the transient (and thus 
prevent the current through the coax from reaching its 
terminal value of one amp in 10~" sec). We see from the 
above arguments that C may be made larger than 
100 yuf if desired. The main purpose of the coax is to 
keep the superconducting whisker (in a helium bath) 
physically remote from the resistance R (dissipating 100 
watts under steady-state conditions). It is advisable to 
keep the whisker at as low a temperature as possible 
before closing the switch in order to minimize the 
number of normal electrons in the whisker (and thus 
minimize the skin effect during the transient). 

There will be electrical spreading resistance at the 
contacts between the superconducting whisker and the 
normal metal of the coax. It is possible to show, how- 
ever, that this leads to negligible ohmic heating. To see 
this, we note that the electrical spreading resistance is 
(2. = (4or)~', where a is the electrical conductivity of the 
normal metal and r, as before, is the cross-sectional 
radius of the whisker. Ohmic heat is generated in the 
contact at a rate P=/°Q,. Let 


spreading resistance 2; as being the temperature drop 


us define a thermal 


AT across the contact divided by the heat power P. It 
can be shown that Q;= (8xr)~', where x is the thermal 
conductivity of the normal metal of the contact. (Note 
that a numerical factor of } appears in 2, where all of the 
electric current passes through the entire voltage drop 


across the contact; in contrast a factor of § appears in 


(2, where each increment of thermal current passes 
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through only a portion of the total temperature drop 
across the contact.) Taking reasonable values for o and 
x at liquid-helium temperatures (assuming the normal 
metal is copper), we find P=10-° watt, AT=10™ 
degree. 

The above circuit will increase the current density 
through the superconducting whisker from zero to 10° 
amp/cm? in 10~"° sec. Thus the current rises so fast that 
the whisker does not go normal at all. Rather the low- 
current superconducting state “decays” directly into 
the high-current superconducting state. It should be 
pointed out that the circuit constants have to be 
changed if we wish to reverse the above procedure and 
go from the high-current state to the low-current state 
by opening the switch. This is because the decay time 
)/s for the high-current state is a couple orders of 
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magnitude smaller than that for the low-current state, 
a fact which follows from the reciprocal dependence of 
f) upon the half energy gap eo. It appears that the 
circuit of Fig. 3 offers a practical experimental arrange- 
ment for achieving high-current superconductivity. 

In conclusion, we mention one possible application. 
Imagine an elongated loop of wire containing a persist- 
ent current in the high-current superconducting state at 
room temperature. The loop will act like a zero-resist- 
ance passive element for external currents fed in one end 
of the loop and out the other, provided the external 
currents are much smaller than the internal persistent 
current (thus insuring that the external currents do not 
upset the high-current superconducting state). In effect 
we have a room-temperature zero-resistance transmis- 
sion line. 
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The cohesive energy of metallic iron is calculated for the body- 
centered cubic structure in a singlet spin state at O°K. The 
potential field acting on each electron is taken to be that of the 
ion core and of the remaining valence electrons in the same 
lattice cell; thus the calculation becomes equivalent to one for 
the free atom as the lattice constant is increased. Tight-binding 
wave functions are used, but they are modified by expanding the 
contributions from neighboring atoms in a power series within a 
cell, and orthogonalizing to core states. Evaluating the complete 
wave function in each cell eliminates the need for multicenter 
integrals otherwise required in the tight-binding method. The 
wave functions for wave vectors in directions of high symmetry 
have a rather simple form, and can be described by a few parame- 
ters. States near the bottom of the 3d band tend to have a more 
diffuse charge distribution than do the states near the top of the 


1. INTRODUCTION AND OUTLINE 
1.1 Introduction 


NERGY considerations have long played an im- 
portant role in physical calculations, and the 
energy of a system is a particularly important quantity 
in quantum mechanics. Thus the modern development 
of solid-state physics is based in part on successful 
calculations of the cohesive energy of alkali metals. In 
spite of the importance of cohesive energy calculations, 
they have been carried out for only a relatively small 
class of solids. The cellular method was applied first to 
sodium,! and has since been extended with many re- 
finements to other alkali metals. The quantum defect 


method eliminates the need for constructing a potential 


1. Wigner and F. Seitz, Phys, Rev, 43, 804 (1933); 46, 509 
(1934), 


band. Thus the x-ray scattering factor per electron for a partially 
filled 3d band will be less than that for a full band. Calculations 
of the energy of the solid are made for three values of the atomic 
sphere radius, 7,, using atomic wave functions from the 3d74s 
configuration. The indicated configuration in the solid is close to 
3d’4s, making the calculation approximately self-consistent. The 
calculated width of the occupied portion of the 3d band is 0.33 ry. 
We find the cohesive energy of metallic iron to be 0.43+0.2 ry per 
atom, which is consistent with the experimental value, 0.32 ry. 
The equilibrium lattice constant and the compressibility are both 
found to be in good agreement with experiment. An attempt to 
replace the Coulomb hole used in the main calculation by an 
exchange hole, using a single Slater determinant wave function, 
gave far too little binding. 


function; it has been applied to the alkali metals with 
good success,” and also to the noble metals.’ A detailed 
calculation of the energy of beryllium was made by 
Herring and Hill,‘ and cruder calculations for other 
metals were carried out by Raimes.' Statistical methods 
have also been applied to a number of elements.® 

The methods used for calculating the cohesive energy 
of nonmetals are somewhat different from those applied 
to metals. The method of linear combination of atomic 
orbitals has been applied to ionic crystals with con- 


2H. Brooks and F. S. Ham, Phys. Rev. 112, 344 (1958). 

3K. Kambe, Phys. Rev. 99, 419 (1955). 

4C. Herring and A. G. Hill, Phys. Rev. 58, 132 (1940). 

5S. Raimes, Phil. Mag. 41, 568 (1950); 43, 327 (1952); Proc 
Phys. Soc. (London) A66, 949 (1953). 

6P. Gombds, Die Statistische Theorie des Atoms und ihre 
Anwendungen (Springer-Verlag, Vienna, 1949). See also a number 
of later papers in Acta Phys. Hung. 
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siderable success.’:* A technique involving two-electron 
orbitals was developed by Schmid for diamond,’ and 
has been used for zincblende.” 

In contrast to the fairly limited work on cohesive 
energy, many methods, some of them quite powerful, 
have been developed for calculating one-electron 
energies in solids. There are a number of reviews of 
band structure methods and results," and new methods 
are being evolved."? Callaway" summarizes both the 
band structure work and the cohesive energy calcu- 
lations. Slater’ gives a comprehensive review of the 
electronic structure of solids. 


1.2 Outline of the Calculation 


In the present work we propose to show the feasi- 
bility of cohesive energy calculations for transition 
metals, and in particular for iron. We calculate the 
cohesive energy of body-centered cubic iron at absolute 
zero, for a singlet spin state. We have not attempted 
to account for the ferromagnetism of iron, nor do we 
try to predict the crystal structure of lowest energy. 
The energy difference between the ferromagnetic and 
the nonmagnetic state, or between two crystal struc- 
tures, is much smaller than the cohesive energy. A 
calculation which attempts to account for these differ- 
ences might well be an order of magnitude more difficult 
than the present one. For this reason we restrict our 
attention to the nonmagnetic state, and to the observed 
structure. Most of the methods used here have been 
described previously.'® 

An important feature of this calculation is the 
assumption that each cell of the crystal is neutral, i.e., 
that the potential acting on one of the valence electrons 
is that of the ion core and of the remaining valence 
electrons in the same cell. This is not exact, since the 
electron will exclude charge from a region centered at 
its own position rather than at the center of the cell. 
We neglect the potential in one cell of the lattice 
resulting from the charges in neighboring cells and, for 
most purposes, assume the lattice cell and the potential 
energy to have spherical symmetry. 

Two major simplifications result from the approxi- 
mation that each cell of the crystal is neutral. First, we 
can treat each cell of the solid as a unit. This makes the 
calculation of the energy of the solid quite similar to 

7P.-O. Léwdin, Advances in Physics, edited by N. F. 
(Taylor and Francis, Ltd., London, 1956), Vol. 5, p. 1. 

§ L. P. Howland, Phys. Rev. 109, 1927 (1958). 

®L. A. Schmid, Phys. Rev. 92, 1373 (1953). 

©S. Asano and Y. Tomishima, J. Phys. Soc. (Japan) 11, 644 
(1956). 

4 J. R. Reitz, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 1; 
F. Herman, Revs. Modern Phys. 30, 102 (1958). 

2 J. C. Phillips, Phys. Rev. 112, 685 (1958). 

'8 J. Callaway, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 99. 

4 J. C, Slater, in Encyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 19, p. 1. 

16 F. Stern, Ph.D. thesis, Princeton, 1955 (unpublished). 
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the corresponding calculation for the free iron atom, 
and can lead to a cancellation of errors when the 
difference of these two quantities is taken to find the 
cohesive energy. The second advantage is that our 
approximation remains valid for large lattice constants. 
This is important, since the 3d shells on neighboring 
atoms in metallic iron overlap very little and are—in 
effect—far apart. Treatments involving an exchange 
hole can lead to difficulties at large lattice constants'®; 
these difficulties are avoided here. 

An innovation in our work is a new treatment of the 
tight-binding method. The small overlap of neighboring 
3d wave functions makes this method suitable for 
transition metals. In order to avoid the multicenter 
integrals usually required,’:"” we use the tight-binding 
Bloch wave function in a somewhat modified form. In 
the atomic cell centered at the origin, the tight-binding 
wave function is equal to the local atomic orbital plus 
contributions from all neighboring atoms!’ : 


®,(k,r)=Ya(r)+ > exp(ik-r,)~a(r—r,). (1) 


mn*0 


We depart from the conventional treatment by ex- 
panding the contribution of the neighboring atoms in a 
power series in r. We have done this for both the 3d 
and 4s bands in iron, keeping terms through second 
order in the 3d band, and through fourth order in the 
4s band. We show in Sec. 2.4 how the coefficients in 
these expansions give information about the energy 
and charge distribution of the wave function. 
Equation (1) applies to the cell at the origin, but in 
the cell centered at r, the wave function differs only 
by the phase factor exp(ik-r,.) from its value at the 


corresponding point in the central cell. The tight- 


binding wave function as actually used has been 
orthogonalized to the core wave functions. 

The approximation we use replaces the exchange and 
correlation holes by the Coulomb hole resulting from 
the condition that each lattice cell be neutral. Thus we 
need find only the kinetic and potential energy in 
calculating the band structure. These energy integrals 
can be evaluated in a single lattice cell using our 
modified tight-binding wave function, and do not 
require multicenter integrals. Note that, as in the 
standard tight-binding treatment, we do not solve the 
Schrédinger equation, but simply find the energy of a 
predetermined Bloch wave function based on atomic 
orbitals. 

We must exercise some caution in evaluating the 
kinetic energy in a single cell, since the Laplacian 
operator is no longer Hermitian when a finite boundary 
is present unless we restrict ourselves to exact Bloch 


16 F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), pp. 334-339. See also p. 111 
of reference 14. 

17 The tight-binding method originated with F. Bloch, Z. 
Physik 52, 555 (1928). See also N. F. Mott and H. Jones, The 
Theories of the Properties of Metals and Alloys (Oxford University 
Press, London, 1936), pp. 65-76. 
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wave functions. For a less restrictive class of wave 
functions we must use the kinetic energy operator: 


T= — (h?/2m)A+ (h?/2m)6(n)(0/dn), (2) 


where A is the Laplacian operator, and the delta func- 
tion indicates that the normal derivative 0/dn is 
evaluated on the surface of the cell. The second term, 
the boundary correction, plays a rather important role 
in energy calculations in solids. It has been used, 
directly or indirectly, by many authors, and will be 
discussed more fully in Sec. 4.1. 

The total energy of the solid is not simply the sum 
of one-electron energies, since this would count inter- 
actions between pairs of valence electrons too often. 
Upon subtracting the extra interactions both in the 
solid and in the free atom, we find the cohesive energy 
of the solid to be the small difference of two large 
numbers. This makes calculations of cohesive energy 
for many-electron atoms quite difficult. 

We have summarized the main steps and some of the 
principles of our calculation in the foregoing. The details 
will be presented in the following sections. First we 
describe the modified tight-binding wave function. In 
Sec. 3 the potential field is constructed. The following 
section presents the boundary correction to the Hamil- 
tonian, and finds the one-electron energies in metallic 
iron. The cohesive energy of the solid is found in Sec. 
5, which completes the main calculation. An alternative 
method of calculation, which replaces the neutrality 
condition in each cell by the exchange and correlation 
holes, is given in Sec. 6. 

Unless otherwise specified, the unit of distance is the 
Bohr radius, 0.529X 10~* cm, and the unit of energy is 
the Rydberg, i.e., the ionization energy of hydrogen 
with a nucleus of infinite mass. One ry equals 13.60 ev. 
In these units all electrostatic energies contain a factor 
2; for example the repulsive energy between two 
electrons separated by a distance R is 2/R. All wave 
functions and charge densities in our work are nor- 
malized to 4m in the atomic cell unless otherwise stated. 


2. THE MODIFIED TIGHT-BINDING 
WAVE FUNCTION 


2.1 Description of the Method'* 


For solids in which the overlap between wave func- 
tions on neighboring atoms is small, the tight-binding,'” 
or LCAO (linear combination of atomic orbitals) 
method’ is well suited for finding the properties of the 
crystal if the atomic wave functions are known. The 
unnormalized Bloch wave function constructed from 
the atomic orbital Y.(r) is 


®,(k,r)=> exp(ik-rn)Wa(t—Fn), (3) 
where k is the wave vector and the r, are lattice points. 
For each atomic state a there is a band in the solid with 


18 A brief account of this method has been presented previously ; 
see F, Stern, Bull. Am. Phys. Soc. 4, 276 (1959). 
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as many discrete values of k as there are lattice points. 
In general, these bands will overlap, and matrix ele- 
ments of the Hamiltonian between tight-binding wave 
functions belonging to different bands must be 
evaluated. 

One-electron energies in the tight-binding method 
are integrals of the form /*H¢@dr/ f*6dr, where 
H is the one-electron Hamiltonian. The integrals are 
to be evaluated throughout the crystal but have the 
same value in each lattice cell because the integrands 
have the periodicity of the lattice. In the conventional 
tight-binding method'’’ the expansion of Eq. (3) is 
substituted for ®, and gives rise to multicenter integrals. 
We modify the tight-binding method by evaluating ® 
directly in each lattice cell, and we use a Coulomb 
hole in the cell in place of the exchange and correlation 
holes. Under these conditions all contributions to the 
one-electron energy can be calculated in a single lattice 
cell. 

If we place the origin at the center of the cell in which 
we work, then the tight-binding wave function can be 
written: 


(k,n) =Ya(r) +,’ (k,n), (4) 
®,'(k,r) =>.’ exp(ik-1r,)~a(t—Fn), (5) 


where the primed summation over r, in Eq. (5) excludes 
the origin. Thus the computation of the tight-binding 
wave function requires only the evaluation of the 
overlap contribution from atoms outside the central 
cell. 

The wave function of Eq. (4) must be orthogonalized 
to the core states in the atomic sphere before it can be 
used to find one-electron energies. This is necessary if 
determinant wave functions are used,’ and is also 
required in our case to prevent mixing core wave 
functions and energies with those of the valence bands. 
We need only orthogonalize ®,’ to the core wave func- 
tions, since we use self-consistent atomic orbitals which 
have already been orthogonalized to each other.” The 
wave function we use in energy calculations is: 


V,(k,r)=Y.(r) +,’ (k,r), (6) 


where the overlap term YW,’ is orthogonalized to the 
normalized core states Wy: 


WV,’ (kr) =,’ (k,r)— doo pol 0) f 86 kbo(nidr, (7) 


We evaluate ,’(k,r) first, and orthogonalize it using 
Eq. (7). 

A complete expansion of #,'(k,r) contains an infinite 
series of functions of k and 7, each multiplied by a 
spherical harmonic of appropriate symmetry, and obeys 
the proper symmetry relations at the surface of the 
atomic polyhedron.” Our simplified expansion of the 


#1). R. Hartree, The Calculation of Atomic Structures (John 
Wiley and Sons, Inc., New York, 1957), p. 42. 

*” F. Stern, Phys. Rev. 104, 684 (1956). 

217. C. Slater, Phys. Rev. 45, 794 (1934). 
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TABLE I. Harmonic polynomials of order 0, 1, and 2 belonging to representations of the group of the wave vector k for symmetry 
points of the Brillouin zone in face-centered cubic reciprocal lattices. Functions in brackets are degenerate. The lattice constant of the 
body-centered space lattice is a, and other notation is from Bouckaert et al.* 


Sy mmetry point Representation 


Harmonic polynomial 





r: (0,00) r; 
Tie 
ow 


(0, 0, &) A 
A: k<2r a Ae 
ans 


As 
H:k=2n/a HH, Hye, Hos 


(k/N3, k/V3, k/v3) 
A: k<nv3/a 


P: k=xv3/a 


(k/v2, k/v2, 0) 
2: k<wv2/a 


re MMMM 


> + 


- 


N: k=nv2/a 


' 
- 


® See reference 22. 


overlap contribution to the wave function is a power 
series, in which terms are calculated only through 
second order in most cases. Thus some accuracy is 
sacrificed to gain considerable simplicity. 

The formal expression for the power series expansion 
of the overlap contribution to the wave function is, to 
second order: 


OX;)r—0 


©, (O)+D. x:(,' 


+3 ¥ x,x;(0%,'/0x;0x;),-0, (8) 


i,j 


where 2%, X2, X3 are used in place of x, y, 2, and the 
derivatives are to be evaluated at the origin of the 
central cell. The extension to higher powers is obvious. 
A simple example of one term in Eq. (8) is the coefficient 
of z in the expansion of ®)’: 


02) pm0= >, (—2n/rn) Raz’ ( 


n¥0 


Cio r,) exp(ik-r,), (9) 


where R,,’(r) is the derivative of the atomic 4s radial 
wave function. The 4s band is identified by setting the 
subscript @ in ®,’ equal to zero; higher values of a 
denote the 3d bands. The second-order coefficients, and 
the coefficients in the expansion of the 3d overlap 
contributions, are more complicated than (9), but 
equally straightforward." 


2.2 The 3d Wave Functions 


The particular linear combinations of the five 3d 
atomic orbitals used to calculate the tight-binding wave 
functions in the 3d band are found by considering the 
symmetry operations which leave the wave vector 





[ 23? — x 
Ly, 2, 2X 


y?, x2 —y?] 


totes x—y] [xz +38, 13-95] 


Same as T), Ij, 


25’ 


1, at+yt+z2, ryt y2+ex 
[«x—y, x+y—22], [xs—yz, xs+y2—2xy] 
L2e—2°—9%, 2*§— 9] 


1 
[22?—a2— 4, =“ 
Lx, y; z] [xy, YZ, 2X 
1, x+y, xy, 22?—2? 
xs— 9s 

Z, x2-+yz 

x—y, 2—y¥ 

Same as 2),2,3,4, but elihont linear terms 


_ y 


invariant.” In the three directions of high symmetry, 
(001), (111), and (110), it is possible to choose the 3d 
orbitals ¥. so as to eliminate most of the off-diagonal 
matrix elements of the Hamiltonian. 

In Table I we give the harmonic polynomials which 
belong to particular representations of the group of the 
wave vector in the three symmetry directions. We follow 
the notation of reference 22. The results in Table I 
provide a valuable check on the expansion given in 
Eq. (8). For example, we see that the wave function 
contains no first-order terms when the wave vector k 
corresponds to the center of the zone, I’, or to the 
endpoints of the (001) or (110) axes, H or N. Linear 
terms may, however, be present at the endpoint of the 
(111) directions for the representation P,. Thus the 
symmetry properties of the wave functions not only 
allow us to pick the right linear combinations of 
spherical harmonics from the start, but also allow 
consistency checks of the numerical work. 

The summations over lattice points in Eq. (8) were 
carried out only for nearest and next-nearest neighbors 
in finding the wave functions of the 3d band. The 
calculation is rather tedious; some of the details are 
given elsewhere.!® The general expression for the un- 
orthogonalized modified tight-binding 3d wave function 
in the solid has the form: 


®,(k,r)=R sa(r) )V etd da al k)r'V ij, (10) 


where a> 1, and the VY; are the spherical harmonics of 
appropriate symmetry defined in Table II. The total 
number of nonzero coefficients d,,); is rather small, 


2 Bouckaert, 
(1936). 


Smoluchowski, and Wigner, Phys. Rev. 50, 58 
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since we restrict the angular momentum / to values <2. 
The wave functions with the largest number of co- 
efficients are ®; and ®, with k in the (110) directions. 
In this case da.o0, da,o2, da,11, da,21, and da,22 may all be 
nonzero, except that dai;=0 at the points .V, where 
the (110) axes intersect the surface of the Brillouin zone. 
There are off-diagonal matrix elements connecting ; 
and 2, both of which belong to the representation 2, 
(and .V;). The only other representation in Table I to 
which two nondegenerate 3d wave functions belong is 
As. There are matrix elements linking the 3d and 4s 
bands in all three symmetry directions, except at the 
points [, H, and P. 

To complete the computation of the wave function, 
we must orthogonalize it to the core, and normalize it. 
The orthogonalization is accomplished very easily, 
since the core contains only wave functions of s and p 
symmetry. We define 


[Rootovear 1=0,2,4---, 


(11) 


y=r'—> Raplt) f Rapier, p=, 3.56", 


where the R,,(r) are the core radial wave functions 
normalized to 47. In terms of the 7, our orthogonalized 
modified tight-binding wave functions for 3d electrons 
are: 


W.(k,r) = R3a(r) Voot > a i(k)v1¥ 1; 
+35 daoj(k)r’V9;, (12) 


where the first sum includes only /=0, 1 and the 
coefficients are the same as those in Eq. (10). To 
illustrate these expressions we give the expansions for 
W3(\V,r) and W,(.V,r), the wave functions of highest 
and of lowest energy, respectively, in the 3d band at 
N, the endpoint of the [110] direction in the Brillouin 
zone.“ They are given for r,= 2.66, and are normalized 
to 4m in the atomic sphere. 
W3(N,r) = 1.187, R3a(r) — 0.024339? ]V 2, (13) 
Wi (Vr) =0.857{ LR3a(r) +-0.012739r? JV 1 
—().218229—0.0009602.—0.01862r7V 22}. (14) 
The s-like portion of ¥; contributes 18% of the charge 
density of this wave function. A number of qualitative 
conclusions can be drawn from the coefficients in Eqs. 
(13) and (14). This is done in Sec. 2.4. 

23 Use of a particular direction, like [110], instead of all equiva- 
lent (110) directions, does not imply lack of full cubic symmetry. 
It is required by the particular choices made in Tables I and II. 
Translation to other choices is easily made. For example, when k 
is in the [011] direction, the 3d function belonging to the repre 
sentation 2» has an angular dependence given by yx—zx instead 
of x2— yz. 
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TABLE IT. List of the spherical harmonics ¥;; of order 0, 1, 
and 2 used in this work. They are normalized to 4 on the unit 
sphere. 


Yoo=l PV ,= (15)txy 

PV o.= (5/4)4(222— 22 — y*) 
PV o3= (15/2)4(xz-+-yz) 

PV o4= (15/2)4(xz— ys) 
rVo5= (15/4)#(a?7— y) 

PV o6= (5)#(xy+ys+2x) 

PV o7= (5/2)*(xz+ ys—2xy) 


rV i= (3/2)4(x+y) 

rY 12> (3/2)4(x—y) 
rYi3>= (3) 4 

r¥ i= (x+y+32) 
rVis= (1/2)#(x+y— 22) 


2.3 The 4s Wave Function 


The procedures required to find the 4s wave function 
in the solid are somewhat different from those described 
above. The conditions for validity of the tight-binding 
method no longer hold for the large overlaps char- 
acteristic of the 4s band in the transition metals. The 
method, as modilied in our work, can nevertheless be 
used, and gives satisfactory results near the bottom of 
the 4s band. There are two reasons for this. First, by 
working with the wave function in a single cell of the 
lattice, we avoid the necessity of summing a slowly 
convergent series of multicenter integrals. Instead the 
overlap contribution to the wave function must be 
evaluated, including the contribution of distant neigh- 
bors. This calculation turns out to be practicable. The 
second reason why our modified tight-binding method 
can be used even for wave functions with large overlaps 
is that the wave function is orthogonalized to the core 
wave functions. This automatically introduces the 
correct behavior near the nucleus. The tight-binding 
method under these circumstances is quite similar to 
the orthogonalized plane wave method,™ as has been 
pointed out by Parmenter.*° The need to orthogonalize 
valence band wave functions to those of the core has 
also been stressed by Raimes.*° 

To learn how many terms are required in the ex- 
pansion of the modified tight-binding wave function 
for k#0, we have made our own empty lattice test. 
Free-electron wave functions are expanded in spherical 
harmonics, and the series is truncated in yarious ways. 
This work is presented in Appendix A. 

Our study of approximations to plane wave ex- 
pansions shows that good energy values can be obtained 
with a rather simple approximation, provided we re- 
strict our attention to the lower portion of the band. 
The form of the wave function we adopt corresponds 
to that given in Eq. (A5), namely: 


Wo(k,r) = R,,(r) +>, dy ij(k)vV j 


lj 


+>" do,»;' (k)r* 


4 C. Herring, Phys. Rev. 57, 1169 (1940). 

25R. H. Parmenter, Phys. Rev. 86, 552 (1952). 

26S. Raimes, Proc. Phys. Soc. (London) A67, 52 (1954); P.-O. 
Léwdin, J. Chem. Phys. 19, 1579 (1951); see also Appendix B of 
reference 15 and pp. 70-71 of reference 7. 





1404 


FRANK 


STERN 


TABLE III. Matching of truncated atomic contributions to the tight-binding wave function at the centers of the faces of the atomic 
polyhedron. The spherical harmonics Y2;, which represent the angular dependence of the five 3d orbitals, are evaluated at the midpoints 
of the lines which join the central atom to its 14 closest neighbors at the points r,. Values associated with next-nearest neighbors are 
bracketed. The phase factor exp(ik-r,,) is calculated for the point N in the Brillouin zone, where k= (x/a,7/a,0). Just inside the cell 
surface the contribution of the truncated atomic orbital to the tight-binding wave function is R3a(r)¥2;, while the contribution at the 
adjacent point in the next cell is Rya(r) V2; exp(ik-r,), where R3a(r) is the atomic radial wave function. Less weight is given to the 
entries in square brackets, because they correspond to smaller values of R3a. See the text and Wigner and Seitz* for further discussion. 


(15)4xy 
In exp (ik -Tn) r2 2r? 


+ (4a,}a,}a) - (5/3) 0 
+ (4a, 4a, — 4a) (5/3)4 0 
+ (4a, —4a, $a) 5/: 0 
+ ( —4a, 4a, $a) 5/; 0 
+ (0,0,a) 
+ (0,a,0) 
= (a,0,0) 


2 | ¥2;|exp(ik-r,,) 0 
z 9; exp(ik-r,,) 


Representation® N N, 


* See reference 27 
» See Table II. 
* See Table I 


Here / takes on the values 0, 1, 2, 3, 4, with L=O for 
/=0, 2, 4 and L=1 for /=1, 3. Use of the v, defined in 
(11) assures orthogonality to the core wave functions. 

Because of the large overlap between neighboring 
wave functions, the sums over neighbors required to 
find the do; were carried out through sixth nearest 
neighbors, and a qualitative correction was made for 
the contribution from neighbors still further out. This 
contribution, which may be of some interest in other 
problems, is developed in Appendix B. 


2.4 Interpretation of the Tight-Binding 
Wave Function 


By working with a truncated expansion of the overlap 
contribution to the tight-binding wave function ®,(k,r), 
we achieve a simple form which lends itself to visuali- 
zation and interpretation. This is particularly true when 
k is in a direction of high symmetry, because most 
coefficients in the expansion of VW then vanish. Thus we 
can obtain information about the energy and the charge 
density of the state by looking at a small number of 
coefficients. 

The two coefficients which give most information 
about the 3d wave function in the solid are da,o0, the 
coefficient of v9, and da.2a, the coefficient of r?¥ 24, where 
V2q is the same spherical harmonic as in the local 3d 
wave function. If daoo is large in magnitude, the state 
has a large s-like component. If da,.q is positive, the 
overlap portion of the wave function will add to the 
local wave function, giving a larger amplitude at the 
surface of the cell and reduced curvature in the wave 
function. On the other hand a negative value of dao. 
means that the overlap contribution subtracts from 
the local wave function, increasing the curvature and 


54 (22? — x? — y*) 


(5*] 
[—(5/4)4] 0 0 
[—(5/4)9] 0 0 


[(80)#] 


Y2j(4rn)! 


(15)# (xz — yz) (15)*(x? —y2) 
wy 2472 2r? 
(10/3)4 0 0 
— (10/3) 0 0 
0 (10/3)4 0 
0 — (10/3)4 0 
0 0 0 
[- as/pe 
( (15/4) 


~ (160/3)} (160/3)4 [ — (60)+] 
0 0 0 
N; N; N, 


( 15)4 (xz +-2) 


decreasing the value of the wave function at the surface 
of the cell. 

Our interpretation is based on the tendency of the 
states with smooth wave functions to have low energies. 
Thus states with considerable s-like behavior tend to 
lie near the bottom of the 3d-4s bands. Of the states 
with no zero angular momentum terms in the wave 
function, those with large amplitude at the surface of 
the atomic cell tend to lie near the bottom of the 3d 
band. 

This interpretation is illustrated by Eqs. (13) and 
(14). Equation (13), representing the wave function 
of a state at the top of the 3d band, has no component 
with angular momentum lower than two. Also, the 
amplitude of the wave function goes to zero near the 
surface of the atomic cell, implying a large curvature 
in the interior. In contrast, Eq. (14) has components 
of angular momentum 0 and 1, and also has a relatively 
large amplitude (but small derivative) at the surface 
of the cell. It represents a state near the bottom of the 
3d band. 

For the 4s band the chief source of information is the 
coefficient do,00. For states near the bottom of the band, 
all other coefficients are small and the wave function 
is almost equal to v. As & increases, the overlap con- 
tribution to the wave function begins to cancel the 
local 4s wave function, and higher spherical harmonics 
play an increasingly important role. Under these cir- 
cumstances a relatively large number of terms in the 
expansion of the wave function is required. Our ap- 


proximations are then no longer adequate, and the 
qualitative features of the wave function cannot be 


easily characterized. 
It is of some interest to compare our interpretation 
based on the overlap contribution to the wave function 
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with the model advanced by Wigner and Seitz’? for 
predicting the relative positions of energy levels in 
solids. We apply their model to the states in the 3d 
band whose wave vector is at the endpoint V of the 
[110] direction in the Brillouin zone. Details are given 
in Table III. One requirement for a state of low energy 
is that the contributions of truncated atomic wave 
functions to the tight-binding wave function join 
smoothly across the cell boundary.2” A quantitative 
measure of the matching at the centers of the faces of 
the polyhedron is the value of >>| Yo;| exp(7k-r,), given 
in Table IIT. The larger the algebraic value of this sum, 
the better the matching of wave functions at the cell 
boundary, and the lower the predicted energy of the 
corresponding wave function. 

We find that an even more important characteristic 
of the states of low energy is that they have a component 
with angular momentum zero. A measure of the s-like 
component in the tight-binding wave function is 
> V2; exp(ik-r,); if the absolute value of this sum is 
large, the energy of the corresponding state will be low. 

If we use these two criteria, and give greater weight 
to those sums in Table III which arise from nearest 
neighbors, we see that the energies at the point .V in 
the Brillouin zone should increase as the 3d orbitals go 
through the sequence xy, xz—yz, 22?—2°—y’, a’—y’, 
xz+yz. This order agrees with the calculated results 
of Sec. 4.2, and is consistent with our interpretation of 
the overlap contribution to the tight-binding wave 
function. Similar arguments at other symmetry points 
of the Brillouin zone also give good agreement with the 
calculated order of the energy levels. 

We have seen that the states of low energy tend to 
have smooth wave functions, both angularly and 
radially. The radial dependence is illustrated by Fig. 1, 
which shows the spherically symmetric part of the 
charge density of the states at the top and bottom of 
the 3d band at the point .V in the Brillouin zone, as 
given in Eqs. (13) and (14). We see that the state of 
low energy has a small derivative near r=r,, while the 
state of high energy has a node near there. For com- 
parison the spherically symmetric part of the overlap 
charge density of 3d electrons on the lattice points is 
also shown; it lies between the other two curves. 

The charge density found by superposing atomic 3d 
electrons corresponds approximately to an average 
charge density for the entire 3d band. If the band is not 
full, the correlation between smoothness and energy, 
which we have described above, implies that the charge 
density will be less sharply peaked than for a full band. 
Thus x-ray scattering factors for a partially filled 3d 
band will be smaller than one might otherwise expect. 
This may be relevant to the interpretation of recent 

27 EF. P. Wigner and F. Seitz, in Solid-State Physics, edited by 


F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. I, p. 97. 
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Fic. 1. The spherically symmetric part of the charge density 
p(r) for 3d electrons in iron is shown for an atomic sphere radius 
r;=2.66 Bohr radii. The dashed and solid curves refer, respec 
tively, to the states at the top and at the bottom of the 3d band 
when the wave vector is at the endpoint of a (110) direction in 
the Brillouin zone. [See Eqs. (13) and (14). ] The dot-dash curve 
gives the spherically symmetric part of the charge density due to 
overlapping atomic charges, calculated from the adjusted co- 
efficients in Table IV. All charge densities are noymalized to 4x 
over the atomic sphere. Note that the vertical scale has been 
expanded by a factor of 10 for r>1.5. 


measurements of x-ray scattering factors in iron,?% 
which find a smaller scattering factor than had been 
expected, although the effect mentioned here is probably 
too small to account for the observations. 


3. CONSTRUCTING THE POTENTIAL 
FOR THE SOLID 


3.1 Introduction 


The atomic polyhedron of the body-centered cubic 
iron lattice is a truncated octahedron bounded by the 
planes joining an iron atom to its eight nearest and six 
next-nearest neighbors. The volume of the polyhedron 
is 3a’, corresponding to a sphere of radius r,= (3/87)'a 
= ().984745(a/2), where a is the lattice constant. At 
absolute zero, a= 2.860 10~-* cm,” and r,= 2.66 Bohr 
radii. 

In much of the work which follows we shall replace 
the atomic polyhedron by a sphere of radius r,. This is 
not a bad approximation, since the inscribed sphere 
and circumscribed sphere of the atomic polyhedron 
have radii 0.887, and 1.14r,, respectively. Another 
measure of the small deviation of the polyhedron from 
spherical shape is the fact that only about 8% of its 
volume lies outside the sphere of radius r,. We therefore 
have good reason to expect that for most purposes 
replacing the polyhedron by the sphere will be a valid 
approximation. 

We find a first approximation to the charge density 
in the solid by superposing the charge densities of free 

28 R. J. Weiss and J. J. DeMarco, Revs. Modern Phys. 30, 59 
(1958); Phys. Rev. Letters 2, 148 (1959). See also B. W. Batter- 
man, Phys. Rev. Letters 2, 47 (1959); Hume-Rothery, Brown, 
Forsyth, and Taylor, Phil. Mag. 3, 1466 (1958); R. D. Deslattes, 
Phys. Rev. 110, 1471 (1958); B. W. Batterman, Phys. Rev. 115, 
81 (1959). 

2% W.B. Pearson, A Handbook of Lattice Spacings and Structures 
of Metals and Alloys (Pergamon Press, Inc., New York, 1958), 
pp. 625-627. 
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atoms located at the lattice points. In doing this, care 
must be taken to make the charge density self -con- 
sistent, i.e., to make it correspond as closely as possible 
to the charge density of the states actually occupied in 
the solid. 

Simple superposition of the charge densities of free 
iron atoms in their lowest configuration will not lead 
to a self-consistent potential. This was shown in a trial 
calculation preliminary to the present one,'® and also 
in Callaway’s work.” Both of these calculations were 
based on the charge density calculated for the 3d®4s? 
configuration of atomic iron by Manning and Goldberg"! 
using the self-consistent field method without exchange. 
In both cases the 3d band was found to be completely 
below the 4s band in energy, which would imply that 
the configuration in the solid was 3d°, inconsistent with 
the starting configuration 3d®4s*. Both calculations also 
found the 3d band to be about 0.1 ry wide, which is 
narrower than the widths suggested by x-ray emission 
measurements.” 

These considerations led to field 
calculations for the 3d74s and 3d* configurations of 
atomic iron'®.”” which showed that there are substantial 
changes in the charge distribution and in the energy 
of 3d electrons as the configuration changes. As elec- 
trons are transferred from the 4s to the 3d band the 
screening of the nuclear charge increases. This weakens 
the Coulomb attraction of the nucleus, and results in 


self-consistent 


an increase in the energy of the 3d states and in a more 
diffuse 3d charge distribution. The 4s electrons are less 
strongly affected. 

Availability of self-consistent field calculations for 
three configurations of atomic iron makes possible 
construction of a more reasonable charge density and 
potential for the solid. In the present calculation the 
charge density at each lattice point is considered to be 
contributed by m4, 4s electrons and m3, 3d electrons, 
the total 
electrons in iron. We leave 4, as a parameter in the 


where 4,+"3¢=8 is number of valence 


calculation, and choose its value so as to maximize the 
cohesive energy of the solid. We fall short of a com- 
pletely consistent procedure, however, in that we use 
the atomic 3d and 4s wave functions calculated for the 
3d’4s configuration. That choice is made in the interest 
of simplicity, but turns out to agree with the configu- 
ration our calculation predicts for the solid. 


” J. Callaway, Phys. Rev. 99, 500 (1955). 

41M. F. Manning and L. Goldberg, Phys. Rev. 53, 662 (1938). 
® FE. M. Gyorgy and G. G. Harvey, Phys. Rev. 93, 365 (1954), 
estimate that the 3d band of iron is 2.2 ev (0.16 ry) wide. Their 
interpretation is questioned by Skinner, Bullen, and Johnston, 
Phil. Mag. 45, 1070 (1954), who find the band width in iron to be 
about 5 or 6 ev. Dr. Ronald Newburgh (private communication) 
points out that earlier measurements were generally made on 
films evaporated under relatively poor vacuum conditions. 
Experiments done by him and G. G. Harvey on carefully cleaned 
solid specimens of copper and nickel give emission bands about 
twice as wide as those found by earlier workers, with two clearly 
resolved peaks in each band. The author is grateful to Dr. New- 
burgh for making this information available prior to publication. 


STERN 


Because of the different approximations required, we 
discuss the 3d and 4s contributions to the total charge 
density in the solid separately. 


3.2 3d Electrons 


In an atomic sphere we divide the charge density 
per 3d electron into the part contributed by the electron 
in the sphere and the additional charge density, or 
overlap charge, of 3d electrons at the remaining lattice 
points r,. The overlap charge density, p’, is given by: 


psa (¥)=>. nL Rsa(r—r,,) }, (16) 


where r is a point in the central cell, Rsa is the radial 
wave function (normalized to give /R’rdr=1) of a 
3d electron in the 3d74s configuration,” and the primed 
sum over r, excludes the origin. 

We have evaluated Eq. (16), for a body-centered 
cubic lattice, at the origin of the central cell and at 5 
points in each of the three symmetry directions (001), 
(111), and (110). The contribution of the closest 26 
neighboring atoms was found exactly, and the effect of 
more distant neighbors was estimated. These calcu- 
lations were made using r,= 2.30, 2.66, and 3.10. 

The charge density contributed by neighboring 
atoms can be expanded in cubic harmonics: 


: psa’ (¥) = po(r) +pa(r)G+pe(r)/, (17) 
where G and J are cubic harmonics® of order 4 and 6: 


(18) 
(19) 


G=5(a4+- y+ 24) 4-3, 
I = 231[x2y°s*r-®+ (G/110) — (1/105) J. 


Their normalizations on the unit sphere are: /(G?dQ 
= 647/21, and f/?dQ= 1287/13. 

From the values of p’ found in the three symmetry 
directions, we find the coefficients of the spherical 
harmonics in (17) using: 


po (10po01+ 9p111 + 1 6p 110) 30 


ps= (35po001— 27 p111— 8p 10) 110, (20) 


ps= (3po01+%p111— 12p110)/77, 


where, for example, pio is the value of p’(r) at a point 
in a (110) direction, and all expressions refer to the same 
radial distance r from the origin of the cell. The ani- 
sotropy of the charge density is greatest near the 
surface of the atomic sphere. For example poo1=0.022, 
pin=0.058, and pi;9=0.023, all at the surface of the 
atomic sphere for r,=2.66. To these overlap charge 
densities must be added the local charge density, 
[ Rsa(2.66) P=0.015. These values can be compared 
with the charge density of a uniform charge distribution, 
which has the value 0.159 for r,= 2.66. 

We have expanded the coefficients of the cubic 


% F.C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 
(1947). 
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TABLE IV. Coefficients of the power series expansion of the 
charge density produced in an atomic sphere of body-centered 
cubic iron by overlap of spherically symmetric 3d electron charge 
distributions on all other lattice points. Charge is given in units 
of the electron charge and distance in units of the Bohr radius. 
Z(r) is the charge within a sphere of radius 7; see Eqs. (17)-(21) 
for the definition of the c,,,. The second set of zero-order coeffi- 
cients has been adjusted to give unit charge in the sphere of 
radius rs. 


3.10 


Co, 0 1.46> 2 5.14103 1.5210 3 


3 
ns F | ‘5! 4.34 10-4 
C0,4 aus : 4.28 10-5 
60,6 A é oe é 3.2 10-6 
5 2X 10-8 

0.070 
—2.0K10-5 
—0).8X 1076 
—2.6X10 

1.1X10°° 

1.3107? 


Co, 10 

Zoverlap("s) 

C4,4 —2.9X 10 
C46 —1.210 ° 
C4,8 —7.2X10 
C66 2.310 
C6.8 4.3 10 4 
adjusted 

C0,0 1.46X 10-2 
C0, 2 4.58X 10% 
C0, 4 5.05 X 10°4 
C0, 6 0 
Zovertap (Ts) 0.143 


—8.1X10-§ 

—5.9X 10-6 
-1,1X10-° 
5.4X 10 
8.5X 1077 


1.52 10™ 
4.34X 10™ 
4.28 10~5 
4.41077 
0.058 


4.4X1077 
0.095 


harmonics in Eq. (17) in powers of r: 


Pn=) pCa, f?, p=n,nt2, ---. 
These coefficients are listed in Table IV for each of the 
three values of r,. 

The total charge in the atomic sphere surrounding a 
lattice point can be found from the values of Table IV 
by integrating the spherically symmetric part 6f the 
charge density. The fraction of the charge of a 3d 
electron from the 3d74s configuration within a sphere of 
radius 2.66 is 0.905.”° If we use values for r,= 2.66 from 
Table IV, we find an overlap contribution of 0.109. 
Thus the charge in the unit sphere around a lattice 
point is found to be 1.014, even though the charge 
density was constructed by putting one 3d electron at 
each lattice point. This discrepancy arises because both 
the charge density and the atomic polyhedron lack 
spherical symmetry. The atomic sphere lies outside 
the polyhedron on the line joining nearest neighbors, 
where the charge density is large, and lies inside the 
polyhedron in regions of lower charge density. Thus 
the uncorrected values from Table IV lead to electronic 
charge in the unit sphere in excess of the charge on the 
positive ion located there. 

We have corrected for the apparent deviation from 
charge neutrality in the atomic sphere by using a 
spherically symmetric 3d charge density which is 
adjusted to give unit charge in the sphere. Strictly 
speaking, any change in the originally calculated charge 
density should be confined to the region outside the 
inscribed sphere of the atomic polyhedron. We have 
instead reduced the coefficient of the highest power of 
r in the expansion of po. This also confines the correction 
principally to the outer portion of the sphere. The 


(21) 
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adjusted coefficients, and the corresponding values of 
the overlap charge inside the atomic sphere, are given 
in the last five lines of Table IV. 

The potential energy of an electron interacting with 
the adjusted spherically symmetric charge distribution 
in the atomic sphere is 2V3,(r)/r, where 


2V sa(r) = 2 V 3a, atom (7) 


+Ar—2 Dd o(pt2)—"(p+3)"co, pr?t8, (22) 


and 


A=[2 >> ,(p+2)-"co, pr.?*?] 


—?s [2 V 3a, atom (1s \= 22 sa, atom (rs ) }. (23) 


Z(r) is the charge within a sphere of radius r, and 
2Y (r)/r is the potential at point 7, in both cases for a 
single electron per atom.™ 

This completes the determination of the charge 
density and potential produced in the solid by one 3d 
electron per atom. The total potential is constructed in 
Sec. 3.4. 

Equation (16), with which the foregoing consider- 
ations began, assumes that each 3d electron has a 
spherically symmetric charge distribution about its 
own nucleus. This leads to correct results if the 3d 
band is completely filled; otherwise, the angular 
dependence of the individual 3d space orbitals will not 
be completely canceled. This effect, like other de- 
partures from spherical symmetry, is neglected here. 
The 3d potential we have constructed is not completely 
self-consistent, i.e., it does not correspond exactly to 
the potential of the states actually occupied in the 
solid. We correct for the departure from self-consistency 
in Sec. 5 where we calculate the cohesive energy. 


3.3 4s Electrons 


The procedure required to find the charge density 
and potential per 4s electron in the solid is considerably 
different from the one we have described for 3d elec- 
trons. Only 0.245 of the charge of a 4s electron in the 
3d74s configuration of atomic iron is contained in a 
sphere of radius 2.66, while 0.905 of the charge of a 3d 
electron is inside this sphere. Thus the charge density 
in the solid would be almost constant if individual 4s 
electron charge densities were superposed. We use the 
4s wave functions of the solid and include the effects of 
orthogonalization to the core before finding the po- 
tential, since this orthogonalization is much more 
important for 4s electrons than for 3d electrons. 

We have calculated the spherically symmetric part 
of the charge density for several states in the 4s band, 
using the wave functions described in Sec. 2.3. These 
charge distributions do not depend strongly on the 
energy of the state, and we make only a small error in 
neglecting the dependence of the shape of the charge 

4 The atomic values of Z and 2¥ are those for the 3d74s con 


figuration. See reference 20 for further details, particularly foot 
note 11 therein. 
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distribution on the number of 4s electrons per atom. 
We use the charge density for 0.6 4s electrons per atom, 
normalized to give unit charge in the atomic sphere, as 
the charge density per 4s electron. The potential per 
4s electron, 2¥4,(r)/r, is easily found from this charge 
density. Here, as for 3d electrons, the calculation was 
carried out for r,= 2.30, 2.66, and 3.10. 


3.4 The Total Potential in the Atomic Sphere 


The potential field felt by a valence electron of iron 
in our approximation, the potential of the ion core 
plus the potential of the remaining 7 valence electrons. 
We assume that on the average there are m4, 4s electrons 
and msa=(8—4,) 3d electrons in the atomic sphere. 
There remains some arbitrariness about the configu- 
ration in any particular atomic cell.** We assume that 
a fraction my, of the atomic cells is in the 3d’4s con- 
figuration, and a fraction 1—m,, is in the 3d* configu- 
ration. This has the advantage that the calculation can 
be readily carried out in parallel for the solid and for 
the same mixture of configurations in the free atom. It 
limits the range of validity to values of 14, between 
0 and 1. 

With the foregoing approximation the potential field 
V4s(r) in which a 4s electron moves is independent of 
ng,. The potential Vza(r) seen by a 3d electron is an 
average over the two configurations. We find: 


Is, 


V ge(7) =77' (—524+2¥ covet 14V 32), (24) 
V sa(r) —_ ‘iin | —524+2V corotM3a . 
[(112— 2804.) Vse+1404.V 4, |}. (25) 


Here 2V34 and 2¥4, are the functions of r found in 
Secs. 3.2 and 3.3, and 2Yeore is the corresponding 
function for the 18 core electrons as used in the self- 
consistent field for the 3d’4s configuration of atomic 
iron.” The potentials in Eqs. (24) and (25) were 
calculated for r,=2.30, 2.66, and 3.10. In all cases 
V(r,)=—2/r,, and rV(r) — —52 as r—0. We have 
made some very small adjustments in the potentials 
of the 3s and 39 electrons of the core, since not quite all 
of their charge is contained within a sphere of radius 
2.30 Bohr radii. This has a negligible effect on the 
cohesive energy, but may have a slight effect on the 
compressibility. 

Use of m4, as a parameter, whose value is to be chosen 
to maximize the cohesive energy, has only qualitative 
validity, since the full symmetry of the rotation group 
is lost in the solid and quantum numbers appropriate 
for free atoms can no longer be used. Thus the 3d and 
4s bands are mixed in the solid. It is nevertheless useful 
to assume that the charge density in the unit cell is 
contributed by a certain number of 3d and 4s electrons 
per atom. 


86 J. H. Van Vleck, Revs. Modern Phys, 25, 220 (1953 


STERN 
4. ONE-ELECTRON ENERGIES 
4.1 The Boundary Correction 


When the one-electron energy is evaluated in a single 
cell of the lattice, as in our work, some care must be 
taken with the kinetic energy operator JT. Normally 
T = — (h?/2m)A= — (h?/2m) 

x [ (82/022) + (02/dy2) + (02/022). 
Application of Green’s theorem in a volume having a 
finite boundary S gives: 


[tras-anreer= [Lr-ve- (ote) a8, (26) 


which will not vanish in general. Thus the Laplacian, 
and with it the kinetic energy, will not be Hermitian 
when applied to an arbitrary function in a finite volume. 
From (26) it is clear that the modified kinetic energy 
operator: 


T = — (h?/2m) A+ (h?/2m)6(n)(0/dn) (27) 


is Hermitian. The derivative in the second term of (27) 
is along the outward normal, and the delta function 
indicates that it is to be evaluated on the surface S. 
This additional term in the kinetic energy is called the 
boundary correction,?’""®> and has been used for many 
years. It appeared in early work on sodium,** and has 
been applied in several forms of the cellular method.*” 
Kohn’s** variational principle for solids includes the 
boundary correction and also incorporates the Bloch 
periodicity requirements. 

An interesting qualitative result deduced from the 
surface correction is that the lowest energy of an s-band 
in a solid will first decrease as the lattice constant si 
reduced from infinity, but will then rise again before 
the atomic wave function reaches its outermost maxi- 
mum, where the boundary correction vanishes. An 
exception is a band based on 1s wave functions, as in 
metallic hydrogen® or the analogous system of a regular 
array of impurities in a semiconductor.” In these cases 
the derivative of the wave function does not change 
sign, and the energy of the bottom of the band continues 
to decrease as the lattice constant is decreased. 


4.2 One-Electron Energy Results 
The energies of states in the 3d and 4s bands are given 
by: 
Eq(k)= (W.| H| Va)/ (Val Va), (28) 


36 FE. Wigner and F. Seitz, Phys. Rev. 46, 509 (1934), Appendix 
I. See also p. 363 of reference 16. 

37P). J. Howarth and H. Jones, Proc. Phys. Soc. (London) 
A65, 355 (1952); M. M. Saffren and J. C. Slater, Phys. Rev. 92, 
1126 (1953); D. P. Jenkins and L. Pincherle, Phil. Mag. 45, 93 
(1954). 

38 W. Kohn, Phys. Rev. 87, 472 (1952). 

% E. Wigner and H. B. Huntington, J. Chem. Phys. 3, 764 
(1935); Kronig, De Boer, and Korringa, Physica 12, 245 (1946) ; 
N. H. March, Physica 22, 311 (1956). 

4 F Stern and R. M. Talley, Phys. Rev. 100, 1638 (1955). 
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the configuration 3d’4s, for r,= 2.66. The 3d bands are stiown in the 
endence of the wave function is indicated for each band. Brackets 


indicate degenerate states. The dashed portions of the 4s band are of doubtful accuracy. The symmetry character of the states at the 


center and on the surface of the Brillouin zone is indicated, in the 1 


notation of reference 22. Note that the off-diagonal matrix elements 


of the Hamiltonian connecting states of the same symmetry have not been removed. Energies were calculated for the following wave 


vectors: 0, 0.3, 0.5, 0.6, 0.707, 0.866, and 1.0, in units of 27/a, whe 


re ais the lattice constant. If these values were corrected for the de- 


parture of the potential from self-consistency, the 3d bands would be lowered by about 0.15 ry, but the 4s band would be changed very 


little. 


where the modified tight-binding wave function V, has 
the form given in Eq. (12) or (15). The Hamiltonian 
H contains the kinetic energy operator of Eq. (27) and 
the potential energy of Eq. (24) or (25). Many terms 
enter in the evaluation of (28), but the work is straight- 
forward and details are not given here. 

Twelve complete band structures were found for 
body-centered cubic iron, taking r,=2.30, 2.66, and 
3.10, and 14,=0.3, 0.6, 0.9, and 1.0. In each case the 
energy was found for 16 nonequivalent points of high 
symmetry in the Brillouin zone. In Fig. 2 we show the 
band structure for r,= 2.66 and n;,= 1.0, the parameters 
closest to those of the equilibrium configuration of the 
solid. Off-diagonal elements of the Hamiltonian have 
not been removed, and the crossings of the 3d and 4s 
bands indicated in Fig. 2 are spurious. We have shown 
by dashed lines a portion of the 4s band near the 
surface of the Brillouin zone, where our approximations 
are no longer valid and the energy values are uncertain. 

The qualitative features of the band structure are 
comparable with those found by Callaway® using the 
orthogonalized plane wave method, by Wood" using 


the augmented plane wave method, and by Manning* 
using the cellular method. No detailed comparison of 
the four calculations is possible, since different po- 
tentials were used. Our work, like that of Wood and of 
Manning, shows that the top of the 3d band belongs to 
the representation V3, whereas Callaway indicates 4. 
We give the following comparison of results for the 


‘1 J. H. Wood, Solid-State and Molecular Theory Group, 
Massachusetts Institute of Technology, Quarterly Progress 
Reports No. 31, January 15, 1959, and No. 28, April 15, 1958 
(unpublished). 

2M. F. Manning, Phys. Rev. 63, 190 (1943). 


over-all width of the 3d band: 


Wood" 0.46 ry, 0.88 ry, 


Present work 0.68 ry. 


Callaway” 0.12 ry, 
id i 29) 


Manning® 0.62 ry, 


The two band widths found by Wood are for different 
potentials, the first corresponding to the one used by 
Manning, and the second corresponding to the rather 
diffuse charge density suggested by x-ray scattering 
results.?* Callaway used a potential based on the 3d*4s? 
configuration of the free atom, with an effective 
exchange potential. 

Another interesting quantity is the width of the 
occupied portion of the 3d band. To find the position 
of the Fermi level for r,= 2.66, we have plotted in Fig. 
3 the apparent Fermi level in the 3d and 4s bands for 
various configurations. To do this we assign weights to 
each of the sixteen points in the Brillouin zone for 
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Fic. 3. Apparent position of the Fermi level in the 3d and 4s 
bands for several configurations. The stable configuration has the 
Fermi level at the same energy in both bands, and corresponds to 
1.0 4s electrons and 7.0 3d electrons per atom. The energy values 
used here have not been corrected for the departure of the po 
tential from self-consistency. 
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which energy values were found, such that the sum of 
these weights corresponds to two electrons per atom. 
The sum of the weights of all states whose energy is less 
than or equal to the apparent Fermi level gives the 
band occupation. The stable configuration of the crystal 
for a given lattice constant is the one for which the 
apparent Fermi levels in the 3d and 4s bands are equal. 
When r,=2.66 we find the stable configuration to be 
3d’4s', and the energy of the Fermi level to be 0.11 
ry. A similar procedure for r,= 2.30 and 3.10 gives the 
same configuration. The width of the occupied portion 
of the band is 0.33 ry for r,= 2.66. X-ray emission spectra 
of iron® do not give a reliable band width for com- 
parison with the calculated result. 

We have not corrected the individual one-electron 
energies for the difference between the potential which 
corresponds to the states occupied in the solid and the 
potential which was used in the Hamiltonian [ Eq. (24) 
or (25) ]. The actual charge density turns out to be 
somewhat more diffuse than the one which was used in 
Sec. 3, and as a result the corrected one-electron energies 
in the 3d band will be about 0.15 ry lower than the 
values shown in Fig. 2. The 4s band is not greatly 


affected. This correction for the departure of the. 


potential from self-consistency is made in Sec. 5 where 
we find the total energy of the solid. If it were made in 
the determination of the Fermi level, the calculated 
equilibrium configuration of the solid would be about 
3d7 1459, 

The density of states has been calculated from the 
one-electron energies of Fig. 2. At the Fermi level we 
find about 25 3d electrons per atom per Rydberg, and 
about 3 4s electrons per atom-ry. The density of states 
deduced from the experimental electronic specific heat 
of body-centered cubic iron* is 29 electrons per atom-ry. 
We cannot compare the experimental result with our 
calculation because the experiment is carried out on 
ferromagnetic iron, while the calculation assumes a 
singlet spin state. Our density of states is not very 
accurate, partly because of the small number of points 
in our band structure, and partly because of the ap- 
proximations used to calculate the density of states. 
It does, however, have the two-humped shape generally 
assumed for transition elements.“* We find one peak 
near the bottom of the 3d band, with a second peak 
just above the Fermi level. Our calculation also gives 
a region at the top of the 3d band with a very small 
density of states, containing about one of the 10 3d 
electrons per atom. This region might well be modified 
by interaction with higher bands. 

We find the effective mass at the bottom of the 4s 
band to be 0.85m for r,= 2.66. 

* G. Duyckaerts, Physica 6, 401 (1939); W. H. Keesom and 
B. Kurrelmeyer, Physica 6, 364, 633 (1939). 


4 J. E. Goldman, Revs. Modern Phys. 25, 108 (1953), Sec. I; 
Wei, Cheng, and Beck, Phys. Rev. Letters 2, 95 (1959). 
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5. COHESIVE ENERGY OF THE SOLID 


Having found the one-electron energies in the valence 
bands of metallic iron, we are now in a position to find 
the total energy of the solid and compare it with the 
energy of the ground state of the free atom to obtain 
the cohesive energy. We consider the 18 electrons of the 
core in iron to be unchanged during the transition from 
atom to metal, and need not take the internal energy 
of the core into account. 

The total energy of the solid is not given simply by 
the sum of one-electron energies, since that sum counts 
interactions between valence electrons too often. The 
total energy per atomic cell for the configuration having 
ny, 4s electrons and (8—74,) 3d electrons is calculated 
on the assumption that a fraction m4, of the cells is in 
the 3d°4s configuration, and that the remaining fraction, 
1—14,, is in the 3d* configuration. We neglect all Slater 
integrals other than /’,*° and find for the total energy 
per cell in the solid: 


E(solid,total) =>- E.(k)—28F aa— 74s(P sa— Faa). (30) 


Here the one-electron energies E,(k) are to be summed 
over all occupied states in the valence band, each 
weighted in such a way that the sum of the weights 
equals the number of valence electrons per atom, which 
is 8 for iron. Subscript d stands for 3d, and s stands for 
4s. The F,, are average Coulomb interaction energies 
between electrons a and 6 in the solid, i.e.: 


(31) 


Pam Fie= [ 2V 4(r)ps(r)rdr, 


0 


where p,(r) is the spherically symmetric part of the 
charge density per electron averaged over all occupied 
states in the b-band and normalized to 4m in the sphere 
of radius r,, and 2¥,(r)/r is the potential associated 
with the charge density pa(r). Thus Fy is a function of 
r,, and may also depend on the configuration in the 
solid. 

A first approximation to F,q and Faq can be calculated 
from the charge densities and potentials described in 
Secs. 3.2 and 3.3. These values are called Fua,o and 
F,a,0, and are given in Table V, which lists all the 
quantities used in finding the total energy. As one might 
suspect from the discussion of Sec. 3.4, and from Fig. 1, 
F aq is rather sensitive to the occupation of the 3d band. 
It tends to increase as the band occupation rises, 
because the states at the top of the 3d band have a more 
sharply peaked charge distribution than do those at 
the bottom. For this reason we determined the value 
of Fa for each configuration for which the total energy 
was evaluated. These results are also given in Table V. 
The dependence of F',4 on band occupation is not as 
great as for Faa, and F,4 enters in the total energy with 

4° The Slater integrals are defined by E. U. Condon and G. H. 
Shortley, The Theory of Atomic Spectra (Cambridge University 
Press, London, 1935), Sec. 8®, or in reference 20. By “higher 
Slater integrals” we mean all Slater integrals other than /”. 
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TABLE V. Quantities used to find the total energy of the solid and of the free iron atom. F 4, is the average energy of interaction 
between an electron of type a and one of type 6 defined in Eq. (31); subscript d stands for a 3d electron, s for a 4s electron. YE, and 
E(total) are defined in Eq. (30). The number of 4s electrons per atom is m,,. All values have been rounded to three decimals and are in 
Rydbergs, except that 7, is given in units of the Bohr radius. Fsz,9 and Faa,o are calculated from the charge densities and potentials of 


Sec. 3, while the remaining 
configuration. 


Noe =0.3 


ve Fido Faa.o Faa 2ZEa Faa 


2.30 = 092 

2.66 0.956 

3.10 0.839 
2 0.6094 


E(tot) 2ZEa 


—37.138 1.455 
—37.249 1.396 
— 37.058 1.365 
— 36.633 


1.861 
—0.239 
— 1.269 


3.099 
1.082 
0,230 


1.484 1.465 
1.434 1.402 
1.402 1.372 
1.3704 


® These values are taken from the 3d74s configuration (reference 20). 


a relatively small multiplier. Therefore, we have not 
determined the dependence of /',¢ on band occupation, 
and use the value F,a,0 found from the charge densities 
of Sec. 3. The values of > EZ, given in Table V, like 
the values of F'y2, have been corrected to correspond to 
the actual charge density in the indicated configuration. 

The cohesive energy of the solid is the difference 
between the energy of the solid, taken to be in singlet 
state in our work, and the energy of the atom in its 
ground state, °D,. We find this difference in two steps. 
The first step, shown in Table V, compares the energy 
of the solid with the energy of the atom in an average 
singlet state of the same configuration. We neglect all 
higher Slater integrals,*® both between pairs of valence 
electrons and between valence electrons and the core. 
These integrals will contribute approximately equal 
amounts to the energy of the solid and of the atom in 
the reference state. Thus some sources of error are 
reduced when we compare the energy of the atom and 
of the solid in the same state. 

When higher Slater integrals are dropped, the energy 
of the atom in a configuration with 24, 4s electrons is: 


= 4,/¢(atom,3d‘4s) 
+(1—14; 


FE(total,atom) 
JE (atom,3d*), (32) 
where, for example,’ 


E(atom,3d*) = 8£3,,(3d°) — 28F aa(3d°), 


and the energy for the 3d74s configuration has a similar 


form. The numerical values /(atom,3d74s)= — 36.919 
and E(atom,3d*) = — 36.510 are found using the results 
of atomic self-consistent field calculations without 
exchange.” Values of Eq. (32) for the various 
figurations are listed in Table V, where r,= ~ 
to the free atom. 

The second step in finding the cohesive energy is to 
calculate the difference between the energy of the 
average singlet state of the reference configuration and 
This difference, 


con- 
refers 


the energy of the atomic ground state. 

‘We use the 3d wave function of the 3d* configuration to find 
E(atom,3d’). Had we used the 3d wave function of the 3d74s 
configuration, on the ground that wave functions from this 
configuration were used throughout the calculation for the solid, 
we would have E(atom,3d’) = — 36.233. This would increase the 
calculated binding energy of the solid by about 0.1 ry, and would 
reduce to about 0.7 the value of 14, which maximizes the cohesive 
energy. 


Nis =0.6 


values of Faq are found for the charge density corresponding to the occupied states in the indicated 


Nae =0.9 


ZEa 


nes =1,0 
E(tot) E(tot) Faa ZEa 
—37.352 0.686 —37.499 1.438 
—37.470 —1.537  —-37.616 1.381 
—37.274 —2.742 37.464 1.354 
— 36.755 36.878 


E(tot) 


0.313 
- 1.953 
—3.213 


—37.533 
—37.652 
—37.511 
— 36.919 


taken largely from experiment,’ is 0.303 ry for 3d74s 
and 0.429 ry for 3d%, and is interpolated linearly for 
intermediate configurations. Combining the two steps, 
we find: 


— E (cohesive) = E(solid,total) — £(atom,total) 


fvongeeely (33) 


We evaluate (33) for each value of m4, and r,, using the 
entries of Table V, and list the results in Table VI. 
For each value of r,, a least-squares-fitted parabola 
can be passed through the four values of Eq. (33) given 
in Table VI. The minimum of this parabola gives the 
energy of the solid relative to the energy of the free 
atom, and the number of electrons per atom, at the 
given value of r,. The energy and the value of m4, 
found in this way are shown in the last two columns of 
Table VI. Note that the scatter of points leads to a 
small inconsistency for r,= 2.66, where the minimum 
found by least squares is higher than one of the calcu- 
lated points. More serious is the situation for r,= 3.10, 
the the falls well 
outside the of validity of our approximation, 


minimum solid 
range 


which is good only for 0<14,<1. 


where energy of 


TABLE VI. Energy per atom of metallic iron, relative to the 
energy of the ground state, °D,, of the free iron atom. All energies 
are in Rydbergs. The last two columns give the minimum energy 
and the corresponding number of 4s electrons per atom, as found 
from a parabolic least-squares fit at each value of the unit sphere 
radius r,. 


tas: 0.3 0.6 0.9 1.0 Em Nie 


0.242 —0.304 
0.361 0.421 
0.164 0.270 


1.03 
1.02 
1.59 


0.310 
0.428 
0.359 


0.310 
0.429 
0),289 


0.114 
0.225 
0.035 


‘7 The term value for the average singlet state of 3d74s is found 
from the experimental values listed in Table IV of reference 20, 
except that the higher 'D term value, which has not been meas- 
ured, is taken from the least-squares fit in that table. The average 
singlet term value for 3d* is based on the calculated values for 
Racah’s parameters B and C, also listed in Table IV of reference 
20, together with the observed °F term value of 3d*. The calculated 
singlet term values of reference 20 are higher than the observed 
values, especially for 3d%. Use of the calculated values would lower 
the calculated cohesive energy of metallic iron by about 0.2 ry, 
and would increase the value of m4, which maximizes the cohesive 
energy by about 0.3. 
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Fic. 4. Two ways of fitting a smooth curve to the calculated 
values of the energy of the solid. The dashed curve is the parabola 
of Eq. (34), and the solid curve is the Morse function of Eq. (35). 
The zero level is the energy of a free iron atom in its ground state, 


The minimum energy values of Table VI permit us 
to find the cohesive energy, equilibrium lattice constant, 
and compressibility of the solid. The parabola through 
the minimum energy values is: 


E=—0.433+0.606(r,—2.75)?, (34) 


where the energy is in Rydbergs and ¢, is in Bohr radii. 
The energy of the solid relative to that of the free atom 
goes to zero as r, increases. A parabola is thus a poor 
curve for fitting the calculated energy points. We have 
chosen, in preference to (34), an expression which goes 
to zero as r, becomes infinite. This is a Morse function 
which, for the values in Table VI, has the form: 


c= 0.428{exp[ — 2.34(r,—2.66) | 


—2 exp[ —1.17(r,—2.66) ]}. (35) 


The energy curves of Eqs. (34) and (35) are shown in 
Fig. 4. 

From both Eq. (35) and Eq. (34) we find the cohesive 
energy of the solid to be 0.43 ry per atom, as compared 
to the experimental value 0.32 ry.‘* To estimate the 
errors in the theoretical value we must consider both 
the arbitrary choices made in our work and the effects 
which were not included at all. The uncertainty of the 
calculated cohesive energy is estimated to be 0.2 ry, 
and the value of m4, for which the cohesive energy is a 
maximum is in doubt by about 0.3. The agreement of 
our calculated energy with experiment gives encour- 
aging evidence that cohesive energy calculations for 
many-electrons metals like the transition metals are 
practicable. 

Some additional basis for confidence in our result 
comes from the equilibrium value of r, predicted by our 
calculation. The value r,=2.66 given by (35) is in 
exact agreement with experiment, and the value 2.75 
given by (34) is quite close. Because of the arbitrariness 
of fitting a curve to only three points, we can say only 
that the predicted lattice constant is within about 0.1 
Bohr radius of the correct value. 

If we use either Eq. (34) or Eq. (35), we find the 
calculated bulk modulus (the reciprocal of the com- 
pressibility) of iron to be 1.710" dyne/cm?, in exact 


48 Edwards, Johnston, and Ditmars, J. Am. Chem. Soc. 73, 4729 
(1951), give the heat of sublimation of iron at 0°K as 99.2+0.1 
kcal/mole, which is equivalent to 0.32 ry/atom. 


TABLE VII. Summary of the energy calculation results. 








Observed 


0.328 
2.66 
1.73X 10" ¢ 


Calculated 


0.43+0.2 

2.66+0.1 

1.7-3X 10" 
1.0+0.3 





Cohesive energy (ry/atom) 

Atomic sphere radius, r, (Bohr radii) 
Bulk modulus (dyne/cm?) 

Number of 4s electrons per atom, 14, 





® See reference 48. 
b See reference 29. 
© See reference 49. 


agreement with experiment.” The closeness of the 
agreement has no real significance, because the bulk 
modulus is quite sensitive to small changes in the 
calculated energy points. In particular, the uncertainty 
attached to the energy for r,=3.10 will have a major 
effect on the bulk modulus. If we do not accept the 
least-squares fit in Table VI when r,=3.10, but use the 
energy for 4,=1.0, we approximately double the 
calculated bulk modulus. On the other hand the co- 
hesive energy and the equilibrium value of 7, are less 
radically affected. In spite of this uncertainty, the 
calculated bulk modulus adds some support to our 
feeling that the work presented here is a valid first 
approximation to the cohesive energy of metallic iron. 
For convenience, we list some of our results in Table 
VII. 

Note that the calculated energy differences between 
configurations of the free iron atom are in error by as 
much as 0.3 ry.” This suggests that a definitive calcu- 
lation of the cohesive energy of metallic iron must be 
preceded or accompanied by a successful calculation 
for the low configurations of the free atom. 


6. EXCHANGE ENERGY FOR A DETERMINANT 
WAVE FUNCTION 


In this section we make a crude estimate of the 
exchange energy as calculated from a determinant wave 
function. The treatment of Secs. 1-5 replaced the 
exchange and correlation heles about each electron by 
a Coulomb hole centered at the middle of the cell in 
which the electron moves. This approximation, although 
it is not a correct description of the actual situation, 
has the advantage of being correct at the limit of large 
lattice constants, and of being practicable at all lattice 
constants. We do not evaluate the expectation value of 
the total energy for a specific wave function for the 
solid. Thus we cannot say that the energy we find for 
the solid is an upper limit of the true energy. 

In the treatment which follows, we find the exchange 
energy for the solid using a single determinant wave 
function and rather severe approximations. The prin- 
cipal restriction is that we ignore all Slater integrals*® 
other than F°(a,b), the direct Coulomb interaction of 


4° The American Institute of Physics Handbook (McGraw-Hill 
Book Company, Inc., New York, 1957), pp. 2-56, gives the elastic 
stiffness constants of iron as ¢;;=2.37, ¢;9=1.41, ¢44=1.16, all in 
units of 10'? dyne/cm?. Thus the bulk modulus, which equals 
4 (C11+2¢)2), is 1.73% 10" dyne/cm?. 
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the spherically symmetric parts of the charge distri- 
butions of electrons a and 6. We also assume a number 
of orthogonality conditions which are valid only at very 
large lattice constants. 

The determinant wave function of the solid is: 


w= (N!)-) det| fax(r)|, (36) 
where 


fax(r) = M-*W,(k,r). (37) 


Here the V.(k,r) are one-electron Bloch wave functions 
normalized to 1 in the unit cell, and M is the number 
of atoms in the crystal. The total number of wave 
functions which appears in (36) is V= MZ, where Z is 
the number of valence electrons per atom. Each space 
orbital, described by a band quantum number a and a 
wave vector k, appears twice, once with each of two 
spin directions. Wave functions belonging to different 
wave vectors are orthogonal, and we further assume 
that the wave functions of different bands for the same 
wave vector k are also orthogonal. This is not strictly 
true for the wave functions used in our work, although 
linear combinations of these wave functions which 
are orthogonal can be chosen. We have, with our 
approximations : 


(38) 


f fax ( r) fark’ (r)dr= baa’Okk’ 
L 


and 


(39) 


f W*tWdr,---dry=1, 
L 


where the subscript L indicates that the integration is 
over the entire lattice. 

The energy of the crystal (excluding the internal 
energy of the ion cores) is: 


B(crystal) = f W*HWdr,---dry. (40) 


L 


Here the Hamiltonian // is: 


N N 
T(r)+D L v(ti— tn) +3 DL’ 2| 5-1; 


=1 i=l fn 


+3 3! 22Z?|ra—tm (41) 


n,m 


In Eq. (41) the r; and r; give the positions of the V 
valence electrons, and the r, and r, give the positions 
of the M ion cores, which have charge Z and are as- 
sumed to be nonoverlapping. The first term in (41) is 
the total kinetic energy operator for the valence elec- 
trons. The second term gives the interaction of the 
valence electrons with the ion cores, while the third and 
fourth terms give the interaction of the electrons, and 
of the ion cores, among themselves. The primed sums 
exclude terms with vanishing denominators. 
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The total energy of the crystal, based on approxi- 
mations equivalent to those made in earlier parts of 
the paper, can be written: 


E(crystal)=2 Sean J Vax*(r) T(r) +0(r) Wax(r)dr 
+2M DS papa laa +k (exchange). (42) 


Here the integration is over the cell at the origin. Pea 
is the average interaction energy of an electron in band 
a with an electron in band a’, where both electrons have 
unit charge in the atomic cell in the solid, as in Eq. (31). 
We have introduced the quantity p, in (42) to represent 
the fractional occupation of band a; for a full band, 
pa=1. There are six bands occupied in our calculation: 
five 3d bands and the 4s band. 

The third term in (42) gives the exchange effects 
which replace the Coulomb hole that was used in our 
main calculation. It is the exchange term which is most 
difficult to evaluate. The formal expression is easily 
written. We have: 


E(exchange) = —M~? Yoa.a’.k.k’ 


x f Wart are (Vale Now") 


' X|r—1'|“drdr’. (43) 
The sums over a and k, and over a’ and k’, each extend 
over all occupied states in the crystal. 

To reduce (43) to a tractable form, we separate it 
into a part representing the integral within an atomic 
polyhedron and part giving the interaction between 
polyhedra. If we also assume that the charge density 
in each cell is sharply peaked near the nucleus (this 
means that the exchange energy of 4s electrons must 
be estimated separately), that the orthogonality con- 
dition (38) holds, and that all terms corresponding to 
higher Slater integrals are to be ignored, then we get 
contributions to the exchange energy only for a=a’.” 
In this case the interaction within lattice cells gives: 


—M" YO Fu=—-MY plF aa. 


a,k,k’ a 


(44) 


The interaction between different lattice cells gives, 
approximately : 


—-M" > >’ llra—rn 


a,k,k’ fm,tn 


~M~¥ ¥! IY exp(ik-R)P/R. (45) 
k 


' expli(k—k’): (tr—tm) ] 


— 


a R 


The transition from the first line of (45) to the second 
line follows if we substitute the lattice vector R for 


® Our treatment of the exchange energy to this point is closely 
similar to the treatment given by J. C. Slater, Phys. Rev. 49, 537 
(1936). We arrive at rather different results, however. 
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r,—Im, and note that a state with wave vector —k is 
occupied when the state with wave vector k is occupied. 
The sum over k in the second line of (45) is extended 
over all occupied states in band a, and a is summed over 
the five 3d bands. If we introduce the notation: 


(46) 


W (pa) = MY! 2D exp(ik-R)}/R, 
R k 


then the exchange energy of the crystal can be written: 
=—M Sodl parFaatW (pa) ]. (47) 


We have implied that W is a function of a single 
parameter pa, the fractional filling of band a. This is 
only an approximation, since the value of the sum in 
(46) depends on the way the band is filled. Some general 
statements about the form of W can be made by 
inspection of (46). In particular, W will vanish for a 
full band, because > exp(ik-R) over a full band equals 
zero; note that R 


E(exchange,3d) 


0 is excluded. 

We have evaluated W'(p) for a band in a simple cubic 
crystal, assuming that the filled states occupy a cubic 
region centered at the origin of the Brillouin zone. 
Under these circumstances the sum in (46) is quite 
simple. The result is shown in Fig. 5. 

This completes the formal evaluation of the exchange 
energy, which we have carried out under rather severe 
approximations. It is of some interest to see how the 
energy of the exchange hole, Eq. (47), compares with 
the energy of the Coulomb hole used in Sec. 5. There 
each electron in a lattice cell is assumed to interact with 
the remaining seven electrons in the cell, rather than 
with the total valence charge density. The energy of 
the resulting Coulomb hole is the difference in energy 
between the 32 valence-electron interactions given in 
the second term of (42), and the 28 interactions included 
in Eq. (30). In particular, for the 3d74s configuration 
of the solid we have, for the energy of the Coulomb hole, 


| (49 2)Faat 7k edt +F |-[ 21F gat if sd 


(7/2)Faat3F (48) 


We use values for r,= 2.66, and take Fya=1.381 from 
Table V. For F,, we use the approximate value 2.4/r, 

().902 which applies to a uniform charge distribution. 
The Coulomb hole thus contributes 5.285 ry to the 
cohesive energy found in Sec. 5. 

To find the energy of the exchange hole, we need the 
values of the fractional occupations of the five 3d bands. 
For the configuration 3d74s these can be found from the 
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one-electron energies of Sec. 4. Two of the 3d bands are 
completely filled, and the fractional occupations of the 
three remaining bands are 0.84, 0.34, and 0.32. For 
these values we have >> p.?=2.924, and }> W(p.) 
=().405/r,. The total 3d contribution to the exchange 
hole is 4.190 ry. 

The approximations which led to (47) fail completely 
for 4s electrons. We use the free-electron approximation 
to find the 4s exchange energy, which gives 0.916/r, 

0.344 ry. The total exchange hole for the valence 
electrons is 4.534 ry, which is about 0.75 ry less than 
the Coulomb hole. Thus the energy of the solid as 
evaluated from a single determinant wave function is 
higher by 0.75 ry, for r.=2.66 and n,,=1.0, than the 
energy found from the approximations used in Sec. 5. 
This means that the determinant wave function will 
probably not give a positive cohesive energy for the solid. 
A complete analysis would require evaluation of Eq. (42) 
for various values of r, and m4, to find the minimum 
energy of the solid relative to that of the free atom. 

A source of error in our evaluation of the exchange 
energy, Eq. (47), should be pointed out. The value of 
Fa we use is averaged over all occupied states in the 
3d band. Had we taken into account the fact that Fag 
is smaller for the states near the bottom of the 3d band, 
for which pa is large, we would have found a smaller 
exchange hole. 

We have estimated the contribution of correlations 
to the cohesive energy by using an effective correlation 
potential.®' The correlation energy calculated in this 
way has almost as big a value in the iron atom as in the 
atomic cell of the solid. Thus the net effect on the 
cohesive energy is quite small. We estimate that these 
correlation effects contribute less than 0.1 ry per atom 
to the cohesive energy of iron. 

Our result for the exchange hole does not contribute 
a large enough amount to the cohesive energy. This is 
an old problem for solids with partially filled bands.'® 
A single determinant wave function does not adequately 
describe solids in which wave functions on neighboring 
atoms overlap very little; it gives too great an ionic 
component in the wave function. 

We have assumed throughout this work that each 
orbital state is filled with two electrons or with none. 
If we relax this restriction, an increase in the population 
of electrons with one spin direction and a corresponding 
decrease in the population of electrons with the other 
spin direction will generally lead to an increase in the 
magnitude of the exchange energy. This decrease in 
the energy of the crystal must be weighed against the 
other changes in energy which accompany changes in 
the occupation of the bands. It would be relatively easy 
to explore this somewhat further, but the validity of 
such a calculation is open to question in view of the 
rather poor energy value which the single determinant 
method gives for the solid in the singlet state. 

187 (1954); H. 


51 P. Gombas, Acta Phys. Hung. 4, Mitler, 


Phys. Rev. 99, 1835 (1955). 
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7. CONCLUSION 


Our result for the cohesive energy of body-centered 
cubic iron, given in Sec. 5, is in satisfactory agreement 
with experiment. It demonstrates the practicability of 
cohesive energy calculations for many-electron systems 
like the transition metals, which have been practically 
unexplored heretofore. The modified tight-binding 
method developed in Secs. 2 and 4 promises to be a 
useful tool for studying narrow energy bands in solids. 
But a rigorous treatment of exchange and correlation 
effects for solids whose valence electrons deviate sub- 
stantially from free-electron behavior is still needed. 

Extensions and improvements which might be made 
to our present work are easily found. A more sophisti- 
cated treatment of the overlap contribution to the wave 
function, perhaps along lines indicated by Léwdin,’ 
might be considered. Considerable accuracy would be 
gained by increasing the number of terms retained in 
the expansion of the overlap contribution. If a calcu- 
lation using more accurate wave functions were made, 
it would become desirable to remove the off-diagonal 
elements of the Hamiltonian, and to include the possi- 
bility of admixture of 4 states into the valence bands. 
A considerably more ambitious undertaking would be 
a calculation for the solid based on atomic Hartree-Fock 
functions and including all Slater integrals. The higher 
Slater integrals within a single lattice cell can be 
calculated by tedious, but straightforward, extensions 
of the methods developed in this work. On the other 
hand the correct treatment of exchange integrals in- 
volving different lattice cells is more difficult. If higher 
Slater integrals are to be included, the nonspherical 
shape of the atomic polyhedron must also be taken into 
account. 

The simple form of the modified tight-binding wave 
functions found for iron suggests that they might 
profitably be used in a study of the x+ray scattering 
amplitude in the solid.?* 
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APPENDIX A. TESTING THE ACCURACY OF 
TRUNCATED PLANE WAVE EXPANSIONS 


In order to estimate the accuracy to be expected from 
our modified tight-binding approximation for 4s 
electrons in iron, we calculate the energy for various 
approximate expansions of free electron wave functions. 
Thus we carry out a simple variant of the empty lattice 
test, which was first used by Shockley.” 

The Bloch wave function for a free electron with 
wave vector k is exp(k-r), and its energy is & in our 
units. The plane wave can be expanded in spherical 
harmonics, giving: 


exp(tk-r) =>, i!(2/+1) j.(kr) Pi(n), (Al) 


where 7 is the cosine of the angle between k and r, P;(n) 
is a Legendre polynomial of order /, and j)(kr) is a 
spherical Bessel function of order /.** 

The approximation we want to test replaces the 
accurate free electron wave function, Eq. (A1), by 
another in which the summation includes only terms 
with /<n, and in which the wave function is defined 
only within a sphere of radius 7,, rather than in all 
space. Since the wave function is now confined to a 
finite region, we use the boundary correction of Eq. (27) 
in calculating the energy of the approximate wave 
function, and find 


(2/kr.)(n+1) jn(Rrs) jngi( kre) 
- P—j ). (A2) 
Drar"(2U+1){Ljalkre) P— jake) jurr(kre)} 


Since we confine the wave function in a sphere, rather 
than in the atomic polyhedron, we cannot expect to 
find the proper behavior at the surface of the Brillouin 
zone. In Fig. 5 we show the energies calculated from 
Eq. (A2) for values of & out to the edge of an imaginary 
spherical Brillouin zone holding two electrons per atom. 
The occupation of the band is related to k by the 
expression 


N(k)=4(kr,)3/9n, 


(A3) 


where .V(k) is the number of electrons per atom with 
wave vector <k. Thus k=2.418r,~' corresponds to a 
filled band, and k= 1.919r,—! corresponds to a half-filled 
band, i.e. one electron per atom. 

For our purpose, a reasonable measure of the ac- 


curacy of the truncated plane wave expansions is their 
accuracy for a half-filled band, since this is close to the 
actual situation in iron. We see from Fig. 6 that keeping 
terms through second order gives an error of 5% in the 
energy at the point where the band is half-filled, while 
keeping third-order terms reduces this error to less than 
0.5%. 

We have also tested a still cruder approximation to 
the accurate plane wave expansion. This replaces the 
spherical Bessel functions by the first few terms of their 
power series expansion 

Jule) = 2'x! ¥ (+g) !(— 2x) 9/q!(21+29g+1)!. 

8 W. Shockley, Phys. Rev. 52, 866 (1937). 


53]. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), pp. 404-406. 
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ELECTRONS PER ATOM 

Fic. 6. The energy of truncated expansions of plane waves with 
wave vector & is shown in units of the exact free electron energy. 
The abscissa gives the number of electrons per atom contained in 
a spherical Brillouin zone of radius k. The curves marked 1, 2, and 
3 refer, respectively, to truncated expansions whose highest spher- 
ical harmonic has angular momentum /=1, 2, or 3. The curve 
marked 2’ refers to an expansion containing spherical harmonics 
through /=2, in which the radial functions have been truncated; 
see Eq. (A5) 


We find reasonably good energy values with a rather 
small number of terms. For small values of & it is 
necessary to keep more terms in the expansion of 7;(kr) 
for low values of / than for higher values of this parame- 
ter. In particular, if the fractional error in energy for 
small k is to be of the order of (kr,)?", we must keep all 
Legendre polynomials of order /<n, and the coefficient 
of P:(n) need contain powers of kr only through (r)?"~‘. 
Thus only one term is necessary for the coefficient of 
the highest Legendre polynomial retained, while n+1 
terms should be kept in the expansion of jo(kr). The 
simplest wave function whose fractional energy error for 
small values of & is of the order of (&r,)‘ is 


3y3 


kr? ir ky 
f(k,r)= (1- + )+i(ar- yr 
6 120 10 


kr? 3921 


(A5) 


3 2 


The energy of this wave function is shown as the top 
curve in Fig. 6. It is in error by about the same amount, 
though in the opposite direction, as the wave function 
containing the complete expressions for jo, 71, and je. 

The energies of our trial wave functions have been 
evaluated in a spherical lattice cell and consequently 
give a spherically symmetric band in an assumed 
spherical Brillouin zone. Nevertheless, Fig. 6 gives 
considerable information about the number of terms 
needed when free-electron wave functions are expanded 
in a single cell of the lattice. We make use of these 
results in Sec. 2.3, where we use the same number of 
terms for the modified tight-binding wave function of 
4s electrons in iron as is kept in (A5). 


APPENDIX B. CONTRIBUTION OF DISTANT 
NEIGHBORS TO THE 4s WAVE FUNCTION 


Because of the large overlap of the wave functions 
of 4s electrons in iron, it is necessary to sum contri- 
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butions from distant neighbors in finding the tight- 
binding wave function for the 4s band. We have carried 
out the explicit sums through sixth-nearest neighbors, 
but require an approximate method for finding the 
contribution of more distant neighbors. The method 
we use is rather crude; at the end of this appendix a 
more refined method is mentioned. 
We wish to evaluate the sum 


0" (k,r)=>-” exp(ik-r,.)Rs.(r—r,), (B1) 


which is restricted to lattice points r, beyond some 
fixed distance. Our basic approximation is to replace 
the summation by an integration, thus assuming the 
lattice points to be smeared out in space. If éo is the 
radius of a sphere enclosing all the atoms for which 
the summation has been carried out exactly, then the 
approximate contribution of the remaining atoms to 
the tight-binding wave function is 


©)" (k,r) = (3/4ar,?) 


xf exp(ik/n’)R4,(r—t)Pdtdn'dd, (B2) 


to 


where 7’ is the cosine of the angle between k and t. 

The accuracy with which we evaluate Eq. (B2) 
depends in part on the approximations we wish to make 
for Ry,(r—t). We used 


R;,(r—t)~ B exp(—b|r—t_ )~B exp(—d/+ brn”), (B3) 


where 7” is the cosine of the angle between r and t. 
The second step in (B3) represents a further approxi- 
mation, but not a serious one, since r<r,, />¢o, and 
lors. 

The exponentials in Eqs. (B2) and (B3) can now be 
expanded in spherical harmonics, giving®® 


exp(iktn’) = >- (21+-1)i'j( Rt) Pi(n’), (B4) 


l=0 


H 
exp(brn’’) = > (2m+1)1,,(br) Pn (n’’). 
m=0 


(B5) 


Here 7,(k/) is the spherical Bessel function already 
encountered in Appendix A,* and i,,(6r)—which should 
not be confused with i=./—1—is another spherical 
Bessel function defined by*® 


im(Z)=1-" J m(1z) = (4/22)8Tm4y(z) 


® 
=(22)™ S° [2??(p+m)!/p!(2m+2p+1)!]. (B6) 
p=0 
If the exact summation has included the nearest G neighbors 
plus the atom at the origin, then 4)>= (G+1)!r,. 
55G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, London, 1945), second edition, 
Sec. 11. 
56 The Bessel function of imaginary argument, /,,(z), is discussed 
in Sec. 3.7 of reference 55. 
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With the foregoing approximations and expansions, 
and with use of the addition theorem for Legendre 
polynomials, Eq. (B2) reduces to 


9 (k,r) =3Br,-* >> i!(21+-1)i, (br) Pi(n) 
l=) 


x 


xf  ju(kl) exp(—bi)dt, (B7) 


to 


where 7 is the cosine of the angle between K and r. 

We have used Eq. (B7) to find the approximate 
contribution of atoms beyond sixth-nearest neighbors 
to the tight-binding wave function in iron. The parame- 
ters we used are: fy= (65)'r,, B=1.471(Bohr radii)~}, 
b=0.575(Bohr radii)~!; Ry. was normalized to 42. No 
attempt was made to calculate the integral in Eq. (B7) 
with great accuracy. In keeping with the approxi- 
mations made in Sec. 2.3.and discussed in Appendix A, 
we keep only the following terms of 7;(dr) : 

io (br) = 1+ (b?r?/6)+ (644/120), ™ 
31; (br) = br+ (6/10), 5z2(br) = Br? /3. as 


The angular part of the wave function for the three 
symmetry directions is 
P(n) 
VY 33/V3 
V y4/V3 
V11/V3 


direction 


(001) 
(111) 


(110) (B9) 


These spherical harmonics are defined in Table II. The 
tight-binding wave functions formed from spherically 
symmetric atomic orbitals must belong to the repre- 
sentations with subscript 1 in Table I. A comparison 
of (B9) with Tables I and IT shows that this is the case. 
It is interesting that for the (110) direction we find a 
linear combination of the two second order spherical 
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harmonics, Y2; and V2, which belong to the repre- 
sentation 2}. These two harmonics also appear in the 
exact summations over the near neighbors, and their 
coefficients are approximately in the ratio V3: —1 given 
by (B9). 

Because we sniear the distant lattice points uni- 
formly, the requirement of Table I that the coefficients 
of the first- and second-order spherical harmonics in 
o(k,r) vanish when k is at the endpoints of the three 
symmetry directions®’ cannot be exactly fulfilled in 
Eq. (B2). These coefficients do, however, go through 
zero for a value of & near the surface of the Brillouin 
zone. We have set the distant-neighbor portion of the 
4s wave function in the solid equal to zero where that 
is required by symmetry. 

The preceding discussion gives the procedures used 
in our work to find the contribution of distant neighbors 
to the tight-binding 4s wave function in iron. The 
remainder of the description of that wave function is 
given in Sec. 2.3. We conclude by referring to a some- 
what more accurate treatment which might be used to 
eliminate the approximation made in Eq. (B3). If, for 
large distances, we used 

R,,(r—t)= B|r—t|"" exp(—d|r—t}), (B10) 
we could make use of the expansion®®: 


\r—t}™" exp(—)d|r—t}) 


=b-™ (rt)? S (2+1) om r(br bt) Pi(”’). 


l=0 


(B11) 


Some of the properties of the ¢,,; have been given by 
Barnett and Coulson,** and might form the basis of a 
more rigorous treatment than the one given here. 

57 The coefficients of the second-order spherical harmonics in 
,)(k,r) need not vanish when k is at the endpoint of (110). 


55M. P. Barnett and C. A. Coulson, Phil. Trans. Roy. Soc. 
London A243, 221 (1951). See also Sec. 6.1.2 of reference 7. 
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The theory undertakes the determination, for a simple model, of functions N,;4(7) which represent the 
numbers of atoms of various kinds displaced when a primary atom receives an energy 7. Assuming isotropic 
collisions involving pairs of free atoms, differential equations are formulated which contain concentrations, 
collision cross sections and mass ratios as parameters. Binding of the atoms is introduced through initial 
conditions which define threshold energies for displacement. Assuming a single threshold, linear equations 
for Laplace transforms are obtained and used to study the high-energy behavior of the functions. The effect 
of separate thresholds for the various kinds of atoms is examined for the case of equal masses. 

Detailed calculations for diatomic solids indicate that cascades of moderate energy are rather well de 
scribed by the high-energy equations and that the total number of displaced atoms is insensitive to mass 
ratio. Consideration of a monatomic solid with a spectrum of thresholds shows that such a solid should be 
have as though it possesses a single sharp threshold slightly below the mean of the spectrum. 


I. INTRODUCTION 


HEN a solid is exposed to certain high-energy 

radiations, moving atoms with thousands of 
electron volts of energy are produced directly. Each 
such primary atom, in addition to any electronic excita- 
tion or ionization which it may produce, distributes 
energy among other atoms in an expanding chain of 
collisions which eventually displaces many atoms from 
their original sites. When the sharing of energy has 
proceeded so far that no further displacements can 
occur, a region of the solid is left in a disordered state 
which may persist a long time. One of the tasks of the 
theory of irradiation effects is to relate this disordered 
state to the nature and velocity of the primary atom 
and to the properties of the crystalline lattice. A satis- 
factory fulfilment of this difficult task can come through 
the inter-relation of a number of calculations which 
emphasize different aspects of the problem and utilize 
somewhat different models. 

Some calculations seek detailed information on the 
size and shape of a disordered region, as well as on the 
kinds of lattice defects it contains. Others seek only 
over-all information on the amount of damage, ex- 
pressed in such terms as numbers of displaced atoms 
and vacant sites. The present work on the disordering 
of compounds is primarily of the latter kind. The model 
adopted is a generalization of that used by Kinchin and 
Pease! in their treatment of displacements in a mona- 
tomic solid. The convenience of this approach for solids 
containing more than one kind of atom was brought 
out in an earlier paper? on compounds of type AB. 
Rather extensive calculations on solids of general com- 
position have now been made.’ Although subject to a 


* This research was supported by the U. S. Air Force through 
the Aeronautical Research Laboratory, Wright Air Development 
Center. 

1G. H. Kinchin and R. S. Pease, in Reports on Progress in 
Physics (The Physical Society, London, 1955), Vol. 18, pp. 1-51 

2 E. M. Baroody, Phys. Rev. 112, 1571 (1958). 

3 Part of the more general results have already been reported 
briefly [E. M. Baroody, Bull. Am. Phys. Soc. Ser. II, 3, 375 
(1958) J. 


number of limitations which will be apparent, they give 
interesting information on how the development of a 
displacement cascade depends on the concentrations, 
masses, and displacement thresholds of the various 
types of atoms. Because the model is simple and flexible, 
these results are obtained without the necessity for 
much numerical work. That the model is as realistic as 
similar ones which lead to somewhat more difficult 
mathematics was illustrated before through comparisons 
with results of Harris. Here results on a monatomic 
solid with a spectrum of thresholds are compared with 
those of Fein* whose calculations are based on the 
Seitz and Koehler® treatment of the case of a single 
sharp threshold. 


II. MATHEMATICAL FORMULATION 
OF THE MODEL 


Consider a solid containing » kinds of atoms and let 
.V;, be the number of atoms of type & finally displaced 
when an atom of type 7 receives an energy 7. The func- 
tions .\,,(7) are to be determined by differential- 
difference equations formulated as though collisions are 
taking place among free atoms, and by initial condi- 
tions which introduce the binding of the atoms by 
defining displacement thresholds. Each collision involves 
a moving and a stationary atom, since moving atoms 
are relatively few, and is assumed to be elastic and 
isotropic in center-of-mass coordinates. 

Two sets of parameters are now needed: The proba- 
bility that a moving atom of type 7 hits an atom of 
type / in its next collision is denoted by ui;, while the 
ratio of the masses of these atoms determines 


= 4M.M,/(Mi+M))2. (1) 


The probabilities 4;; depend mainly on the concentra- 
tions of the atoms, scattering cross sections, and perhaps 
on the arrangement of the atoms in the lattice. If 


‘A. E. Fein, Phys. Rev. 109, 1076 (1958). 

5F, Seitz and J. S. Koehler, Solid State Physics, edited by 
IF. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, pp. 381 ff. 
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atomic fractions c; and cross sections o;;=o;; are re- 
garded as the only variables, one has® 


Mij = Cj0%j a Cj0 ij. (2) 


The sum of the y,; over 7 is of course unity. Usually u;; 
is not equal to p;;. 

Under the assumptions made, an 7 atom with energy 
T can, on colliding with a 7 atom, transfer any energy 
up to A,;7, and all transfers in this range are equally 
probable. Thus, the chance that such an atom hits a 
j atom and transfers energy in dT’ near T’<),;T is 

mid T’/X,;T. 

If initial conditions were of no importance, the follow- 
ing equations, which express \V,,(7) in terms of the 


displacement of k atoms by the products of the first 
collision of an 7 atom, could be used: 


Ls Ay? : 
TNia(T)=>D “f (Nie(T—T)+N je(T’) 7’. (3) 
Nii 0 


Actually, these integral equations are not always con- 
sistent with suitable initial conditions. It is desirable 
to use them only for the derivation of the corresponding 
differential equations 


d 
(TN x)=), 
A 


wy 


Bij 
(Na(T)—(1—d;)) Nal (1—-d.)T] 


J 


tAGN jRAGT)}. (4) 
These are essentially a set of differential-difference 
equations since taking In7 as independent variable 
would replace an argument such as AT by (In7+In)). 

All the calculations of the paper use Eq. (4) or 
special cases of it. On the other hand, the initial condi- 
tions imposed can be varied somewhat with assumptions 
about the solid and the meaning attached to Vx. This 
quantity was described above as giving a number of 
‘displaced atoms.” Actually, it is sometimes necessary 
to distinguish such defects as vacant sites left by dis- 
placed atoms, atoms in interstitial positions, and atoms 
in any kind of wrong position (interstitial sites and 
lattice sites which should be occupied by another kind 
of atom). The numbers of these differ if replacements 
occur in which incident atoms displace stationary atoms 
while being captured themselves. 

It should be kept in mind that a mean number of 
displacements for a given primary energy is always 
considered here. For the monatomic solid Leibfried’ has 
calculated the probability distribution for the number of 
displacements arising from a primary knock-on. For 
cascades which are not very small he finds that the 
variance of the distribution is 0.15 times the mean. 


6 Throughout the paper, summations range from 1 to » and are 
usually over the index 7, When exceptions occur, the summation 
index is designated. 

7G. Leibfried, Nukleonika 1, 57 (1958). 
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Thus, for cascades of about 100 displacements the 


standard deviation is 4 displacements. 
III. SOME CHARACTERISTICS OF SOLUTIONS 


A good way of dealing with Eq. (4) is to look for 
asymptotic solutions which become precise for large T 
and which consist of sums of terms like A ;,7*. Insertion 
of such a term into either Eq. (3) or Eq. (4) leads to n 
sets of m linear, homogeneous equations for the constants 
Aix. These have the form 


dX Gi(s)A jx =0, 


(3) 
where 
Mi 


—> —[1-—(1—),,;)"*], 


— 


G,i=st+1—pi, (6) 
and 

Gi;= (7) 
Equation (5) has nontrivial solutions only when s is a 
root of 


— pijdsz", (j¥i). 


Gi;(s)| =9. (8) 


Since the sum of the terms in any row of the deter- 
minant |G;,(1)| is zero, s=1 is always a root of Eq. (8) 
and for it the coefficients A,, are independent of the 
subscript 7. This implies that .V,;, approaches the form 
A;T when T becomes very large. In the high-energy 
range, the number of displacements of a given kind 
does not depend on the identity of the primary. 

Later sections will illustrate how the initial condi- 
tions enter into the evaluation of the coefficients A,. 
To find how the limiting forms 4,7 are approached, 
Eq. (5) must be examined for roots of Eq. (8) other 
than s=1. Calculations of this kind formed an important 
part of the earlier paper? and some additional results 
are reported in Sec. VIII, but it is difficult to go very 
far in general cases. Everything is much simplified 
when the masses of the atoms are all the same. Equa- 
tions (4) are then simply differential equations, Eq. (8) 
reduces to an algebraic equation of degree n, and the 
procedure indicated here leads to exact solutions. 


IV. SOLIDS WITH A SINGLE THRESHOLD 


To avoid complications, the effects of having various 
masses and various displacement thresholds are treated 
separately. This section considers a solid containing 
kinds of atoms, possibly differing in mass and other 
characteristics, but all having the same threshold 
energy. Taking this threshold as the unit of energy,” 
the following initial conditions are imposed : 


V c= 0, 


t 


V k= Vik, 


U<T<t, 


1<T Sz. 


(9) 
The first relation simply states that no displacements at 
all occur unless the primary atom receives the threshold 


® Thus, in this section, T is the same variable as the y of refer- 
nce 2 
ence 2, 
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energy. The implications of the second relation depend 
on the selection of the parameters »;,. The most in- 
teresting choice is v,.,.=1, viz=O (1%). This is always 
appropriate when \, represents the number of va- 
cancies produced at lattice sites normally occupied by 
atoms of type &. It is also appropriate when Vix 
represents the number of & atoms in wrong sites, pro- 
vided replacement collisions are regarded as unlikely. 
Some comments on alternative assumptions are made 
in the final section. 

The way in which the initial conditions influence 
the high-energy behavior of the functions .V,, can be 
learned through introduction of the Laplace transforms 


Zz 
nals)= f Niux(T) exp(—ssz)dz, 


where the new variable is defined by 


z=In(7/2). 


(10) 


(11) 


On taking the transform of Eq. (4), making use of Eq. 
(9), one is led to the equations 


> Gi;(s)nj(s)=>> Hij(s) vn, (12) 


where 
Hi 


1—(1/s) © (ui;/Aij;) 1—-A,,) 


X Lexp(se,;) — 1], 
(j¥1), 


(13) 


Hj; = (wijdi;*/s) Lexp(s6,;)— 1], (14) 


and 6 has been written for the smaller of In2 and —InA, 
and ¢ for the smaller of In2 and —In(1—A). 

In Eq. (12) one has nonhomogeneous equations for 
the Laplace transforms n,.(s) which correspond to the 
homogeneous equations of Eq. (5) for the coefficients 
Aj. If the transforms are written as quotients of de- 
terminants, G,;(s)| appears in the denominator, and 
its zeros are the poles of the transforms. The evaluation 
of the residue of a transform at a pole s=a gives 244A , 
where A ,,7“ is a term in an expansion of .V;.(7). 

The pole at s=1 is both the most important and the 
simplest. To evaluate the corresponding residue, replace 
the first column of |G;;(s)| by the sum of all the col- 
umns, so that it becomes 


1+s—>)> —[1-—(1-),,)*t!+4), 4"). (15) 
d 


/ 


Near the pole, this is approximately (s—1) multiplied by 


Ga**=14+)> —[(1—A,,)? In(1—A,,;) —A;,7 In, ]. 


j 


(16) 


vm 


In the preceding section it was seen that for s=1 the 
coefficients A, are independent of i and may be de- 
noted by 4,. Now it can be seen that they are given by 


iG (17) 


2A,=lim(s—1);.(s)='!G 


sl 
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where |G;;*| and |G,;**| are obtained from |G;;(1)| by 
changing the first column. In the numerator of Eq. (17) 
the first column consists of terms from the right side 
of Eq. (12); in the denominator the first column is 
given by Eq. (16). 

The total number of displacements regardless of 
kind produced by a primary of type 7 is 


gi(T)=Li Nix(T). 


This function satisfies Eq. (4) along with initial condi- 
tions obtained by summing those for .V;, over k. When 
T is large g;(T) is almost independent of 7, being 
approximately 


(18) 


g(T)=A T 2=) : Agl: 
When Eq. (9) applies, the coefficient A may be obtained 
from Eq. (17) by replacing every vi, by the corre- 
sponding sum over k. 


(19) 


V. DIATOMIC SOLIDS WITH A 
SINGLE THRESHOLD 


The results of the preceding sections are here applied 
to the effects of a high-energy primary in a solid con- 
taining two kinds of atoms. One using Eqs. (6), (7), 
(12), (13), (14), and (16) to evaluate the determinants 
in Eq. (17), one obtains 


(p12V2~+ MerY ie )AT Moder (Viet 2K) X 


2A,= casted 


 Gaaepia A+ Qeseear (1—D)? In(—D)—A* AT 
(2 


)) 
where \=A}2=Ag), and 
NX =)?(e®8—1)— (1—A)?(e*—1) 


—d(1—2h), 
=3\—2r2—1, 


A<} 
\>1. 


(21) 


Using Eqs. (19) and (20) and taking »;;=v22.=1, 
V}2= V2,;=0, the total number of vacant sites is found to 
be g=AT/2 where 


A(\,u) =2(A1 +A?) 
A+pxX 


ti ciccheenrninirnene , (22) 
A+ul(1—A)? In(1—A)—A? Ind J 


and 


w= 2pr2Mor/ (Mie M21). (23) 


Since A(A,u) depends in a simple way on two param- 
eters which are both confined to the range zero to 
unity, it is reasonable to give some attention to the full 
domain, even though parts of it are unlikely to apply 
to any real solid. This is done in Fig. 1, where A is 
plotted against A for a few values of u. It is seen that A 
is usually near unity, being substantially different only 
when A is small and uw near unity. Only when the masses 
are very different is \ really small, a mass ratio of about 
forty corresponding to \=0.1, for example. Moreover, 
uw is near unity only if wiz and yy; are both near unity. 
As may be seen from Eq. (2), an unlikely combination 
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of circumstances would be required for this. In fact, 
w will usually fall in the range zero to 0.5 to which it 
would be confined if scattering cross sections were all 
the same and concentrations alone significant. Thus, a 
difference in the masses of the components will rarely 
have much effect on the total number of displacements 
in a diatomic solid. The predominance of collisions be- 
tween unlike atoms needed for a large effect is not to 
be expected. 

These considerations confirm the conclusion sug- 
gested by the much more limited calculations reported 
before,’ which started with the assumption that colli- 
sions involving various pairs of atoms had the same 
probability. From Eq. (22) it is now apparent that the 
function A(A) given in Eq. (12) of the earlier paper 
does not depend on py2.=421=9.5, but only on w=0.5, 
and that this case actually provides a good indication 
of how much A is likely to differ from unity in practice. 

The relative numbers of vacant sites of types 1 and 2 
produced by a high-energy primary atom are deter- 
mined by the ratio 
Ay (7) 
A» Mie A+poX¥ 


(24) 


For \>0.5, this is always approximately po:/ui2; for 
A<0.5, it is 


Ay May Mut 2Api2 
= - (25) 
Ay Mir? poet 2dpo1 


In rough terms, the number of vacant sites of a given 
kind is proportional to the concentration of the corre- 
sponding atom unless A is substantially smaller than 
0.5. When A is very small, the number is roughly pro- 
portional to the square of this concentration. 

In contrast to the results on the total number of dis- 
placements, those contained in Eq. (24) are beyond the 


~ 











4 0.6 
4M, M, 
M, + M,)° 
Fic. 1. Coefficient A(A,u) determining total vacancies in high- 


energy cascades in diatomic solids as computed from Eq. (22). 
The numbers near the curves are values of = 2pjo21/(u12+p21). 
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scope of the earlier paper. There, the special assump- 
tions made at the beginning introduced a symmetry 
which insured ‘V\;= No and Noi= Ny for all T. For 
large T the four functions all approached A7/4, where 
A was given by Eq. (12). 


VI. EQUAL MASSES BUT VARIOUS 
THRESHOLD ENERGIES 


This section considers a solid containing n kinds of 
atoms characterized by n threshold energies for dis- 
placement, £;. For simplicity, however, some special 
assumptions are made on other points. In particular, 
all atoms are taken to have the same mass, so that the 
parameters Aj; are all unity and Eq. (4) reduces to a 
simple set of ordinary differential equations. The use 
of these equations would lead to no essential difficulties, 
but results would be cumbersome. The additional as- 
sumption is therefore made that differences in cross 
sections are unimportant, so that the probabilities y,;; 
may be replaced by the atomic fractions c;, and the 
equations become 

T (dNix/dT) => c;Nj(T). (26) 


The threshold energies are introduced through the 
conditions 


Na=6. 
Nix $, 
Nu= 0, 


P<, 
E;<T $2E,, 
TSE,+£i, 


(27) 
ixk. 


The last relation, which is used for convenience, places 
a restriction on replacement collisions. An i atom for 
which Ey. <T<E,;+ Ey is not permitted to displace a 
k atom while being captured itself. 

The right side of Eq. (26) depends only on the single 
subscript k. Keeping this in mind, it is easy to show that 
when T>E,+E,. for every i and k, the functions Vy 
are all of the form 


A ,T+Bix, (28) 
where 


(29) 


Complete determination of A, and B;, requires the 
systematic introduction of initial conditions. How this 
proceeds can be illustrated by the case n=2. If the 
atoms are labeled so that E, < 2, the equation 


T (dN, dT) a ¢ Vi (30) 


applies to the range 2E,<T< £,+ £2. Integration sub- 
ject to the condition at T= 2£, yields Ny,= (7/2E))". 

Algebraic equations for 4;, By, and By, can now be 
written by using Eqs. (28) and (29) along with the 
conditions at 7=#,+£». In this manner one obtains 


1 
A\= nn (31a) 
(2F;)°(F\+ Ey)? 


oBy,= — €9Bo1= yo (414+ Fe) 2E\ Jer, (31b) 
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A corresponding treatment of .Vj2 and V2.2 yields 


C2 
(32a) 


" (Ey+Ee)\(2Es)*? 


2k» “1 
OBy,=—¢ Buel ef ) -1] (32b) 


When similar procedures are followed for other 
values of n, the coefficients B,;, turn out to be too 
complicated for really convenient expression in the 
general case, but the more important coefficients A, 
are simply 


A,=0.5cx/(Ex), (33) 


where the energy appearing in the denominator is the 


product 


(Ex)=[L[((4;+£,)/2)”. (34) 


Since the sum of the concentrations is unity, (E,) 
kind of mean of the threshold E;, with the thresholds 
for the other types of atoms. It usually varies much 
less with & than does EF, itself. For example, for three 
kinds of atoms present in equal proportions and with 
E./E,=2, E;/E,=3, one finds (E,)/(E,)=1.36 and 
E3)/(£,)= 1.71. 


is a 


VII. MONATOMIC SOLID WITH A SPECTRUM 
OF THRESHOLDS 


In the simplest treatments of displacements in 
monatomic solids the idea of a single sharp threshold 
energy is used. Actually, when an atom receives an 
energy T. there is a probability for displacement which 
rises exiremely slowly from zero at T=0, increases 
rapidly when T is of the order of 10 ev and approaches 
unity for large 7. That is, one expects a monatomic 
solid to be characterized by a spectrum of threshold 
energies, most of which do not differ from 10 ev by 
any large factor. Several calculations on the effect of 
threshold spectrum have been made, the most thorough 
being that of Fein*t which is based on the Seitz and 
Koehler treatment of the sharp-threshold case. The 
results of the preceding section permit a very con- 
venient consideration of the same question with thresh- 
old energy defined in the manner of Kinchin and Pease. 
In this application a spectrum is introduced by 
calculating as though a fraction c,; of the atoms have a 
threshold energy £;. Since it is the total number of 
displacements produced when a random atom receives 
an energy 7 which is wanted, one computes 
g(T)=>.: Da cNix. (35) 

Here, the production by an atom of type 7 has been 
weighted by c;, the probability that the primary knock- 
on is of this type. Using Eqs. (28), (29), and (33), and 
introducing the mean threshold energy 

EB =>, CrEy, 


1 (36) 
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one obtains 
g=AT/2E, (37) 
where 


A=. J] (2F/(Ei:4+E) ]”. (38) 


These equations are exact for T>2(Ej)nax, where 
(Ey) max is the largest threshold. 

A highly useful approximation to Eq. (38) is reached 
if the right side is expressed in terms of moments of 
the threshold spectrum. One first writes 


A =r CW, 
Inv.= —D c; Inf1+ (et+e;)/2], 


(39) 
where 
(40) 
and 

¢,= (E,—E) ‘EB. (41) 
Expansion of the logarithm in powers of (€;+,) then 
leads to 


A =1+4+3p2/8—p3/6+5(Qu4t+5yo”)/128---, (42) 


where 


Ki= ar Cren!. (43) 


his result applies when the higher moments are suffi- 
ciently small, and has the merit that it expresses the 
number of displacements in terms of characteristics of 
the spectrum which one can reasonably hope to learn. 
It indicates that the number of displacements is usually 
slightly greater than for a single sharp threshold located 
at the mean of the spectrum. 

The above analysis can be readily restated for a con- 
tinuous spectrum. If the probability of a threshold near 
sE is c(s)ds, one finds 


A -f c(S) exp| -f c(s’) Inf (s+s’) 2s" Is. 


0 0 


(44) 


peak, 


For a spectrum with a reasonably well-defined 
Eq. (42) again applies, the moments being 


w= f (s—1)'c(s)ds. 


0 


(45) 


As an illustration, and for comparison with the work 


of Fein, consider 
c(s)=1/26, (1-—b)<s<(1+0), 6<1, 


c(s)=0, s—1|>0. 


Evaluation of the first few moments and use of Eq. 


(46) 


(42) gives 

A=14+08?/8+4361/1152+ --::. (47) 
Even for b=1, Eq. (47) is a good approximation. It 
shows that for this spectrum the number of displace- 
ments is not very sensitive to the width. The exact re- 
sult of inserting Eq. (46) into Eq. (44) is 


e (1/b)+1 
a=-f a~*(x—1) dx. 
b 


1/b) 


(48) 
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lor b= 1, numerical evaluation of the integral gives 1.20. 

These results may be compared with those of Fein 
which also show that a solid with an extended spectrum 
is much like one with a sharp threshold at the mean of 
the spectrum. In making the comparison it is helpful 
to alter Fein’s notation so that « is the energy of a 
moving atom in terms of the mean threshold, rather 
than in terms of a smallest threshold. His expression for 
the displacements produced by a high-energy primary 
then becomes 


0.561(*+1) exp(—(Ins)w), (49) 


f Ins c(s)ds, 


where 


(Ins) ay = (50) 


and c(s) specifies the spectrum. 

Expansion of Ins in powers of (s—1) leads to (Ins) sy 
in terms of moments of the spectrum, and the factor 
determining the effect of the distribution of thresholds 
about the mean becomes 


exp(— (Ins )av) = 1+ ue/2—ps/3+ (u2?+ 2ys)/8---. (51) 


Comparison with Eq. (42) shows that the coefficients 
of the lowest moments are not very different and sug- 
gests that results will be very similar for all reasonable 
spectra. 

For the spectrum of Eq. (46), 


exp(— (Ins) ay) 
= (1—b)" exp{1— (140/26) In[(1+8)/(1—8) ]} 
1+-6°/6+236'/360+---. 


(52) 


This factor is a little larger than was obtained in Eq. 
(47), but the difference is too small to'be of much im- 
portance. For 6=1, the value is e/2=1.36, which is to 
be compared with 1.20. 


VIII. APPROACH TO ASYMPTOTIC BEHAVIOR 


The material reported so far raises many questions 
relating to connections with previous work, to addi- 
tional results obtainable by further calculations, and to 
assumptions from which the work proceeds. This sec- 
tion and the following brief one touch upon a few such 
questions. 

For solids with atoms of various masses but with a 
single threshold, rather general results have been ob- 
tained for large cascades, Eq. (17) giving coefficients 
A, which determine the functions .V,, for large T. The 
straightforward way of learning how the limiting forms 
of the functions are approached is to evaluate residues 
of the Laplace transforms n,.(s) for other poles than 
those at s=1. Another approach, which is able to 
give some qualitative information, is to investigate 
energy sharing by collisions in a group of free atoms. 


Straightforward Calculations 


Some calculations for a diatomic solid with a single 
. ' . 
threshold and with »3,;=v.2.=1, vyy2=v23=0 can illus- 
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trate the direct approach. In the earlier paper,’ the case 
12=ée21=0.5 was treated for all mass ratios and a few 
results were presented in Fig. 5. It was seen there that 
when the masses are not very different (A >0.5) even 
T= 20 corresponds rather well to a “large” cascade. 
For really large mass differences, however, the re- 
stricted energy exchange between unlike atoms pro- 
duces strong effects. It was found, for example, that 
for \=0.1, T= 1000 was still not a high energy. 

Since yy2 and ye; are probabilities for collision between 
unlike atoms, they must influence the approach to 
limiting behavior in somewhat the same way as does X. 
For A=1.0 and A=0.5, this question can be examined 
without much difficulty. In the first case exact solutions 


like the following are easily found: 
) (wigtuei | 


Mil «6 2 
‘eee 
2(uist p21) T 
For A=0.5 and a general value of (42+ 21), the 
functions .V,.(7) cannot be expressed exactly in closed 
form. Turning to the Laplace transform method and 
taking .Vy2(7) as an example, one finds from the equa- 
tions of Sec. IV: 


url (s—1)2°+1] 


(53) 


Nw 


Nyo(S) 
§(Mi2+ M1) 


1 Z* 
x( ! ). ey 
(s—1) (1—5s)2*— (pyo+pe1) 


For the special case (ui2+m2:)=1, m12(s) has poles at 
s=0 and s=1, and these correspond to the exact 
solution 

(55) 


Nj2=0.5p12(T— 2). 


For (412+ 21) ¥1, the poles are s=1 and the roots of 


(1—s)2*= Miet Ma. (56) 


Although this equation may have many roots, two of 
them are ordinarily of major importance. Taking into 
account the poles at these roots, along with that at 
s=1, usually leads to a very good approximation. For 
instance, consider (42+ 21)=0.707. The important 
poles are then at — 2.16, 0.5, and 1.0, and evaluation of 


residues leads to 


N y2=0.707 u12(T—1.277°°—1.02T-?:'6). = (57) 


For 
ZS), 


This is an excellent approximation for all 7 >2 
2<T <4, it may compared with O.5y12(7 
which is the exact solution for this limited range. 

For \=1.0, Eq. (53) shows how the approach to the 
form Ny=AeT depends on (u12+ m2). For \=0.5, a 
somewhat similar dependence is shown by Eqs. (55) 
and (57). A decrease of (ui2+u21) from unity to 0.707 
substantially retards the approach to the limiting form. 


be 


In assessing the practical implications of these results 
it should be remembered that A is greater than 0.5 for 
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many compounds and that (:2+ m2) is not likely to 
be much less than unity. Thus the asymptotic equations 
for the functions Nx will frequently apply to cascades 
which are quite moderate in size. It should also be 
noted that for A=0.5 and 1.0, each of the sums 
(NiitNi2) and (.V2:+N22) is simply 7/2. For other A, 
these sums cannot be simply expressed in closed form, 
but they usually approach their asymptotic forms very 
rapidly. 


Sharing of Energy Among Free Atoms 


Consider a very large collection of atoms of n types 
in which kinetic energy originally possessed by a single 
atom has been shared with 2” atoms as a result of p 
groups of collisions. Assume the number of moving 
atoms to be small compared with the total number, and 
let the kinetic energy possessed by all of the atoms of 
type k be 7,(p). In the next group of collisions a frac- 
tion ux; of these atoms collide with stationary atoms of 
type j and retain the energy 


Mej(1—Ax; 2)Tx(p). 


Meanwhile, an energy }ujAj«7)(p) will be received by 
stationary atoms of type k from moving j atoms. On 
summing over j one sees that the energy possessed by k 
atoms after (p+1) groups of collisions is 


Ti (pt i) =Ti(p) +3 X wird jxT \(p) 


—37.(p) dX werrj. (58) 


These difference equations permit one to follow the 
development of a limiting distribution of energy among 
the various kinds of atoms from any initial distribution. 
The limiting distribution is approached in the final 
stages of a large cascade (that is, for large p) and is 
easily calculated from the linear, homogeneous equa- 
tions in 7;.(p) obtained by putting 7,(~+1)=7;(p). 

For n= 2, the limiting distribution is given by T221 
= Tu». If the total energy T is initially possessed by 
an atom of type 1, the complete expressions for the 
separate energies are 

T; 21 


Hie " 
: 1+—[1—(A/2)(uiet Mer) J? 3, (59) 
1 (12+ p21) M21 


T, Hi2 
(i—[1- 2)(ui2t+ pe) |”). 


= (60) 
T (ue p21) 
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To compare Eq. (60) with Eqs. (53), (55), and (57), 
one may estimate the number of generations in a cas- 
cade of energy 7 by using a relationship like T=2?. 
Certain similarities and differences are then found, but 
it is not clear whether much insight into cascades in 
solids can be gained in this way. 


IX. FINAL COMMENTS 


This study has shown that it is not difficult to obtain 
rather general results about cascades of moderate 
energy in compounds from assumptions concerning the 
effects of moving atoms of low energy. Although rather 
strong simplifying assumptions have been made, there 
are indications that some of these (like the use of sharp 
threshold energies) do not greatly impair the validity 
of the results. 

At present, knowledge about the effects on solids of 
atoms in the energy range from a few electron volts to 
perhaps 100 ev is small but it appears to be growing 
rapidly. The work of Silsbee? and Thompson” has al- 
ready brought out some important points, and current 
calculations of Vineyard" and his associates should 
yield a great deal of information. It is reasonable to 
hope that it will become possible to formulate starting 
conditions for calculations like those reported here 
which will be quite realistic and yet not unduly difficult. 

This possibility is particularly important for ques- 
tions relating to replacement collisions. Presumably an 
atom receiving energy which is adequate for the pro- 
duction of only one vacancy may in some cases be 
responsible for one or more replacement collisions. In 
Sec. IV such replacements were recognized through the 
introduction of the parameters v,,. With sufficient 
understanding of a particular solid, one could judge 
how many replacements to expect from an atom re- 
ceiving energy in the range 1<7<2. It would then be 
possible to choose the parameters v,;, in a reasonable 
way and obtain rough estimates for the numbers of 
atoms displaced to wrong sites in a large cascade. For 
results of greater accuracy one might turn to other 
kinds of starting conditions. 


*R. H. Silsbee, J. Appl. Phys. 28, 1246 (1957). 

0 M. W. Thompson, Phil. Mag. 4, 139 (1959). 

"1G. H. Vineyard, preliminary report given at the Gatlinburg 
Conference on Radiation Effects in Semiconductors, May 6-9, 
1959 (unpublished). 
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The efficiency of electroluminescence in ZnS is examined on the basis of a model of impact ionization in a 
barrier. On the basis of such a model, the efficiency depends on the ionization rate, and this rate has here 
been calculated by applying a theory developed for Ge and Si to ZnS. By considering the voltage dependence 
of the efficiency one can then get an estimate of a maximum obtainable efficiency in terms of the ratio of the 
barrier voltage to the total voltage. Both on the basis of this maximum efficiency and from other considera- 
tions it appears that the present theory can account for the magnitude of efficiencies reported to date. 


I. INTRODUCTION 


INCE it is generally believed that the electrolumines- 

cence of ZnS takes place by impact ionization in a 
barrier it was decided to investigate the question of 
efficiencies obtainable by such a mechanism. This 
problem has already been examined by Zalm,' but 
here an expression for the maximum. theoretical 
efficiency will be independently derived, with com- 
parison to Zalm’s results at appropriate stages. 

In any process in which electrons gain or lose energy, 
the total energy gained or lost will be a product of the 
number of electrons and the energy gain or loss per 
electron. Thus, the energy emitted by a phosphor is 
equal to the number of radiative transitions times the 
energy per transition. For electroluminescence due to 
impact ionization, the number of radiative transitions 
can, at most, be equal to the number of such ionizations 
(where we have neglected nonionizing excitations). 
Assuming no recombination in the barrier during the 
excitation, one has, for mo electrons penetrating a 
barrier, and m reaching the other end, (n—m) ioniza- 
tions. Thus, the maximum emitted energy is 


(n— 19) X2.4, 


where 2.4 is the energy in ev of an average green 
transition in ZnS(Cu).2 Since we have assumed no 
recombination during the excitation this expression 
will, of course, apply rigorously only to delayed emis- 
sion, i.e., emission which takes place after removal or 
reversal of the exciting field. However, such delayed 
emission is precisely what is found as the main emission 
in most ZnS powders.'® 

The energy used to cause the emission is acquired by 
the electrons from the field and will be the product of 
the number of electrons passing through the phosphor 
grains times the potential drop V» they pass through.* 


1 P. Zalm, Philips Research Repts. 11, 417 (1956). 

2 We will consider a green emitting ZnS phosphor since it is on 
such a phosphor that the highest published efficiency has been 
obtained. 

3 See, for example, J. F. Waymouth and F. Bitter, Phys. Rev. 
95, 941 (1954). 

* Note added in proof.—V is thus meant to be defined effectively, 
as that part of the total voltage which produces the resistive losses 
in the phosphor. For most of the work in the present paper, it 
does not appear necessary to relate Vy to the applied voltage. 


Since the barrier region is presumably the highest 
resistance region, if mo electrons get through it, at 
least mp should get through the rest of the phosphor 
grain, so that the minimum energy given up by the 
field is 

noe V 0, 


where ¢ is the electronic charge. Thus, 


n—MNo 2.4 
(CE) 
no eVo 


Here, for Vo in volts and the charge e equal to unity, 
eV is in electron volts. In order to obtain lumens/ watt, 
the above expression has to be multiplied by the 
lumen/watt equivalence of green light (=475'). Thus: 


n—No 2.4 
Nmax= 47: \(—) lumens/ watt. (1) 
Ny eVy 


The expression obtained by Zalm' is 


n—No\ {Vo 
Nmax = 475 — ( ~ } lumens/ watt, (2) 
i Vo 


where V, is the barrier voltage. 

The reason for the difference in these formulas is 
that Zalm uses the ionization probability [(n—mo)/n] 
as the maximum possible efficiency within the barrier, 
whereas on our approach, in line with the derivation 
of Eq. (1), one would get [(n—mo)/mo][2.4/Vs] for 
this efficiency. In comparing the two formulas, one can 
see that the difference in the m factor is not particularly 
important: (1) In the derivation of Eq. (1) the expres- 
sion for the energy loss had mp electrons going through 
a potential of V» volts. Actually, the (7—mo) electrons 
produced in the barrier will also acquire some energy 
from the field. If all of them were to go through a 
potential drop of almost Vo, the energy loss would be 
=nVo, leading to n~1/n rather than n~1/mo. The 
actual energy loss will, of course, be somewhere in 
between. (2) As long as (n—mo)/noS} (the case 


“A 2 


However, for purposes of comparison to Zalm’s! results, Vo is 
assumed approximately equivalent to his ‘‘V2” which appears to 
be, in his model, the voltage drop giving the losses. 
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primarily considered here) it does not make much 
difference, numerically, whether one uses m or mo in 
the denominator. One can thus see that, since one 
needs V;> 2.4, the present approach will in most cases 
give a lower limit to the maximum attainable barrier 
efficiency than will Zalm’s approach. Also, if one 
inserts the presently proposed barrier efficiency into 
Zalm’s formula, one again obtains Eq. (1). 

rhus, using the presently proposed expression for 
the maximum efficiency [Eq. (1) ] and Zalm’s' values 
for (n—my)/no( 0.3) and for Vo(= 66.6) : 


2 


Nmax = 0.3(2.4/66.6)475 ~ 5 lumens/ watt. (3) 


Since Zalm' reported efficiencies of up to +10 
lumens/watt, it is apparent that his theory, inserted 
into our Eq. (1), does not account for his observed 
values. It should still be mentioned that efficiencies of 
18-19 lumens/watt have recently been reported.‘ 
To get such efficiencies one needs either larger values 
of (n—no)/no than those estimated by Zalm, or lower 
Vo’s. Here, it was decided to see whether higher values 
of (n—no)/no could theoretically be accounted for. To 
do this, results obtained for Ge and Si°~’ were used. 
This involved, essentially, calculating the so-called 
ionization rate by means of the theory developed for 
Ge and Si®; as we will show in Sec. II, this theory 
appears reasonably well adapted to calculations on ZnS. 
We shall now express the ratio (m—#)/mo in terms 
of the ionization rate a, where this rate is defined as 
the number of electron-hole pairs produced per cm by 
an electron moving in a field &. As derived by Miller,® 


1 d 
i— -f a exp -f (a—B)dx’ |dx. (4) 
M 0 


Here d is the junction (or barrier) width, 8 is the 
ionization rate due to holes, and M= (np +2,4+n2)/ ny 
where #, as before, is the number of electrons entering 
the barrier, and (2,+71) is the number of electrons 
produced within the barrier [and thus corresponds to 
our (n—np) |. Thus 


i—1/M 


and, neglecting 8" 


1—no/n=(n—no)/n, 


*W. Lehmann, J. Electrochem. Soc. 105, 585 (1958) 

®’P. A. Wolff, Phys. Rev. 95, 1415 (1954). 

6S. L. Miller, Phys. Rev. 99, 1234 (1955). 

7K. G. McKay, Phys. Rev. 94, 877 (1954) 

‘A. G. Chynoweth and K. G. McKay, Phys. Rey 
(1957) 

® A. G. Chynoweth, Phys. Rev. 109, 1537 (1958) 

WS. L. Miller, Phys. Rev. 105, 1246 (1957). 

" Holes in ZnS are apparently not very mobile—a 
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d 
n—MnNno 
= f adx, 
Jo 


n 


108, 29 


ratio of 


and for 8=0 one has Eq. (6). For (n—no)/n <3, this gives 


4 
n—No 
. f adx. 
n v0 
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n—No . ’ 
—- f aexp( - f dx! }dx 
n 0 


0 


d 
-exp(- f adx }, 
n— Ny . 
-e( f adx }—1. 
Ny 0 


To proceed further one needs a(&) and &(x). The 
former can be obtained by a calculation analogous to 
the one carried out by Wolff’ for Ge and Si. We shall 
now proceed to this calculation of a (Sec. II), then to 
the subsequent evaluation of (n—mo)/no (Sec. III), 
and finally to a consideration of the maximum theoreti- 
cal efficiency (Sec. IV). Afterwards there will be a 
discussion of the voltage dependence of the electro- 
luminescence (Sec. V). 


and 


(7) 


II. THE IONIZATION PROBABILITY 


To calculate” a@ the formulas derived by Wolff® were 
used, but with values of the parameters appropriate 
to ZnS. These parameters of the Wolff theory are: (1) 
the ionization threshold (2), (2) the mean free path 
for the interaction of fast electrons with the optical 
phonons (A), and (3) the frequency of the longitudinal 
optical mode (w). 

The ZnS ionization threshold, if this material has 
spherical, nondegenerate energy bands with equal 
masses for electrons and holes, would be one and a half 
times the gap width, i.e., ~5.6 ev. The actual threshold 
is not known, but it was assumed that it would be 
somewhere near 5.6, and calculations were therefore 
carried out for Eo=4 to 8. 

The appropriate value of A is again not known. 
However, it turns out that the A’s for Si and Ge are 
apparently quite similar to each other; one of the most 
recent estimates of \ for electrons in Si is 140 A,®!8 
and a match to recent data’ gives \= 120 A (see below), 
while the estimate for it in Ge is 130 A.®° This indicates 
that there may not be very much difference in the 
interaction of fast electrons with the lattice in these 
two materials.4 Further, Seitz!® concludes that for 
fast electrons (the ones of interest here) the lattice 
scattering is determined mainly by the nonpolar part 
of the electron-lattice interaction. And, if one neglects 
polar factors, ZnS strongly resembles Ge and Si: it has 
about the same lattice constant as Si,!® about the same 
Debye temperature as Ge,'® almost the same masses 


12 The calculations were performed on an LGP computer. 

18 The other recent estimate is 230 A,’ but that seems in rather 
considerable disagreement with an earlier estimate of 70 A." 

4 The respective values for holes are 100 A® and 130 A,%1° 
which are again not very different from each other nor very 
different from the electron values. 

18 F, Seitz, Phys. Rev. 76, 1376 (1949). 

16 See, for example, American Institute of Physics Handbook 
(McGraw-Hill Book Company, Inc., New York, 1957). 
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as an ordered Ge-Si alloy, and structurally, the cubic 
form has the same structure as Ge and Si, and the 
hexagonal form a closely similar one. In view of these 
various factors, it thus seems very likely that the ZnS 
\ would be quite close to the Ge-Si values. The calcula- 
tion was actually carried out for \=50 A to A= 250 A. 
Field strengths considered ranged from 10° to 107 
v/cm; Wolff reported his method to be good only to 
about 10® v/cm, due to the neglect of certain terms, 
but by carrying these terms along for a few steps one 
can show that the method will be good to even higher 
fields (see the Appendix). fw was taken as 0.048 ev, 
where w was taken as the frequency of the longitudinal 
optical mode, and was derived from the formula!’ 


1 
w= w(€s/ €0)?, 


where w;=Reststrahl frequency=5.71X10"  sec",'* 


08, 


| 
| 
4 


10 2xi0® 
FIELD STRENGTH (v/cm) 


Fic. 1. The ionization rate (a) as 4 function of field for a mean 
free path (A) of 100A and various values of the ionization 
threshold (£,). 


€,=static dielectric constant=8.3,!% e)=optical di- 
electric constant — 5.07.'* 

The resultant a’s are shown, as a function of field 
strength, in Figs. 1 and 2 for various values of the 
parameters. The values of a for ko/W>10, were not 
calculated—the calculation is inconvenient, and such 
a’s turn out to be too small to be of interest. W as used 
here is as defined by Wolff®: for Aw and F in electron 
volts, 

W = (6A)?/3hw. (8) 


To use the a’s, as calculated, to get the ratio 
(n—no)/mo one would have to integrate numerically. 
To avoid this, an attempt was made to obtain an 
analytic expression. It was found that a could be given 

17 Lyddane, Sachs, and Teller, Phys. Rev. 59, 673 (1941). 

18 See, for example, M. Born and K. Huang, Dynamical Theory 
of Crystal Lattices (Oxford University Press, London, 1954). 
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»=100A | 


=200A 4-504 


te ty 


( Bs) 
FIELD STRENGTH (v/cm) 


Fic. 2. The ionization rate (a) as a function of field for an 
ionization threshold (Zo) of 6 ev and various mean free paths (A) 


fairly well by 


a= (&/W) exp[0.17—0.8040/W ] 
for 1.55 4o/W<10. (9) 


The fit of this expression to a is shown on Fig. 3, 
which gives Wa/& vs E,)/W for Eo=4, 6, and 8 ev, 
and A=50, 100, and 200 A. It can be seen that, to a 
very good approximation, all values lie on a straight 
line over most of the range (for 1.5< 2o/W<10). 

It should still be mentioned that recent work® actually 
shows that Wolff’s theory does not give the experi- 
mentally observed field dependence for the ionization 
probabilities of Si. It was therefore decided to check 
just how much lack of agreement this would produce 
in the magnitude of a. To do this, calculations were 
carried out for values of parameters appropriate for 


Fic. 3. Plot of 
aW /& against Eo/W. 
The points are the 
calculated values, 
and the line is given 
by Eq. (9). 
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Fic. 4. Experimental® (solid line) and theoretical (dashed line) 
ionization probabilities for electrons and holes in Si. The parame 
ters for the theoretical curves were w=0.08 ev,!® Ey=2.25 ev,’ 
and A\=120 A for electrons, and Ey=2.8 ev,’ A=100 A for holes. 


Si; iw was taken as 0.08 ev,'® the values of Eo used were 
those reported recently® (Eo=2.25 ev for electrons 
and 2.8 ev for holes), and a match was carried out for 
various \’s. The best match was obtained for A\=120 A 
for electrons and 100A for holes, and the resultant 
curves, together with the experimental curves given by 
Chynoweth® are shown in Fig. 4; as can be seen, the 
agreement is within about a factor of two for holes 
and three for electrons. 


III. THE RATIO (n—m)/nm 


To obtain this ratio from Eqs. (7) and (9), one still 
needs the field strength as a function of x. We shall 


— Fic. 5. The ratio 
(n—no)/no as a func 
tion of the maximum 

| barrier field (&») for 

; a barrier width (d) 

| of 10-5 cm and a 

| mean free path (A) 

| of 100A for various 

values of the ioniza- 
tion threshold (Eo). 





4 


ono” 
MAXIMUM BARRIER FIELD 


a eee 
‘540° 


v/cem) 


1® Haynes, Lax, and Flood, Bull. Am. Phys. Soc. Ser. II, 3, 30 
(1958). 
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consider the case of a barrier in which the field varies 
linearly” (e.g., a Mott-Schottky exhaustion barrier’). 
Here 


6=6&,(1—4/d). 


Substituting this and Eq. (9) into Eq. (7) and inte- 
grating, we then have, within the range of validity 
of Eq. (9), 


(n— No)/ No 
=exp[ — (d/2)(8n/W»)e"Ei(—0.80Eo/Wm) | 


=|, (ia) 


where 


” exp(—y) 
Bi(-x)=- f —_——dy. 


2 y 


Various values of (#—m0)/no derived from Eq. (11) 


Fic. 6. The ratio 
(n—no)/no as a func- 
tion of the maximum 
barrier field (&,,) for 
a barrier width (d) 
of 10-5 cm and an 
ionization threshold 
(Eo) of 6 ev for 
various mean free 
paths (A). 


for Eo/Wm290.9 are given in Figs. 5 and 6 for d=10~ 
cm. It was felt that although Eq. (9) was an excellent 
approximation to a only for Eo/W 21.5, the deviation 
between the true a’s and Eq. (9) was not bad as long 
as E,)/W20.9 (see Fig. 3); the error in (n—m)/no 
would be even smaller than that in the a’s. The value 
of d was taken as 10~° cm, the value estimated by Zalm.' 


IV. THE MAXIMUM EFFICIENCY 


We will now consider the maximum efficiency 
obtainable for a Mott-Schottky exhaustion barrier. 
For this case one has, assuming the applied voltage V, 

” The situation for a constant field (&) from 0 to d is actually 
easy to consider: a is constant, and Eq. (7) integrates immediately, 
giving: 

(10) 
Actual values can readily be obtained from a. However, this 


case will not be considered further since the linear barrier probably 
represents a more realistic field distribution. 


(n—mno) /no= exp (ad) — 1. 
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to be much greater than the built-in voltage,! 


Em=2V;,/d, 


€s y Vo } 
d=({— —}. 
2rNe 300 
N is the density of positive charges in the exhaustion 
region, V is still in volts, due to the conversion factor 


of 300 statvolts/volt, and e is now in esu. Further, for 
values of (n—m)/mo of interest one has 


exl+x. 


(12) 


(13) 


Using the above and substituting into Eqs. (1) and (11): 


Nmax = 475 (2.4/Vo)aEi(—b/V,5), (14) 
where 


a= — (3fiw/D?) (€,/8mNe) (1/300) exp(0.17), 
b=0.80(3hw/d2) Eo(€,/8mNe) (1/300). 


(15a) 
(15b) 


Since we have assumed no recombination during the 
excitation, the above 7 will only be applicable to the 
present model if we integrate it over some time varying 
voltage, with the recombination taking place when the 
exciting voltage is removed or reversed. An attempt 
to carry out such an integration for a sinusoidal voltage 
was unsuccessful. However, the above 7 will apply to 
a pulse voltage, at least if V does not vary appreciably 
during the pulse (i.e., as long as space charge created 
by the impact ionization can be neglected). 

By assuming a relationship between Vo and V3, the 
above efficiency can be maximized with respect to the 
voltage (=Mnmax’). By assuming Vo~V»,"" one finds 
that the maximum is obtained for: 

— Ei(—b/V,)=exp(—b/ V2). (16a) 
This relation is satisfied for 


b/V,=0.435. (16b) 


For this value of b/V, (6/V,=0.8Eo/W»), Eq. (9) 
actually is no longer a good approximation for a. 
However, it is still good to a factor of ~2 (Fig. 3), 
and further the actual a [and thus (w—m)/mo and 7 | 
will be higher than that given by Eq. (9). With this 
limitation, 


2.4 Ve 
nae 475 ——)(—) aki(—0.185 
(b/0.435) Vo 


= (473/Eo)(Vi/Vo) lumens/watt, (17) 
or, taking ky~6, 


(18) 


Nnax ~ 79(V,/Vo) lumens/watt, 


[a percentage efficiency of ~17(Vi/Vo)%]. 


21 It appears hard to predict, without a; specific model, how 
good this approximation is. However, for Zalm’s! model of the 
barrier, one finds V;,/Vo~V»/6, so that for this model our assumed 
proportionality is fairly well (although not completely) satisfied. 
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V. ON THE VOLTAGE DEPENDENCE OF 
THE ELECTROLUMINESCENCE 


The electroluminescent brightness, if one neglects a 
possible voltage dependence of the proportion of 
radiationless transitions, will’be proportional to (n— mp9), 
1.€., 


B~rnol (n—no)/no }. (19) 


Zalm has obtained! 


no~exp[ —const/(V,)! ], (20) 


and we shall now examine the voltage dependence for 
(n—no)/no to be expected from the present theory. 
We shall again consider the linear barrier case, and 
again use the approximation e*~1+.x, as well as 


Eqs. (11), (12), (13), and (15). Then, 


(n—no)/no~aEi(—b/V,), 


(21) 
where one thus needs the voltage dependence of 
Ei(—b/V,). Here it should again be remembered that 
Eq. (11) [and subsequently (21) ] holds well only for 
0.95 Eop/W S10, i.e., for 0.75b/V,<8, so that we are 
interested in the behavior of Ei(— x) only in this 
range. On plotting this function, one finds that for 
0.7 x52 one gets 


Ei(—«)~exp[_—consty/x ]. 


In this range one therefore gets [from Eqs. (19), (20), 
and (21) | 
B~exp[_—const/+/V ], 


the relation usually observed experimentally.! 
For 4<«<15 one has, as already pointed out by 
Zalm,} 
Ei(—x)~ —exp(—const x). 


This leads to [again using Eqs. (19), (20), and (21) ] 


g h 
Bx xp~( + ), (22) 
V/V Vy 


where g and / are constants. In this range the present 
theory will thus give the experimentally observed 
voltage dependence only if one has 

go>h/V/ V>. (23) 


Now, assuming this inequality to hold one can get g 
from the experimental results. Experimentally, as 
mentioned, one has 


B~exp[_—const//V ], 
where V now is the applied voltage (= V,).” Thus 
g=const(V,/V,)', 
and, from Zalm’s curves, 
g266(V,/V,)'. 


» 


2 V, is in general not equal to 1. 
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The other constant, h, can be estimated from the 
present theory. Since one has (for 4<*< 15) 


Ei(—x) + —exp[— (1.2+1.1x)], (24) 


one gets [using this, 2yo~6, and Eqs. (15) and (21) ], 
h=1.1b=1.8X 10°(1/d2.V). 
Thus, Eq. (23) requires 
66(V,/Va)!>>1.8X 109(1/¥V) (1/V)?. 


The minimum barrier voltage that can support detect- 
able electroluminescence is probably about 5 volts, 
giving 

oe 

J bx J. 
And, judging by Zalm’s! data (the data from which we 
determined g), detectable electroluminescence on his 
samples starts at ~40 volts, giving 

Vy Voz}. 
Thus, for Eq. (23) to hold one now requires 
WV>2.4X 104. 


Since A is probably of the order of 100 A or larger, 
one requires values of .V 210" to satisfy this condition. 
Such values of V are probably reasonable. The results 
of the present theory are thus not inconsistent with the 
observed voltage dependence, provided, of course, that 
\ and .V are in the proper range. It should also be 
mentioned that if one were to use the relation for 
a(&) observed experimentally for Si,’ i.e., 

a~exp(—const/é), 
one would obtain 
(n—No)/No~exp(—const/ V/V), 


Over a fairly wide range of V (i.e., as long as both 
Eqs. (21) and (24) are valid). And, finally, it is worth 
noting that Lehmann” reports a voltage dependence 


for individual light spots of 
B~exp(—const/V), 


which is the dependence predicted by the present 
theory for (n—m)/no over most of the voltage range. 


VI. DISCUSSION 


It would obviously be of interest to know the 
reliability of the various formulas and estimates that 
have been obtained. Thus, although no numerical 
estimates can be put on this reliability, we feel that it 
will be worthwhile to state explicitly and discuss, 
insofar as possible, the various assumptions and 
approximations that have been made. 

First, we shall consider how well the efficiency is 
given by Eq. (1). Given the basic assumption of an 


%W. Lehmann, Extended Abstracts of the Electrochemical 
Society Spring Meeting, 1959 (unpublished). 
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electroluminescence caused by an impact ionization 
mechanism, Eq. (1) appears to be fairly exact; it 
involves the probably quite minor approximation of 
using an average phonon energy rather than in inte- 
grating over the actual emission spectrum and, as 
mentioned earlier, of no recombination in the barrier 
during the excitation. The latter is probably satisfied 
quite well in ZnS powders, most of which give mainly 
delayed emission.!* Of course, Eq. (1) is an expression 
for the maximum efficiency, so this still leaves the 
question of how closely the actual efficiency approaches 
the maximum theoretical value. One of the factors 
upon which this will depend is the energy gained by 
the electrons created in the barrier [and neglected in 
Eq. (1) ]. This problem has already been discussed in 
the introduction, where it was mentioned that as long 
as (n—mo)/noS3, any error will be relatively small. 
Another source of difference is radiationless transitions ; 
as a result of these, not all (7—) ionizations lead to 
the emission of photons. The fraction of such radiation- 
less transitions is hard to determine and, as far as the 
author knows, this problem has never been worked on 
for ZnS electroluminescence. For photoluminescence 
of ZnS(Cu), it appears that the quantum efficiency 
can be as high as ~ 50-60%." 

As for the validity of the expression for a, this 
depends both on the validity of Wolff’s theory for Ge 
and Si and on the validity of applying it to ZnS. On the 
former question, it has already been mentioned (see 
Sec. II and Fig. 4) that Wolff’s theory does not appear 
to give the experimentally observed voltage dependence 
for the Si ionization probabilities, but that on the 
other hand it does give quite reasonable order of 
magnitude agreement. As for carrying the theory over 
to ZnS, the major problem would seem to be whether 
the ZnS electron-phonon interaction for fast electrons 
is sufficiently similar to that in Ge and Si; the reason 
for expecting this to be so was discussed in Sec. If. 

In getting (n—mo)/no from a@ one has to assume 
a field distribution and a value of 8. For the former we 
have mainly restricted our attention to the Mott- 
Schottky, or linear field, barrier; such a barrier seems 
reasonable, and has already been used and discussed 
by both Piper and Williams** and Zalm.' As for the 
assumption 8~0, this was justified in Sec. I and it was 
there also shown that even if one had 8~a this would 
not greatly affect the result for (n—mo)/nS}. Of 
course, in addition, we have assumed implicitly that 
the impact ionization in ZnS takes place primarily by 
ionization of the lattice rather than of impurities. 

In getting Mmnax’, there is the further assumption that 
V,/Vo is constant, and there are the approximations of 
“stretching” Eq. (9) and of e?~1+ 4. Both the latter 
could, if desired, be eliminated by numerical labor, but 


* J. Tregellas-Williams, J. Electrochem. Soc. 105, 173 (1958). 
2° W. W. Piper and F. E. Williams, Brit. J. Appl. Phys. Suppl. 
No. 4, $39 (1954). 
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this does not seem presently to be warranted in view 
of the various other approximations and assumptions 
that have been made. It should also again be mentioned 
that a number of approximations made in previous 
steps (see above) are not serious as long as (n—mo)/no 
S$}. Although (n—1)/no no longer appears explicitly 
iN Mmax’, these considerations still hold, where now the 
condition (n—no)/moS}5 can be replaced by the one 


A 2 


ViS1.2Ko [derived from Eqs. (1) and (17) ]. 


VII. CONCLUSION 


An important aim of the present investigation was to 
determine whether an impact ionization mechanism 
could account for observed efficiencies in ZnS. Judging 
by Eq. (18), it would appear that such a mechanism 
can, indeed, provided (V,/Vo) is sufficiently large. 
Zalm! estimated his V, at ~9 volts and his Vo at ~ 66.6 
volts. This gives via Eq. (18), »~11 lumens/watt, 
while Zalm obtained, for sinusoidal excitation, ~10 
lumens/watt. Although direct comparison is difficult 
due to the sinusoidal excitation, it would appear that 
the value of V/V estimated by Zalm is about sufficient 
for the present theory to account for the observed 
efficiency. For the higher reported efficiency of 18 
lumens/watt! we have been unable to estimate V,/Vo, 
so no direct check was possible for this value, but it 
would seem likely that a sufficiently high voltage ratio 
should be achievable. 

It should also be pointed out that by using Zalm’s 
observed 10 lumens/watt and his estimated 66.6 volts 
for Vo one gets (n—o)/no~0.6. To obtain this value, 
the maximum required &,, for the curves shown on 
Figs. 5 and 6 is ~17X10° v/cm; the highest &,,, for 
any of the selected parameters, is required for \=50 A 
and E=8 (not shown on these figures), and here, for a 
barrier width of 10~° cm one needs &,,~21X 10° v/cm. 
These values lead to very satisfactory agreement with 
Zalm, who estimates, without reference to the efficiency, 
that he is likely to have an 6, of ~18X10° v/cm 
across a barrier of ~10~-° cm. This, as well as the 
agreement with Zalm’s efficiency, would thus indicate 
that the various approximations of the present theory 
that 
agreement with experiment is obtained. 


do not lead to serious error, and reasonable 
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APPENDIX 


To show the applicability of Wolff’s® method at 
fields greater than 10° v/cm, we will solve his Eqs. (18) 
and (19) more exactly. Using the same notation, one 
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gets from his Eq. (18): 


ap ny hwf ny ny 
2- +n’ |- 2 +n'|- ; 
3b -¢ mAL ¢ ij 
and, substituting , and m,’ from his Eqs. (21) and (22), 
hw a? /2T 
no +" ( +1')] 
mr 3X 6¢ 
2hw 1 
+mf aed ) (A-2) 
mc T 
Using the same further procedure as Wolff (my=eS, 
S'=—A/T) 
3hw 
+1'+|( 
ma*y 
12 2hwT\ 7} 
t (1- )} . (A-3) 
a’ mXC 
Here 7, the mean free time for pair production, will be 


equal to the corresponding mean free path (mfp) 
divided by the velocity, 1.e., 


(A-1) 


—@ 
~T no" = 
3 


1( 34m 2T 
A= { 
2lma’r ¢ 


T=mi{p/c. 


Assuming the mean free path to decrease as some 
power (n—1) of the velocity, one gets 

T~1/c, 

T’~nT/c. 
Further, using® 

a=e6&/m, 

me/2=E 
W = (e5d)?/dhw, 


and substituting the above into Eq. (A-3) and arranging 
terms, one can get 


m\({ n\ mip 
tv (145) 
2EI(W 2/7 X 
E mfp\? E\4E E\4mfp ‘) 
+{(“+atn=) +(—) ("| | 
W r Whew WF dX 


Here, the terms involving (mfp/A) are the ones not 
retained by Wolff. Thus, since one has® mfp<A it can 
immediately be seen that the term (£/W)(4E/hw) will 
be much larger than the (Z/W)(4 mfp/A) term [the 
smallest /» used in the calculation was 4,7° and hw, in 
electron volts, is ~0.05, so that (4#/hw)>300 and 
even the F/W terms are actually negligible |. As for 
the (14+n/2) term, the smallest E/W for the parameters 


A 


26 Since the equations being considered here apply to the 


high-velocity region® one is concerned only with E>» 
g ) g i 
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used in the calculation will be obtained for \= 250 A, 
&=10' v/cm, and Ey=4 ev. Thus 


E 0.15 
(5). 
W min 107« 2.510 6 
E4E 
(. - ) =().3. 
W hw min 


The (1+n/2)(mfp/A) term, for that A, a mfp of 15 A 
(the value estimated by Wolff) and an assumed value 
of n<4, is $0.18, and thus these terms are also less 
than the 4E/hw term. At lower fields and \’s the 
(1+n/2)(mfp/A) terms will, of course, be even less 
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significant. Further, since @ is not proportional to A 
itself, any error due to the omission of these terms is 
even less in a than in A. For &=107 v/cm, \= 250 A, 
Eo=4 ev one gets, neglecting these terms, 


a=6.15X 10°. 


When these terms are included, and using a mfp of 
30 A (i.e., twice the one estimated by Wolff) but with 
n=0, one has 


a=7.32X 10°. 


The influence of these terms, in just about the worst 
case, is thus only about 16%, showing that the method 
is applicable to ZnS for fields up to at least 10’ volts/cm. 
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The splitting of the paramagnetic ground state of Ni** in a cubic field perturbed by an axial and an 
orthorhombic term is calculated. The crystal field can be approximated by the electrostatic field of the 
surrounding ions, but the close contact of these ions with the impurity makes this an uncertain approxima 
tion. We have, therefore, measured the paramagnetic spectrum of Ni** in a metal-organic crystal where the 
orthorhombic component of the crystal field is caused entirely by two far removed dioxane molecules. (Upon 
replacement of the dioxane by benzene, this component disappears.) A comparison between predicted and 


measured values is given. 


A. INTRODUCTION 


T is well known that both the optical absorption 

spectra and the paramagnetic resonance spectra of 
3d ions in nearly octahedral complexes can be under- 
stood in terms of a model, wherein the influence of the 
host crystal on the impurity ions is represented by a 
‘crystal field.” This field should make it possible to 
predict the orbital states of the impurity in the host 
lattice and hence explain the optical absorption spec- 
trum to a good approximation. The spin-orbit inter- 
action produces, then, small additional splittings, some 
of which can be observed in the paramagnetic resonance 
spectrum. 

However, the quantitative prediction of paramag- 
netic spectra from this model has met with difficulties. 
An attempt at calculating the crystal field from the 
charge distribution of the surrounding ions was not 
successful.' Better results are obtained by representing 
the surrounding ions by point charges or point dipoles. 
But even if a crystal field is constructed so as to give 
the correct orbital levels, there occur new difficulties if 
the paramagnetic spectrum is to be derived from this 
field. Sugano and Tanabe® have found that the para- 
magnetic zero-field splitting of Cr*** in AlOs, predicted 


1 W. H. Kleiner, J. Chem. Phys. 20, 1784 (1952). 
2S. Sugano and Y. Tanabe, J. Phys. Soc. Japan 13, 880 (1958). 


from optical absorption spectra, differs in magnitude 
and sign from the observed value. 

In this paper we analyze a case where the crystal 
field contains a component of very low symmetry 
which is caused entirely by a set of relatively far re- 
moved charges. In this case, where overlap effects are 
minimized and the fields calculated from point charges 
and distributed charges are no longer very different, 
we expect to obtain a fair description by using an elec- 
trostatic crystal field. 

The field in question is of orthorhombic symmetry, 
and the splitting of the ground state due to such a field 
is calculated. An example of such a field configuration 
is found in a metal-organic nickel salt, where the octa- 
hedral oxygen complex is of strictly trigonal symmetry 
and a lower symmetry field is provided by two distant 
dioxane molecules. The predicted splitting due to the 
orthorhombic electrostatic field caused by one of the 
four possible arrangements of the dioxane molecules is 
found to agree reasonably with the observed spectra. 


B. CRYSTAL FIELD THEORY 


The theory of the paramagnetic spectra of 3d ions 
has been reviewed by Abragam and Pryce.* The energy 


’ A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 336 (1951). 
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levels are given by the Hamiltonian 
H= Het+V+Rrst+ KsstKUnm, 


where Hy is the free-ion Hamiltonian without spin- 
orbit and spin-spin interaction, V is the crystal field, 
Kis the spin-orbit interaction, KHss the spin-spin 
interaction, and 5 ,,=g6H- (L+2S). 

Only the lowest orbital multiplet (the */ term in 
Nit*+) is considered (Pryce’s approximation A). The 
effect of neglecting the higher orbital multiplets can be 
estimated with help of Fig. 4 of Tanabe and Sugano’s 
article on the spectra of complex ions.* The cubic part 
of V is found to split *F into a *A orbital singlet ground 
level, and into two triplets, *Z7_ and *7;. The higher 
multiplets will perturb mostly the *7; level, whereas 
group theory shows that the paramagnetic spectrum 
depends mostly on the interaction of the ground level 
with *7). The same theory also shows that no inter- 
action through 5,5 is possible between *A» and the 
rather low-lying 'E level. Hence the omission of the 
higher orbital multiplets will not seriously distort the 
paramagnetic spectrum. 

In this paper a complex of symmetry D; is considered 
to which a small rhombic distortion is added. The 
crystal field has therefore a cubic part V,, a trigonal 
part Va, and a rhombic part V,, so that 

V=V.t+VatV.. (1) 
V. is chosen in such a way that its 2 axis coincides with 
the trigonal axis of V.+V4, and its y axis with one of 
the twofold axes, C,’. In the presence of V,, the three- 
fold axis is no longer a symmetry element, whereas the 
twofold symmetry along the y axis is preserved. This 
choice of axes is justified by the symmetry of the 
angular dependence of the observed paramagnetic 
spectrum. The spin Hamiltonian is now obtained by 
first diagonalizing the crystal field matrix and then 
adding Hrzs+Hy by perturbation theory. Hss is 
neglected. 

Orbital states —The crystal field is approximated by 
the electrostatic field from a distribution of point 
charges: 

Ci€k 
VED (VeaetVartVen)=L—. (2) 

k ixk ry) 
Here, e; is the charge of the 7th surrounding ion, ri 
=|r,—r,|, where r,; gives the position of the ith sur- 
rounding ion and r, the position of the &th electron on 
the central ion. (r,; is given below by its polar co- 

ordinates, r;=|1;|, 0, gi.) 
Next, (r:%)~! is expanded into two series of nor- 
malized spherical harmonics, one for r;>r;, the other 
for r;<r;. We find: 
V c= 28¢ (x) LV go— (10 7)}( Vat ge 3) | 
Va=— 14d (5Sxr)*V 20, (3) 
V x= 28e(30m)4(V20+ Yo_»). 

*Y. Tanabe and S. Sugano, J. Phys. Soc. Japan 9, 766 (1954). 
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Fic. 1. Energies and symmetry properties of the F level under 
successive application of V., Va, and V,, assuming c>d>e>0. 


Terms of order Vy, have been neglected in Vat+V-. 
The coefficients c, d, and e contain integrals over the 
radial wave functions. Ballhausen has evaluated these 
integrals for Slaters (unnormalized) nodeless wave 
functions? for the 3d electrons: 


Tr y* Zz r” 
G,= vad Tins ld dr+ r5[-Se-2r/!___dy (4) 
r n+l ae rt 


1=0.212 A for Nit. 
With these integrals, we get: 


c= (4/405) (e0e:/1)G4(r;/1), (Sa) 


d= — (4/315)>° :(e0e;/1) (3 cos*8;—1)G2(r;/1), (5b) 


e= (1/1575)>- ;(eoe,/1) sind; cos?¢g,Ge(r,/l), (5c) 
where e; in (5a) stands for the charge of one of the six 
octahedrally coordinated oxygens, and r; for the Ni—O 
bond length. 

The matrix of the crystal field, V=V.+VatV,, is 
now calculated for the *F level with Stevens’ method.*® 
V . is first diagonalized, and Vz and V, are added in two 
successive first order perturbation calculations, assum- 
ing V.>Va>vV.. 

Terms of order ed/c*? have also to be carried through 
the calculation in order to get the energies and wave 
functions correct to first order in d/c, e/c, and e/d. 

Figure 1 shows the orbital level splitting obtained by 
successive application of V., Va, and V,. 

The orbital problem has also been solved directly on 
the IBM 704 computer, and our expressions for the 


5C. J. Ballhausen, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 4 (1954); J. C. Slater, Phys. Rev. 36, 57 (1930). 

6K. W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952) ; 
B. Bleaney and K. W. H. Stevens, Reports on Progress in Physics 
(The Physical Society, London, 1953), Vol. 16, p. 108. 
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splittings of 7, were found to be good to 2% for the 
e/d ratio used below. 

Spin Hamiltonian. 
the angular momentum, &, we 
Hamiltonian’: 


Ks=DLS2Z—S(S+1)/3]+E(S2—S,7)+eS8-¢-H, (6) 
D= —19)*d/270c’, 


With the help of the matrix for 
get now the spin 


E=19)*e/405c’, 


g2= 2{1—A[_(4/30c) — (19d/810c?) 
— (19e/405c2) ]}, 


£y= 2{1-—AL(4 30c) — (19d/810c*) 


+ (19¢/405¢)]}, (7d) 


(7e) 


£ 2{1—AL(4 30)c+ (19d 405c?) ]}. 


In addition, we find that the z axis of the spin 
Hamiltonian tensor is tilted from the trigonal axis 
towards the x axis by a small angle: av2e/3d. Yet 
another distortion is due to g,., an off diagonal element 
of the g tensor. Both a and g,, are due to A,,=19ed? 
405c?, where A,. is defined in reference 3. The seven real 
parameters D, E, gz, £y, £2) £22, and a are all the con- 
stants that can possibly appear in our Hamiltonian for 
the symmetry C2 as long as only terms linear in H are 
considered. This can be verified by the methods de- 
scribed by Koster and Statz.* The terms quadratic in 
H are estimated to be smaller than one gauss in our 
problem and are neglected. The y axis coincides with 
the y axis of V, for the symmetry reasons given above. 


C. EXPERIMENTAL RESULTS 


L. G. Van Uitert has grown single crystals of sodium- 
nickel triacetylacetonate: p-dioxane and sodium-nickel 
triacetylacetonate- benzene. The presence of the Nit? 
paramagnetic spectrum in the p-dioxane crystals was 
discovered by Bowers and Mims.’ Extensive measure- 
ments were subsequently made on the millimeter wave 
spectrometer described earlier.'"° The frequencies used 
varied from 50 kMc/sec to 80 kMc/sec, and the fields 
from 0.5 to 28 kilogauss. All measurements were taken 
at 4.2°K, except for the determination of the sign of D, 
which was made at 1.4°K. The spectrometer will be 
described in more detail elsewhere. The p-dioxane 


7 Equation (7a) has been given previously by P. H. E. Meijer 
and H. J. Gerritsen, Phys. Rev. 100, 742 (1955), and also by 
H. S. Jarrett, J. Chem. Phys. 27, 1298 (1957). If one sets Sd=K, 
3\=¢', where K and £’ are derived from the optical spectrum of 
Cr*** in AlLO; (Sugano and Tanabe, reference 2) one obtains 
from (7a) D=+0.03 cm™, instead of the experimental value of 
D=—0.1916 cm™ [J. E. Geusic, Phys. Rev. 102, 1252 (1956) ]. 
Better agreement can be expected for Ni** because of the larger 
orbital admixture to the ground state. A simultaneous optical and 
paramagnetic study of Ni** in a cubic field was made by W. Low, 
Phys. Rev. 109, 247 (1958); a similar study of Ni** in a field of 
lower symmetry would be desirable. 

8G. F. Koster and H. Statz, Phys. Rev. 113, 445 (1959), and 
H. Statz and G. F. Koster, Phys. Rev. 115, 1568 (1959). 

*K. D. Bowers and R. B. Mims (unpublished). 

1 M. Peter, Phys. Rev. 113, 801 (1959). 
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crystal showed a rhombically distorted spectrum, re- 
peated three times around the c axis. Each of the three 
spectra could be fitted to the Hamiltonian 3Cs given in 
Eq. (6). The experimental values for sodium-nickel 
triacetylacetonate- p-dioxane are: 


D=—56.0 kMc/sec, E= —2.5 kMe/sec, gigi = 2.20. 


The benzene crystals showed a similar axial distortion 
but no rhombic component : 
D=-—65.7 kMc/sec, 


E=0, gi=gen=2.20. 


D. DISCUSSION: CRYSTAL FIELD 
AND STRUCTURE 


From the measured g value and Eq. (7) we obtain 
\/c= —0.75 and hence d= 47 cm™ and e= —3.2 cm. 

The angle a is then found to be — 1.8 degrees, which 
is too small to be seen. Likewise, g,, was not detected 


within our accuracy. 
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Fic. 2. Treuting’s trial structure for sodium-nickel triacetyl- 
acetonate with p-dioxane or benzene. (1) The nickel chelate com- 
plex; (2) dioxane or benzene; (3) sodium. 


\ and ¢ could be obtained separately from gi,—g,, 
but the accuracy of our measurements was not suffi- 
cient for this determination. The point charge approxi- 
mation [Eq. (5) ] gives, for the Ni—O bond length 
r,=2.06 A" the value c’’=200 cm™. This is too low, 
even though || should be smaller than the free-ion 
value, |Ar|=335 cm™', because of the effects of co- 
valent bonding.” Phillips'’ has given a discussion of the 
limitations of the point charge approximation. 

A better estimate of c can be derived from Maki’s 
work.'* Maki finds for the four-coordinated nickel bi- 


1G. S. Smith and J. L. Hoard, Bulletin of the American 
Crystallographic Society Meeting June 23, 1958 (unpublished), 
». 50. 
Pa J. Owen, Proc. Roy. Soc. (London) 227, 183 (1955); W. Low, 
Phys. Rev. 109, 257 (1958); T. Murao, Progr. Theoret. Phys. 
(Kyoto) 21, 657 (1959). 

18. J. C. Phillips, J. Phys. Chem. Solids (to be published). 

4G. Maki, J. Chem. Phys. 29, 162 (1958). 
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acetylacetonate dihydrate a ligand dipole field strength 
of 0.5 a.u. from optical measurements. From her pre- 
diction of the splittings for octahedral ligands of the 
same field strength, we obtain c=380 cm~. This leads 
to A= —285 cm“, 

Finally, the spectrum contains some information 
about the crystal structure of the p-dioxane crystal. 

Treuting’® has found the space group of our crystals 
to be P 31 2/c, and gives the trial structure shown in 
Fig. 2. The dioxane rings sitting on the threefold axes 
pose a problem, since they do not have the symmetry 
of their site. 

The fact that the nickel spectrum is rhombically dis- 
torted and occurs every 60 degrees around C; indicates 
then that the dioxanes are oriented in some random 
way in each of three equivalent directions. (The cell 
dimensions given by Treuting, a= 10.2 A and c= 12.2 A, 


Fic. 3. Surround- 
ings of the Nit** ion. 
(1) Nit** ion; (2) 
one of the 6 octa- 
hedral oxygens of the 
three acetylacetonate 
groups; (3) one of 
the two oxygens on | 


each dioxane mole- OC) 








cule. 


are too small for a regular superstructure.) The fact 
that E=O for the benzene crystal confirms that the 
rhombic distortion is caused by the dioxane molecules. 
The possible orientations of the dioxanes relative to the 
chelate complex are shown in Fig. 3. Since only one 
type of paramagnetic spectrum was observed, one of the 


15R. G. Treuting (private communication). 
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Fic. 4. Structure 
and charge distribu- 
tion of the dioxane 
molecule. Informa- 
tion from electron 
diffraction data* and 
from the dipole mo- 
ment of pentameth- 
ylene-oxide.7_ Diox 
ane is chair shaped, 
but we consider only 
the projection in a 
plane through the Ce Ic 
two oxygens. CHa CHa 




















Vo=-2.3°10°Mesu; g.=1.15-10"esu 


possible azimuths gp=n7/6 (n=0,1, 2,3) must be 
preferred. 

From the point charge approximation [ Eq. (5) ], and 
the structural information on p-dioxane'®!” shown in 
Fig. 4, we can predict e for each value n. For n=0, 1, 2, 3, 
we find, respectively: e=+2 cm™, +1 cm™, —1 cm™, 
—2 cm, and e= —2 cm™ (n=3) comes nearest to the 
experimental value, e= —3.2 cm™. It is understandable 
that the observed effect exceeds the calculated one, 
since we neglected the polarizability of the chelate 
group,'® but this effect would hardly more than double 
our calculated value. We conclude that our measure- 
ment can be brought into satisfactory agreement with 
our prediction if we assume that sodium-nickel tri- 
acetylacetonate: p-dioxane is macroscopically trigonal, 
with dioxane molecules that are aligned preferentially 
parallel to each other along the ¢ axis, that the O—O 
direction of each dioxane is parallel to one of the two- 
fold crystal axes, and that each vertically aligned group 
is oriented in a random way with respect to its 
neighbors. 
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X-Ray Induced Electrical Polarization in Glass 


T. M. Procror* 
Research and Development Division, Corning Glass Works, Corning, New York 
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Electrical polarization in a lead silicate glass induced by the action of x-rays on the material is found 
to exist. This phenomenon is surveyed experimentally as a function of total dose (incident and absorbed), 
dose rate, x-ray tube potential, radiation temperature, and temperature at which the polarization is released 
and measured. Net surface charges of the order of 10-* coulomb/cm? can be obtained from 3-mm thick 
samples irradiated at room temperature with 10° r of 250-kv x-rays. To the first order the build-up and 
decay of this condition seems to follow the normal electrical relaxation as can be theoretically predicted 
from the dielectric and resistivity constants of the material (r=pe). Measured surface charge is shown to 
be proportional to absorbed dose for smaller doses; however, for greater doses final equilibrium in the 
polarization is reached when back electrical conduction becomes as large as the forward x-ray induced 
displacement current. The dependence of measured surface charge upon the sample thickness has been 


experimentally investigated for one case. 


INTRODUCTION 


HANGES in the electrical conductivity of solids 
exposed to strong x-radiation have been noted.' 
Gross has recently studied dielectric breakdown caused 
by 2-Mev electrons in borosilicate glasses’ and elec- 
trical polarization caused by Cogo y rays in Plexiglas 
and borosilicate glass.* He demonstrated that electric 
fields of magnitudes large enough to cause triggered 
electrical breakdown can be formed by the action of 
intense, high-energy radiation. X-ray induced electric 
fields in germanium have been found and investigated.* 
Similar electrical breakdown phenomena caused by 
Cogo y rays have been shown to exist in lead silicate 
glasses.® 
This research was stimulated by this last discovery. 
The aim was to make a survey of the variables which 
were thought to control x-radiation induced electrical 
fields in glass and to test a theory for the phenomenon. 
Samples of lead silicate glass were irradiated with 
x-rays and the apparent charge displacement or dipole 
moment as seen at sample electrodes was measured as a 
function of total dose, dose rate, dose temperature, 
measuring temperature, sample thickness and minimum 
available x-ray wavelength limit as determined by the 
x-ray tube potential. 


THEORY 


A theoretical approach was made to this problem by 
Condon’ and Culler.’ From conservation of momentum 
and energy it can be shown that when high-energy 
radiation collides with charge centers and Compton 


* Now at the National Bureau of Standards, Washington, D. C. 

! J. F. Fowler, Proc. Roy. Soc. (London) 236, 464, 480 (1950). 

? Bernhard Gross, Phys. Rev. 107, 368 (1957). 

® Bernhard Gross, J. Polymer Sci. 28, 135 (1958). See also 
Phys. Rev. 110, 337 (1958). 

*F. I. Kolomoitsev and F. F. Kodzhespirov, J. Tech. Phys. 
U.S.S.R. 27, 899 (1957) [translation: Soviet Phys. (Tech. Phys.) 
2, 823 (1957) }. 

®’ W. W. Shaver (private communication). 

® EF. U. Condon (private communication). 

7V. E. Culler (private communication). 


scattering ensues, a nonspherical angular distribution 
of scattered electrons is produced. For Compton colli- 
sions where high energies are involved, the angular 
distribution is preferentially oriented in the forward 
direction.* This kind of a distribution produces charge 
separation and an effective dipole moment. If polar- 
ization were being formed in the manner just described, 
it might be expected to be controlled by (a) the kind 
and intensity of the incident radiation, (b) the size of 
the polarization field which retards and shortens the 
effective range of the forward going Compton electrons, 
and (c) the reverse conduction current as determined 
by the charge carrier mobility for the substance. Thus, 
under these assumptions, the displacement current Jp 
can be expressed 


Jp=Naer(1—kRE)—p'E. (1) 


The first term on the right describes the net production 
of Compton dipoles by a constant formation of dipoles 
\ er less a term VaerkE which describes the retardation 
of the Compton electrons as they proceed against the 
polarization field having been formed up to that time. 
This term is a first order guess at the actual retardation 
factor. V, is the number of photons/cm* sec absorbed 
while er is the dipole moment formed by each absorbed 
photon. & is the range retardation constant. E is the 
electric field produced at the point. For any one 
irradiation er and V, have been assumed to be constant, 
depending only on radiation wavelength and intensity, 
respectively. The second term on the right is the dipole 
destruction term associated with normal electrical 
conduction where p is the resistivity. 

The dipole formation and destruction terms of Eq. 
(1) result in a final equilibrium field Z,,. Equation (1) 


takes the form of 


E+ (1/r)E= (1/1) Ec, (2) 


8C. M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 
79 (1952). 
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where 
r= ep/(1+Naerpk), 
E..= Naerp/(1+Naerpk) 


and ¢ is the permittivity. This equation has the time 


solution 
E=E,[1—e~"!"]. (3) 


EXPERIMENTAL ARRANGEMENT 


Six samples of a lead silicate glass in the form of 
plates, having a plane surface area of approximately 
10 cm? and with thicknesses ranging from 1 to 6 mm, 
were irradiated with 250-kilovolt x-rays from a tungsten 
target x-ray tube. The radiation impinged perpendicular 
to the plane surface of the samples and the total 
incident radiation dose varied from 10° to 108 roentgen. 
The absorbed dose ranged from 30% to 85% of the 
incident dose, depending upon the sample thickness. 
The sample temperature during irradiation, designated 
T,, was controlled by a thermostated temperature bath. 
After samples had been irradiated, they were removed 
from the x-rays for charge measurements. 

The internal charge distributions are considered to 
be ‘frozen in” for the interval between irradiation and 
measurement since the relaxation time is so large 
(r= ep> 10° sec) at room temperature. 

Before charge measurement irradiated samples were 
cleaned by an elaborate chemical sequence which 
included a light etch in HF. From then on they were 
handled with ground tongs until the experiment was 
completed. Electrodes of air dry silver were painted on 
the two plane faces. Various precautions, designed to 
reduce creation of extraneous static surface charge, were 
followed. Samples were keepered until just before 
measuring and the insulating edge surface between the 
two electrodes was kept as small as possible. By 
following these procedures the extraneous static surface 
charge was reduced to a negligible amount. 

The sample, charged by irradiation to the ‘frozen in” 
charge state, was then measured for charge content. 
The measuring equipment for this purpose is shown 
schematically in Fig. 1. The release of the “frozen in” 
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Fic. 1. A schematic showing the furnace used to release the 
“frozen in” charge, the ammeter (electrometer) and the associated 
recorder, 
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charges was brought about by plunging the sample into 
a specially constructed furnace which was already at a 
higher temperature, 7p. This furnace had a large 
thermal inertia and was temperature controlled by an 
electronic device. (Temperature gradients across the 
sample thickness never exceeded 5°C and usually were 
much less.) It contained a set of electrodes which 
provided support for the sample and which were well 
insulated electrically from the furnace and from ground. 
The release of the charge was measured by an elec- 
trometer acting as an ammeter. The ammeter measured 
the net current flowing out of the top electrode to 
ground. (Electrode or side A indicates the side of the 
sample originally nearest to the radiation, while B is 
the side farthest from the radiation.) 

The current measured by the ammeter was continu- 
ously recorded with time. The temperature of the lower 
grounded electrode was also measured frequently during 
the charge release. The first part of every charge release 
was affected by the heating of the sample from room 
temperature up to 7p. This effect usually lasted about 
30 seconds and the charge released during this period 
was measured and recorded along with the subsequent 
equilibrium temperature data. 

As a check on the origin of the charges observed, a 
number of samples were put through the entire experi- 
mental procedure from being placed in the irradiation 
position under the x-rays to cleaning, electrode painting, 
and measuring the released charge. However, these 
samples were purposely isolated from the x-radiation 
by a lead shield so that the absorbed dose in the samples 
would be essentially zero. These samples always con- 
tained less than 10~” coul/cm? of released charge; 
sometimes the released charge was as small as 10~" 
coul/cm*. Thus it appears that the phenomena indi- 
cated in the results are associated with the absorption 
of x-rays in the material. 


RESULTS 


X-ray induced polarization is studied as a function 
of (1) total incident radiation dose, 7;, (2) total ab- 
sorbed radiation dose, ma, (3) radiation rate, R, (4) 
temperature of sample during irradiation, 7, (5) x-ray 
tube potential, Vr, (6) size, i.e., sample thickness. 
(Charge produced per cm? seems to be independent of 
the sample area for the measured sample areas.) and 
(7) temperature of sample during charge release, 7p. 
In each case all the independent variables are kept 
constant except the one being studied. The state of 
electrical polarization is determined by the total net 
charge per cm?, Q, which is released from the electrode 
A. This is determined by integrating the measured 
current as a function of time from the beginning of 
charge release to a time at which the remaining charge 
is deemed negligible. Total precision of Q (due to errors 
in all variables measured) is about +50%. (The merits 
of Q as a measure of internal charge state are discussed 
in the next section.) 
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Fic. 2. Q, net charge produced on elecirode-A of 3-mm thick 
lead glass samples as a result of being exposed to 250-kv x-rays, 
vs m, total incident radiation dose in roentgens. Dose rate R is 
constant at 300 r/min. Three different curves represent this 
function for three different sample irradiation temperatures 7,. 
The dashed line labelled Q~z; is a line of linear proportionality 
between Q and 7;. 


In all cases measured, regardless of sample orientation 
between the furnace electrodes, the polarity of the 
charged samples is such that upon release the positive 
current flows from B (side farthest from radiation) to 
A (side nearest radiation) in the external circuit. 

Figure 2 shows the experimental findings of Q, the 
total net released charge, versus the total incident dose, 
m;. It is shown for three different irradiation tempera- 
tures. The other variables have the following values: 


r.=0.69r;, R=300r/min, Vr=250 kv, Tp=95°C, 


and sample thickness L is 3 mm. These curves are 
characterized by the saturation of Q vs ;. The satu- 
ration occurs at lower Q’s for higher temperatures, 7,. 

The effect of incident dose rate R on electrical 
polarization as indicated by Q is shown in Fig. 3. 
Special effort is made to keep 7, the absorbed total 
dose, constant in each case by changing exposure time 
accordingly. The other variables are: 


Ta= 6900 r, 
Tp = 95° vie 


mi=10'r, Vr=250 kv, 


T,=47°C, 


and sample thickness Z is 3 mm. Note the saturation 
in Q for higher rates. 


" Fic. 3. VY, net 
charge produced on 
electrode-A for 

mm thick lead glass 
samples as a result 
of being exposed to 
250-kv x-rays, vs R, 
radiation rate in 
roentgens per min. 
Doses m are con- 
stant at 10 r incident 
while sample irradia- 
tion temperature 7, 
was constant at 47°C. 
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If the current output from the sample due to the 
formation of Q is measured as a function of time, a 
decaying function is obtained. This curve is not char- 
acterized exactly by one relaxation time 7, but in a 
chosen range the deviation of this measured curve from 
e~'/r is small. Figure 4 is a plot of 7’s obtained in this 
way from relaxation data vs inverse temperature. The 
r’s reported here are determined from the slope of the 
current vs time curves at a time lying between 100 and 
200 seconds after the charge release experiment was 
started. Thus they are roughly comparable. On Fig. 4 
the solid line is a calculated line of r=ep where e is 
the 60 cps value for this glass and p has been experi- 
mentally measured. In general the measured 7’s seem 
to be about 50% larger than the calculated r¢0 eps. 

Some effort has been made to determine the effect of 
sample thickness on Q. The effect on Q of sample 
thickness expressed in terms of uZ is shown in Fig. 5. 
uw is the linear absorption coefficient for these x-rays. 





Fic. 4. Log of the 
relaxation time 7 as 
obtained from current 
data associated with the 
relaxation of x-ray in- 
duced polarization vs 
inverse release tempera- 
ture Tp. Circles are 
data points while the 
solid line represents the 
predicted func- 
tion. 
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The other variables are controlled to 


r,=10'r, 


R=300 r/min, 


T,=47°C, Tp=95°C, 
Vr=250 kv, 


and aq is in accordance with sample thickness. The 
original data are marked with small x’s while the means 
of these groups of data points are indicated by the large 
circles with the limits being the average deviation. In 
general each data point has an uncertainty of +50%. 
Thus these data are not very conclusive. 

The change in Q with changing tube potential V7 
was investigated. Results are characterized by a sharp 
increase in Q as V7 is increased past the critical voltage 
of the Kg line of tungsten. This is followed by a leveling 
off of Q values as V7 is increased up to 250 kv. Changing 
of the x-ray tube potential does not change the effective 
photon wavelength in a continuous manner, and the 
results are probably determined by the spectral 
response of the tube. 

Charge release experiments conducted at different 
temperatures, Zp, indicate that Q is not greatly 





X-RAY INDUCED 


dependent on Tp. For these measurements: 
mi=4.7X10'1r, mo=3.2X10'r, Vr=250 kv, 
T,=47°C, R=300 r/min, 


and L is 3 mm. In the range for Tp of 80°C to 120°C, 
Q is constant to within a factor of 2 while relaxation 
time and resistivity of the glass change by a factor of 
about 50. Such variation as has been observed is 
possibly related to the difficulties of observation on the 
long relaxation time measurements. 


DISCUSSION 


The scatter of the charge data Q around the curves 
of Figs. 2, 3, and 5 is in general within +50% of the 
curve’s value at that point. (This error is composed 
of errors in all variables.) This scatter can be explained 
by the uncertainties in the measured charge and in the 
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Fic. 5. Q, net charge produced on electrode-A for lead glass 
samples by 104 incident roentgens of 250-kv x-rays, vs wl, normal- 
ized sample thickness. Radiation temperature 7, was constant at 
47°C while radiation rate R was kept at 300 r/min. Experimental 
data is shown by x’s. Mean values and average deviations are 
shown for two clusters of data. 





total radiation doses, 7; and ma, for any particular 
sample. The precision is tolerable considering that this 
is a survey over a number of decades in Q and in 7. 

How well does Q as measured represent the internal 
charge concentration p? p will be a function of both 
time, /, and distance, x, through the sample. Assuming 
that Eq. (1) represents the situation and that the 
partial differential equation describing p is solvable by 
separation of variables, the time solution for p, i.e., 
p(t), will be proportional to Q(t). If the complete 
behavior of p(x,/) were known, i.e., the way it forms 
and decays, ((/) would be determined. However, Q(t) 
data is insufficient to reveal p(x,/) directly. Considering 
that Q is much easier to measure than p, one approach 
would be to assume a model of formation and decay 
from which p(x,t) could be developed and then to test 
this model by comparing predicted Q(/) with measured 
Q(t) for different sample thicknesses. 

A specific electrical polarity of the samples with 
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respect to the original photon direction is always 
noticed, i.e., current always flows into the electrode 
which was nearest the radiation. Depending upon the 
type of relaxation mechanism assigned, e.g., charges 
being neutralized at the electrodes or dipoles relaxing 
internally, either direction of relaxation current could 
be explained. In fact two currents of different directions 
are noticed; a stronger one occurring first is the one 
discussed in this paper while the second one is much 
weaker and has a much longer time constant than the 
first. The second one in general is small enough to be 
close to the limit of resolution of the measurements and 
can be considered nonexistent for the purposes of this 
paper. 

Next examine Fig. 2 in the region below saturation 
of Q with m;. Within the experimental limit of error 
the amount of charge Q out of A is directly proportional 
to the incident dose 7; The solid curves have been 
drawn so as to fit the data. However, the Q~7; line as 
indicated is within the limits of error and could be 
selected for the below saturation curve. Notice when 
each curve saturates to a final value of charge, Q.., that 

Qu! 74 =47°c ~ 1002/74 =70°C> 
where the subscripts on Q,, indicate the two different 
irradiation temperatures. This might be expected if we 
consider Eq. (3) to be conductivity controlled because 
temperatures 7; and 7,2 are chosen in such a way that 


100) 7,,=0| 7,2. 


o is the experimental de conductivity of this glass at 
these specific temperatures and in the absence of any 
radiation. 

When the (1—e~') points from the data curves of 
Fig. 2 are compared, the determined 7’s are 


T(7r)~1.4X10' sec, 7(7r2) ~4.0X 108 sec. 


If one had selected the Q~7;, line as the unsaturated 
portion of each data curve, then 


7 (171) ~107( 7,2). 


The presence of ionizing radiation or even a past 
history of radiation might be expected to affect the 
magnitude of the electrical relaxation time. There is 
some evidence’ that one might expect 7 to decrease 
in substances which are under strong radiation. In 
many solids including glass p is decreased. The product 
pe would decrease if € were essentially constant. Thus 
the conditions of any measurement of r+ must be 
understood. Data points of Fig. 2 are determined by 
the total net released charge, Q. In this case Q, which 
is assumed to be proportional to the radiation induced 
polarization, has been built up while the sample was 
under radiation. Therefore, the 7’s determined from 


9S. V. Svechnikov, J. Tech. Phys. U.S.S.R. 27, 2492 (1957) 


(translation: Soviet Phys. (Tech. Phys.) 2, 2320, 2328 (1957) ]. 
1 W. C. Roentgen, Ann. Physik 64, 1 (1921). 
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Fig. 2 are in effect like electrical relaxation times 
measured under the conditions of radiation. This is in 
contrast to the r’s predicted from the pego eps line of 
Fig. 4 which indicates the simple electrical relaxation 
time in the absence of radiation. The 7’s measured 
from Fig. 2 are approximately four times longer than 
the peso ops line would predict. 

In the below saturation region of the data of Fig. 2, 
Q can be described as 


O=3.0X 10~'*r,, 


by assuming the Q~7; line for this region. Equation (2) 
predicts a linear relation between £, the field and Nol, 
the absorbed radiation, in the region where Kr. If E 
and Q have the same time dependency and the absorbed 
radiation is proportional to the incident radiation, the 
linear relation above is expected for the region of tr. 
Figure 3 demonstrates how (Q saturates at high rates 
of radiation dosage while at lower rates Q is diminished. 
At high rates of dosage dipoles formed by the charging 
phenomenon have little chance to relax during the 
experiment; at low rates the size of Q is determined 
not only by the radiation dose but by the number of 
dipoles which relax. This can be seen from Eq. (3). 
Assuming that E(¢) is described by Q(é) and that 
a:= Rit=aNat where ¢ is the exposure time and a is a 
constant relating incident dose rate R to absorbed dose 
rate Va, then 
E=E,[1—e7™/*"]. (4) 


But this has the form of Fig. 3 because at 
(1) large dose rates, i.e., R>>x;/7; 
E=err;/ea which is a constant for constant 7;, 
(2) R=a/r; E=(err;/ea)(1-—e"), 


and (3) small dose rates, i.e., R&a;/r; 


E= (err/ea)R. 


By using the (1—e~') point to determine 7, r=6.3X 10° 
sec. This r should compare with the 7’s of Fig. 2 as 
they are determined in essentially the same way. This 
7 is only 20% longer than the + computed from the 


P€60 ops line. 

Figure 4 indicates that the 7’s measured from 100 
to 200 seconds after the start of a relaxation experiment 
are about 50% larger than the pego cps line. The 7’s 
shown in Fig. 4 are different from either the calculated 
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P€60 cps line or from the measured r’s of Figs. 2 and 3. 
r’s of Fig. 4 are measured from the actual shapes of 
the current decay curves which are performed in the 
absence of radiation. However, these 7’s may be 
affected by the existence of a past history of radiation. 
Even if past radiation history is unimportant, 7’s of 
Fig. 4 might be expected to be longer than the peo ops 
predicted ones. As the length of the experiment is 
changed from 60 cycles/sec to 100 seconds/experiment 
the experimental «’s measured for many glasses may 
increase by twofold." 

Examination of Fig. 5 indicates a linear relationship 
between Q and sample thickness nL. One would expect 
the charge Q eventually to saturate for samples of large 
thickness because of the attenuation of radiation with 
thickness. 


CONCLUSION 


X-ray induced polarization has been found to exist 
in a lead silicate glass. The predictions of Condon and 
Culler that there is a time constant for the formation 
of x-ray induced dipole space charge and that this 
constant is essentially the normal electrical relaxation 
constant is approximately true. Variations in this 
relaxation time due to the existence of ionizing radiation 
of 250-kv x-rays appear to be slight. If the charge-total 
dose relationship is examined, where Kr, the net 
charge appearing on one electrode is proportional to 
the incident number of photons on that surface. The 
value of the net charge on the electrode develops to 
(1—e~") of its final value in approximately one time 
constant ep. Variation of rate of x-ray dose appears to 
adjust Q in a consistent manner. In the region of the 
variables studied the build-up of Q is essentially 
conductivity controlled and is apparently unaffected 
by the retardation factor k. 
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Nickel films varying in thickness from 200 to 3 A were prepared by evaporation on glass substrates in a 
vacuum sufficiently high to prevent gas adsorption on the film during preparation and measurement. Their 
magnetization was measured as a function of field up to 10 000 oe using a vacuum torsion magnetometer. 
The saturation magnetization of these films was determined as a function of their thickness at 300°K and 
77°K. No decrease in saturation magnetization from that of bulk nickel has been observed for films of 
thickness down to 20 A, at room temperature. The Curie temperature of a 27 A film was found to coincide 
with that of bulk nickel. The magnetic behavior of films in the thickness range below 20 A suggests super- 
paramagnetism rather than a decrease in the saturation magnetization. Measurements of the magneto- 
strictive anisotropy constant indicate that the films as originally prepared are in a state of high tensile strain, 
which can be relieved by annealing. The thin film nature of some specimens was ascertained by examination 


in the electron microscope. 


INTRODUCTION 


EVERAL investigators’ have studied the magnetic 

behavior of small, ferromagnetic particles down 
to 15 A radius. In these studies, the saturation magneti- 
zation of superparamagnetic cobalt and iron particles 
was measured either directly at different temperatures, 
or its variation with temperature was inferred from 
the temperature dependence of the magnetocrystalline 
anisotropy. In no case has there been any evidence for a 
saturation magnetization of cobalt or iron particles 
different from that of the bulk material at any tem- 
perature down to a 15 A radius, within an accuracy of 
about 10%. 

In sharp contrast to this striking independence of the 
saturation magnetization with particle size, even at 
room temperature, are the results of various workers 
on thin films.5-” According to this work, the saturation 
magnetization of films thinner than about 100A 
decreases much more rapidly with increasing tempera- 
ture than that of the bulk material. Thus, a nickel film 
of thickness in the neighborhood of 20 A has no ferro- 
magnetism at The 
magnetization of a 40 A film at 300°K is only about 
half that of the bulk value. Such a dependence of 
saturation magnetization on temperature and film 


room temperature. saturation 


thickness has been predicted by a theory of Klein and 
Smith,’ who used the Bloch spin-wave approach. 


1 Bean, Livingston, and Rodell, J. phys. radium 20, 298 (1959). 

2C. P. Bean and I. S. Jacobs, J. Appl. Phys. 27, 1448 (1956). 

3 F, Luborsky, Phys. Rev. 109, 40 (1958). 

4J. J. Becker, Trans. Am. Inst. Mining Met. Engrs. 209, 59 
(1957). 

5 A. Drigo, Nuovo cimento 8, 498 (1951). 

®E. C. Crittenden, Jr., and R. W. Hoffman, Revs. Modern 
Phys. 25, 310 (1953). 

7L. Reimer, Z. Naturforsch. 12a, 550 (1957). 

8 W. Ruske, Ann. Physik 2, 274 (1958). 

9H. J. Bauer, Z. Physik 153, 484 (1959). 

10 Colombani, Goureaux, and Huet, J. phys. radium 20, 303 
(1959), 

11 W. Hellenthal, Z. Naturforsch. 13a, 566 (1958). 

12 W. Reincke, Z. Physik 137, 169 (1954). 

18M. J. Klein and R. S. Smith, Phys. Rev. 81, 378 (1951). 


Seavey and Tannenwald" found from microwave 
resonance absorption in permalloy films that magnetism 
drops sharply at 60 A, and ferromagnetism disappears 
between 8 and 12 A. 

These results would imply that, if a 15 A radius 
particle of a ferromagnetic material is incorporated 
into a 30 A, continuous film of the same material, its 
saturation magnetization would drop from the bulk 
value to a small fraction of it in the process. 

This investigation on thin films was undertaken in 
order to reconcile this difference in the magnetic 
behavior between fine, ferromagnetic particles on the 
one hand, and thin films of ferromagnetic materials 
in the thickness range less than 100 A on the other. 


TECHNIQUES USED 


Since the magnetic fields required to saturate thin 
films are often quite high, a field strength of up to 
10 000 oe was utilized. Also, in order to eliminate the 
uncertain effects on the magnetic properties of gas 
adsorption and oxidation during the preparation and 
measurement, which often necessitated sizable correc- 
tions in previous work, the films were prepared and 
kept in an ultra-high vacuum system at pressures of 
the order of 10-° mm of Hg or less. This vacuum is 
sufficiently high to insure that, within the period of 
measurement, the film remained essentially free from 
adsorbed gases. 

In addition, since all results depend most critically 
on an accurate knowledge of the thickness of the films, 
a method had to be found whose accuracy would not 
deteriorate as a function of thickness in the less than 
100 A range. Film thickness was measured in each case 
by x-ray emission spectrography (x-ray fluorescence 
analysis). In this measurement a polychromatic x-ray 
beam excites the Kg line of nickel (A= 1.658 A), whose 
intensity is measured by scintillation counting. The 
intensity increases linearly with the thickness of the 

4M. H. Seavey, Jr., and P. E. Tannenwald, J. Appl. Phys. 29, 
292 (1958). 
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film up to several thousand angstroms. A typical count 
rate is 80 counts/ug/sec. The spectrometer was cali- 
brated against known weights of solutions of nickel 
salts. The maximum error in the method is about 10% 
of the measured film thickness. The validity of the 
method has been demonstrated by Liebhafsky and 
Zemany,'* and Rhodin.”® 


The Magnetic Measurement 

The films are prepared by evaporation from a 99.99% 
pure nickel filament obtained from the Sigmund Cohn 
Company on to 5 cm? glass microscope slides kept at 
room temperature. This substrate is suspended on a 
calibrated torsion wire, and, while still in vacuum, can 
be placed in a variable magnetic field between the pole 
pieces of an isthmus electromagnet. When the film is 
positioned at an angle 6° to the field direction, its 
energy, at saturation, is given by." 


E=—M.H cos0+4NM, sin?(6°—6) 
+K sin?(6°—6), (1) 


where M, denotes the saturation magnetization of the 
film, H is the external field, 6 is the angle between the 
magnetization vector and the field direction, 6° is the 
angle between the film and the field direction, 'V is the 
demagnetizing factor for the film and is equal to 4r, 
and K is an anisotropy constant inserted to accom- 
modate a possible easy or hard direction of magneti- 
zation perpendicular to the plane of the film. 
The energy is a minimum with respect to @ when 


0E/00=0=M_.H sind—2(27M 7+ K) 
Xsin(@°—6) cos(6°—8@). (2) 


If @°=45°, solving for sind: 


—M,H+[(MZH?+8(24M7+K)?}! 
sin =— —___—— . (3) 
4(2nM7+K) 

. The torque exerted on the torsion wire by a film of 
unit volume in a field H is: 


L=MXH, 


L=M.4BH siné at saturation. 


In general, 
L=M,VH siné, (4) 


where V is the volume of the film. This equation can be 
readily solved for three different values of the field H: 

A. At low fields. Here the H? term can be ignored, and 
a linear relation is obtained: 


MV 


I 
“ier Cae K) 


Jean, (5) 


18H. A. Liebhafsky and P. D. Zemany, Anal. Chem. 28, 455 
(1956). 

16T, N. Rhodin, Anal. Chem. 27, 1857 (1955). 

17 This treatment is due to C. P. Bean and R. B. Fritz of this 
Laboratory. 
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Thus the intercept of a L/H versus H plot yields 
(L/H)o=0.707M,V. 

From the experimentally measured value of this 
intercept, the known area of the film A, the torque 
constant of the torsion wire a, and assuming the bulk 
value for M,(485 emu at 300°K and 505 emu at 77°K), 
a “magnetic thickness” of the film can be calculated: 


a(L/H)o 
d» = (6) 


" 0.707M,A. 
If d,=d,, the actual film thickness obtained from x-ray 
spectroscopy, then the saturation magnetization M, of 
the film was indeed that for bulk nickel. 
In general 
M, (film) te 
M, (bulk nickel) d, 


B. At a field H=(24M+K)/M,. The solution of 
the torque equation (4) then is: 


L/H=0.707(L/H)o. (7) 


This relation allows easy evaluation of the anisotropy 
constant K, by finding the field corresponding to the 
value of the ordinate 0.707(L/H)o. 

Figure 1 illustrates the use of these relationships in 
calculating dm, M,, and K from the experimental 
torque curve for a 91 A film. 

C. At high fields. First, sin@ can be rewritten 


MH , 
sie id 
16(27#M2+K)’ 


M,H 
remem, 
4(2rM ?+K) 


MH 
sin@ = —_—_— 
4(27M 7+ K) 


Letting 


then 


sind= a+ (a?+3)!=a+a(1+1/2a’)}, 


From wnrercert (+-) +707 wv 
. ° 


M,( FILM) 
W,(BULK NI) 








KOE 


Fic. 1. L/H versus H for a 91 A film, illustrating 
use of Eqs. (5), (6), (7). 
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which can be expanded if }a?<1. This condition is met 
if H>9 koe at K=O; or if H>6 koe at K=—5X10° 
ergs/cm*, Expanding and substituting 


(= — (nM 24+K)V+2(2eM2+K)°V/M2H? (8) 


for very high fields. When ZL is plotted against 1/H?, 
the intercept of the straight line yields the saturation 
torque, 
L.= (2nM?2+K)V. 
Actually, the torque at 10 koe is within 15% “of 
L, at K=0: 


Lio 10 000 siné 


0.85, 


tL; sell. 


and if K=—5X10° ergs/cm*®, Lyo/L,=0.93. Also, 
extrapolation of torque from 6 to 10 koe, although not 
always strictly valid in this range, nevertheless yields a 
value of LZ, which is at most 7% too low. Also, at 
higher temperatures, where M, is small, Lio is very close 
to the value of L,,.. 

The saturation magnetization at different tempera- 
tures is given by: 


20M 7(T)+K(T) «<L,(T). 
If now K is small, 
M,(T)«[{L.(T) }}. (9) 
The Vacuum Torsion Magnetometer 


A sketch of the experimental apparatus is shown in 
Fig. 2. The substrate and film are oriented at 45° with 
respect to the field direction. A mirror and lamp-scale 
combination allows detection of any changes in that 
position. When a field is applied, the film tends to 
twist itself parallel with the field. This tendency is 
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Fic. 2. Vacuum torsion magnetometer, 
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Fic. 3. L/H versus I curves for an 86 and 42 A film. 
counteracted by applying an equal and opposite 
torque by twisting the torsion wire through the required 
number of degrees. This is accomplished by adjusting 
a calibrated turntable on which are positioned two 
magnets which transmit the angular motion by coupling 
with a third magnet in the vacuum, which in turn 
transmits it to the torsion wire. By observing this torque 
required to keep the film at 45° to the field direction 
as a function of increasing field, a L/H versus H curve 
can be constructed. 

By means of a magnetically operated pulley, the 
substrate can be raised and positioned in front of the 
evaporation - slit. Before depositing nic kel on the 
substrate, a portion of the filament is evaporated to 
coat the glass walls with nickel and getter residual 
gases, until the pressure drops to 10-’ mm of Hg while 
the filament is still evaporating. A shutter in front of 
the slit is then opened for the required length of time 
to give a film of the desired thickness. The rate of film 
growth has been varied from 2 A/min to about 100 
times that. The final thickness of the film is determined 
after all the magnetic measurements are completed and 
the system is broken open. 

In order to obtain a vacuum of the order of 10°? mm 
of Hg, the system has to be baked out at 450°C for 
16 hours, and metal parts must be carefully outgassed."* 


RESULTS 


Some typical torque curves are shown in Figs. 1, 3, 
and 4. The temperature at the base of each curve 
denotes the temperature at which the film was kept 


‘D. Alpert, J. Appl. Phys. 24, 860 (1953). 
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Ni 24- b (ON GLASS) 
dm * 33 A*, 33A° 
ay 30 A° 


K 2 -10° ergs/cm3 


Ni 24-0 (ON GLASS) 


dm = 13 A®, 15 Ae 
dy, + 16A° 
kK = 0 
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4. L/H versus H curves for a 30 A film (upper 
graph) and a 16A film (lower graph). 
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during the torque measurements. At very low fields, 
M<M,, and the values of L/H are too low. The tem- 
perature dependence of the intercept (L/H)o 
=0.707M,V is that expected from the temperature 
variation of the saturation magnetization of bulk nickel 
for films of 20 A thickness or thicker. For a 16 A film, 
lower graph, Fig. 4, the intercept becomes more tem- 
perature dependent. This is treated further in a later 
section. 

Figure 5 shows the effect of annealing a film at 
300°C for 15 min. Apparently only K is affected, but 
not M,V. If.K is associated with the magnetostrictive 
anisotropy constant, then its negative sign indicates 
that the film is under a tensile stress, which is relieved 


Ni 15 -6 87 (ON GLASS) 
é~ 1008 
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5. The effect of annealing on the anisotropy constant K. 
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somewhat on annealing. Taking a typical observed 
value of K, one can calculate the corresponding stress 
in the film. Using the values K= —5.5X 10° ergs/cm’, 
\=magnetostriction constant for nickel= —34X10~, 
and the relation K=(3/2)oA, the stress c= 1.0810" 
dynes/cm?. By the way of comparison, a reasonable 
maximum stress which nickel can sustain might be 
about 2X 10" dynes/cm?. 

Table I summarizes the results obtained on thin 
films between 171 and 15 A thick. The ratio M, (film) / 
M, (bulk nickel) applies to 300°K. Within experimental 
error (~10%), this ratio can be seen to be unity for 
each film. 

The relative saturation magnetization of a 27 A film 
was determined as a function of temperature between 
77°K and 640°K, using formula (9). The results are 
plotted in Fig. 6. The full line gives the relative satura- 
tion magnetization for bulk nickel as a function of 


ras.e I. Saturation magnetization and anisotropy constant 
of nickel films as a function of thickness. 


M, (film) 
Thickness of film, A M, (bulk Ni) 
dm (300°K) This work C&H* 


K ergs,'cm3 


— (8+2)X 105 


1.0 
0.7 
0.7 
0.4 
0.3 
0.2 


195 
97 
88 
44 
37 


1.14 
1.07 
1.02 
1.05 
1.09 
1.00 
1.10 
1.00 
0.93 
1.12 
0.95 
1.05 
0.91 
0.87 


NM WU oO 


(On W) 


Sowosco 


® See reference 6 


temperature.”* Within experimental error, the Curie 
temperature of the film is identical to that of bulk 
nickel (615°K as compared to 631°K). 

Several films have been prepared in the less than 
10 A range as determined by x-ray emission. In the 
usual L/H versus H plot the torques measured at 300°K 
fall appreciably below those taken at 77°K. The upper 
curve in Fig. 7 is a typical example. Two interpretations 
are possible: A. One can extrapolate to an intercept 
(./H)o in the usual manner and obtain a value for 
M,V much lower at 300°K than at 77°K. This could 
imply an abnormally temperature dependent saturation 
magnetization in this thickness range. However, even 
for the very thinnest films measured, of apparent 
thickness of about 3 A, ferromagnetism did not vanish 
at 300°K. B. One is not dealing with a continuous 
film, but with an array of small, superparamagnetic 
particles. In that case, one can easily distinguish 


19 International Critical Tables (McGraw-Hill Book Company, 
Inc., New York, 1929), first edition, Vol. 6, p. 377. 
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between two possibilities: (1) The magnetization vector 
is readily pulled out of the plane of the “film” even at 
low fields. The temperature dependence of the torque 
in such a case is given, at low fields, by the relation.” 


2ank2V pM 4 
157? 


(10) 


sin26°, 


where 1 is the number of particles, and V p is an average 
particle volume for the superparamagnetic particles. 
Then, if the above conditions are fulfilled, the various 
values of the torque L, if plotted against H?/7?, should 
superimpose for different temperatures, and the low 
field slope should be linear. 

(2) The magnetization vector stays essentially in the 
plane of the “film” at low fields. Now the temperature 
dependence of the torque is given by the relation 


nV pM 2H? sin20° 
4kT 
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Fic. 6. The relative saturation magnetization of a 27 A 
film as a function of temperature. 


where n is the number of superparamagnetic particles. 
If this relationship applies, Z should superimpose at 
different temperatures when plotted against H?/T or 
L} versus H/T}. This type of superposition is illustrated 
in the lower graph of Fig. 7, and has indeed been found 
for all films in the thickness range below 10 A. An 
estimate of the average particle size from the low field 
slope of the L! versus H/T curves yields 1000 (A)* to 
30 000 (A)* for the various films. The number of these 
particles is of the order of 10"°/cm?. This interpretation 
does not require that the saturation magnetization be 
abnormally temperature dependent or different from 
that of bulk nickel. 

Several nickel films were prepared by evaporation 
on rocksalt at room temperature, so that the substrate 
could be easily dissolved to give the free film. These 


20 Equations (10) and (11) have been derived by J. D. Livingston 
of this Laboratory. 
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Fic. 7. A 10A film plotted L/H versus H (upper 
graph), and \/L versus H/\/T (lower graph). 


films were then examined in the electron microscope 
by transmission. 

A 30A film gives identically the same appearance 
in the microscope at 80 000 mag. as a 105 A film. There 
is no evidence for aggregation into islands, and the 
films appear entirely continuous. 

Examination of a 13A film at 40000 mag. gave 
evidence which could be interpreted as island formation, 
less than 100 A in diameter. However, these particles 
are so close together than an unambiguous interpre- 
tation is not possible. 


CONCLUSIONS 


A. The saturation magnetization of thin, evaporated 
nickel films in the 100 to 20 A range is the same as that 
of bulk nickel, at a temperature of 300°K or lower. 

B. Thin films less than 100A thick have a Curie 
temperature equal to that of bulk nickel, at least down 
to a thickness of 27 A. 

C. Although the data presented do not exclude the 
possibility of an abnormally low saturation magneti- 
zation at higher temperatures in films less than 20 A 
thick, this interpretation is not unique. If these films 
consist of an array of superparamagnetic particles, the 
observed temperature dependence of the magnetization 
can be readily explained without postulating an ab- 
normally low saturation magnetization at room 
temperature. 

D. At least about 90% of the nickel in the various 
diffraction work 


films was ferromagnetic. Electron 
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indicated only face centered cubic nickel. Nonferro- of a lack of nearest neighbors, can be at most one half 
magnetic (hexagonal, amorphous) nickel has been atom-thick. 
reported in the literature.?!~-* 
E. A ferromagnetically dead surface layer, because 
cee a : The author is indebted to G. Ehrlich, C. P. Bean, 
* A. Colombani, Mém. sci. phys. acad. sci. Paris 58, 32 (1954). J. D. Livingston, I. S. Jacobs, and D. S. Rodbell for 


” LL. Reimer, Physik. Verhand]. 8, 98 (1957). ; : 
*% |, Reimer, Z. Physik 149, 425 (1957). many valuable discussions. 
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Electrical Resistivity of Yttrium Single Crystals* 


P. M. Hatt, S. LEGvoLp, ANb F. H. SpeppING 
Institute for Atomic Research and Department of Physics, lowa State University, Ames, Iowa 
(Received July 27, 1959) 


Two samples of yttrium cut from the same single crystal were used to determine the electrical resistivity 
parallel and perpendicular to the c-axis of the hexagonal close-packed metal. Measurements were made 
over the temperature range from 1.3 to 300°K. A large anisotropy was observed, with pi/pi;=2.1 at room 
temperature. Values for the polycrystalline resistivity over the temperature range indicated were computed 
from these data and were found to fit a Griineisen law with @=187.5°K. The computed polycrystalline 
values were also in good agreement with the measured resistivity of a polycrystalline sample. 


PROCEDURE RESULTS 


N order to obtain single crystals of yttrium for the The residual resistivities of the samples were found 
electrical resistivity measurements reported here, to be 1.5, 2.6, and 5.4 wohm-cm for the c-axis, basal 


a polycrystalline cylinder of the metal 2cm in diameter plane and polycrystalline samples, respectively. With 
and 3 cm long was machined from an arc-melted slug. these residual resistivities subtracted, the results were 
It was then carefully polished and subsequently an- as shown in Fig. 1. The lowest curve shows the resistiv- 
nealed in a vacuum at 1200°C for 24 hours. Nearly ity with the current flowing along the c-axis, and the 
all of the cylinder comprised a single crystal after the highest curve gives the basal plane resistivity. The 
anneal. The original metal was prepared by a method anisotropy ratio (p,/p,,=2.1 at room temperature), is 
described by Carlson, Schmidt, and Spedding in a abnormally large for a metal.? A prediction was made 





report summarizing work on yttrium at the Ames in 7 
: T i ay T Zz T 
Laboratory.’ 

Two samples were cut from this single crystal, one 
along the c-axis (yttrium is hexagonal close-packed), 
the other in the basal plane. The resistivities of these 
samples, plus that of a polycrystalline sample, were 
measured between 1.3 and 300°K. The single crystals 


BASAL PLANE 


were rods of rectangular cross section with dimensions 
about 1.8X2.1X16.3 mm. The polycrystalline sample 
was a rod of circular cross section with a diameter 3; 
of an inch and length of 2 inches. A four-probe system 
was used for the resistivity measurements with the 
potential knife edges 6.9 mm apart for the single j 
crystals, and about one inch for the polycrystalline “0 


le. The bable errors in measurement are we ae _ — 
sample. 1€ pro yadie ors ar eme are TEMPERATURE Px) 


RESISTIVITY (microhm-cm) 
(RESIDUAL SUBTRACTED) 











ee Oe Te 2 eee ee ee ‘ se 
estimated as 1.57% of the agen eee eee Fic. 1. Resistivity of yttrium. The highest curve shows the 
ture, and 0.1 pohm-cm at 1.3°K. basal plane resistivity. The lowest curve gives the c-axis resistivity. 
i” The solid curve is a prediction for polycrystalline yttrium accord- 
a ; , - ; ing to Eq. (1). The dashed line is a fit of Griineisen’s relation to 
* Contribution No. 786. Work was performed in the Ames _ this prediction. The dots represent the measured resistivity of a 
Laboratory of the U. S. Atomic Energy Commission. polycrystalline sample. 5 
1 Banks, Carlson, Daane, Fassel, Fisher, Olson, Powell, and Saas i 
Spedding, Atomic Energy Commission Report IS-1, 1959 * Compare A. N. Gerritsen, Encyclopedia of Physics (Springer- 


(unpublished). Verlag, Berlin, 1956), Vol. 19. 





ELECTRICAL 
for the resistivity of polycrystalline yttrium using the 
following average rule.’ 


Ppoly = (2pitpu)/3. (1) 


The result is shown in Fig. 1 as a continuous line. The 
dashed line is a fit of Griineisen’s relation [Eq. (2) ] 
to the prediction 


p Ty? 

-1( -) f 

pe 6 0 

as calculated by Eq. (1). The values that gave the best 

fit were pe=37.47 uw ohm-cm and 6=187.5°K. The 

high-temperature specific heat Debye @ for yttrium is 

about 213°K.5 The agreement between these two 

temperatures is better than for most metals,’ although 

there seems to be no good reason why they should have 
to be the same.*® 


x°dx 


(2) 


(e*—1)(1—e-") 


3 Compare J. L. Nichols, J. Appl. Phys. 26, 470 (1955). 

4E. Griineisen, Ann. Physik 16, 530 (1933). 

5R. E. Miller, Ames Laboratory (private communication, 
1959), 

6M. Blackman, Proc. Phys. Soc. (London) A64, 681 (1951). 
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The polycrystalline curve is represented by the dots 
on Fig. 1. This curve agrées with the prediction within 
5% at room temperature, and follows it fairly well all 


the way down to 1.3°K. 


DISCUSSION 


The purity of the single crystals is estimated to be 
99%, the major contaminants being 0.5% Zr, and 0.3% 
Op». The purity of the polycrystalline sample is estimated 
as 99.2%, the major contaminants being 0.5% Ti 
and 0.1% F. The Zr and Ti originated from the cru- 
cibles in which the metal was melted. 

The data presented here are interpreted as substan- 
tiating the applicability of Eqs. (1) and (2) toryttrium 
metal, but no interpretation of the large anisotropy is 
proposed at this time. 
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Magnetic Properties of Hematite Single Crystals. I. Magnetization Isotherms, 
Antiferromagnetic Susceptibility, and Weak Ferromagnetism 
of a Natural Crystal*t 


Ss. T. Lin 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received July 24, 1959) 


Two sets of magnetization isotherms of pure natural hematite single crystals from Elba have been ob 
tained in the temperature range from 488°K down to liquid helium temperatures. The first set of curves, 
along a certain direction in the basal plane, support Néel’s magnetic model of a superposition of a weak ferro 
magnetism on a normal antiferromagnetism. The second set of curves, along the ternary axis, display very 
unusual form. The analysis of the isotherms shows that the antiferromagnetic susceptibility-temperature 
curves, X—T7, are in good agreement with those obtained by Néel and Pauthenet but the weak ferromagnetic 
properties are apparently contradictory to their interpretations. The spontaneous magnetization-tempera 
ture curves, ¢9— 7’, indicate that there is no isotropic ferromagnetism, and that the weak anisotropic ferro 
magnetism in the basal plane above transition and along the ternary axis below transition seems to have 
the same nature and origin. The X— 7 and o)—T curves show that the wide transition-takes place gradually 
and continuously. A general magnetic model of canted antiferromagnetism with unequal sublattice moments 
has been proposed which explains all the experimental data satisfactorily. From the present model Haigh’s 
data of remanent magnetization of hematite powder seems to be explained naturally. 


I. INTRODUCTION ties of this material are still questionable. Although in 
the early days, a great deal of important work' was 
carried out, the most important contributions were 
i i made i > last decade when Néel? discovere ' 

In spite of considerable study some fundamental proper- ide in the last decade when Néel’ discovered that 
Bite, hematite is primarily an antiferromagnetic material 

*This work was carried out under contract with the U. §. (with Néel temperature equal to 950°K) superimposed 
Atomic Energy Commission. 


HE magnetic properties of hematite (aFe203) have 
been a controversial problem for several decades. 


+ Part of this work was published in the Proceedings of the 
Conference on Magnetism and Magnetic Materials [Suppl. J. Appl. 
Phys. 30, 3068 (1959) ]. 


1T. T. Smith, Phys. Rev. 8, 721 (1916); R. Chevallier and 
S. Mathieu, Ann. Physik 18, 258 (1943); and many other works. 
*L. Néel, Ann. Physik 3, 137 (1948); 4, 249 (1949). 
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on a weak ferromagnetism and Morin* found a transition 
at about 250°K at which the antiferromagnetic axis 
changes orientation from the basal plane to the ternary 
axis or vice versa, depending upon whether the tempera- 
ture is lowered or raised through this transition. These 
two antiferromagnetic properties, confirmed by neutron 
diffraction,* have been generally accepted as the charac- 
teristics of hematite. The most controversial problems 
are (1) the origin and the nature of the weak ferromag- 
netism above transition and (2) the existence and the 
nature of the weaker ferromagnetism below transition. 

As to problem (1) there are several different opinions. 
Many authors, especially in the early days, believe that 
the weak ferromagnetism is due to ferromagnetic im- 
purities such as magnetite. Recently, Néel® has suggested 
that it might be due to the lattice defect, such as errors 
in the regular alternation of layers of iron atoms mag- 
netized antiparallel. This defect might be related to 
dislocations of the lattice, or it could be due to an im- 
perfection in the antiferromagnetism which causes a 
slight asymmetry between the two sublattices. Li® and 
Jacobs and Bean’ interpret that the weak ferromag- 
netism comes from the unbalanced antiferromagnetic 
domain walls. Dzyaloshinsky® and Vonsovsky® suggest 
that the weak ferromagnetism is due to the result of 
canted antiferromagnetism. The general opinion on 
problem (2) is as follows: The natural crystal from 
Elba" has weak ferromagnetism not only in the basal 
plane above transition but also along the ternary axis 
below transition, although the latter is usually weaker 
than the former. However, pure synthetic hematite" has 
no ferromagnetism along the [111 ] direction. According 
to Dzyaloshinsky and Vonsovsky, there should be no 
ferromagnetism along the ternary axis. As to the nature 
of the ferromagnetism, Néel’ has thought that the 
parasitic ferromagnetism consists of two parts, one iso- 
tropic, which is independent of direction in the crystal, 
and the other anisotropic, which is tightly coupled with 
the direction of antiferromagnetism, and can be ob- 
served only above 250°K, in a direction perpendicular to 
the ternary axis. Both the isotropic and anisotropic com- 
ponents of ferromagnetism disappear at about 950°K. 

It seems to the author that the confusion probably 
comes from the inadequacy of the experimental data. 
Single crystal data, which is most important for the 
decision of the above mentioned problems is very rare. 
For example, Smith’s data! is limited to room tempera- 
ture only, Bizette and his co-workers’ data® is limited 

$F. J. Morin, Phys. Rev. 78, 819 (1950). 

* Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951) 

5 L. Néel, Advances in Physics edited by N. F. Mott (Taylor 
and Francis, Ltd., London, 1955), Vol. 4, p. 191. 

®Y. Y. Li, Phys. Rev. 101, 1450 (1956). 

71. S. Jacobs and C. P. Bean, J. Appl. Phys. 29, 537 (1958). 

* 1. E. Dzyaloshinsky, J. Phys. Chem. Solids 4, 241 (1958). 

®S. V. Vonsovsky and F. A. Turov, J. Appl. Phys. 30, 9S (1959). 

Reference 1; L. Néel and R. Pauthenet, Compt. rend. 234, 
2172 (1952). 

"©, Guilaud, J. phys. radium 12, 489 (1951). 

2, Néel, Revs. Modern Phys. 25, 58 (1953). 

13 Bizette, Chevallier and Tsai, Compt. rend. 236, 2043 (1953). 


aN 


to room temperature and liquid nitrogen temperature, 
and Néel and Pauthenet’s data,’ although covering a 
wide range of temperature, is limited to a narrow range 
of fields. In order to understand the whole picture of the 
magnetic properties, it is necessary to obtain enough 
isotherms for a wide enough range of temperatures and 
fields along different directions of the single crystals. 
I’rom these isotherms many important magnetic proper- 
ties can be derived. The present study has been planned 
to achieve this purpose. We are also planning the study 
of the magnetic behavior in the transition region by 
measuring the remanent magnetization along different 
directions of spherical samples of different single crys- 
tals. This study is expected to reveal some valuable 
information which would appear in the next paper of 
this series. 


II. PREPARATION OF SAMPLE AND TECHNIQUE 
OF MEASUREMENT 


The natural single crystal of hematite from Elba was 
kindly supplied by Dr. W. H. Dennen from the Depart- 
ment of Geology, M. I. T. The chemical analysis showed 
that the iron composition in the sample was almost ex- 
actly stoichiometric. The spectroscopic analysis showed 


TABLE I. Spectroscopic analysis of hematite single crystal from 
Elba (by Nuclear Metals, Inc., Concord, Massachusetts).* 


Sample Al ne ; } Ni Si s ve Z Ti 


Hematite tr ; l nd 


* This hematite is fairly pure, much purer than Baker analyzed Fe2Os 
which is 99.75% pure. The purity is comparable to that of the oxide pre- 


pared from Johnson, Matthey spectroscopically pure Fe which is 99.98% Fe, 
that the material was very pure and the result is shown 
in Table I. Two samples in the form of rectangular 
prisms of about } in.X§ in.X} in. were prepared from 
a large single crystal. The }-in. dimension of one sample 
was along the [111] direction of the rhombohedral axis 
and the other was along a certain direction in the basal 
plane which was perpendicular to the [111] direction. 
The crystal axis was determined by x-rays. 

All the measurements were carried out by the Curie 
method. The magnet" used consists of two parts, a very 
uniform main field and a very uniform field gradient. 
The direction of both the field and the gradient is along 
the vertical direction. This device is very important 
in this kind of study. Because we were interested in the 
magnetic properties of a particular direction of the 
sample, we limited both the field and the gradient in 
that particular direction. If they were not in the same 
direction as in the case of the conventional electro- 
magnet, the problem would have been complicated and 
the data confused. Desiring the sample to be in a uni- 
form field we used a small sample and a small gradient 
of about a few oersteds per centimeter. The polarity of 

4S. T. Lin and A. R. Kaufmann, Revs. Modern Phys. 25, 182 
(1953). 





MAGNETIC PROPERTIES 
the small gradient could be changed in order to eliminate 
the uncertainty of the measurement introduced by the 
condensation etc. as described'® elsewhere. The cryostat 
and the furnace used for obtaining the appropriate 
temperatures were the same as described in the previous 
article.'® 


III. EXPERIMENTAL PROCEDURE 
a. Magnetization Isotherms 


1. The magnetization isotherms along a certain direc- 
tion in the basal plane perpendicular to the rhombo- 
hedral axis of the hematite single crystal, for the tem- 
perature range from 488°K down to liquid helium 
temperature, are shown in Fig. 1. The general features 
of the curves are as follows: (1) At low field, the curves 
bend toward the field axis. (2) At high field, the curves 
are almost linear with the field. (3) The linear portion 
of all the curves are almost parallel except in the transi- 
tion region. These are the characteristics of a material 
with weak ferromagnetism superimposed on an anti- 
ferromagnetism observed in the region of small anisot- 
ropy energy. Therefore, this set of curves confirms the 
magnetic sturcture proposed by Néel.? It is to be noted 
that below 250°K the intercepts on the ordinate axis 
of the straight lines extrapolated from the linear parts 
of the isotherms are small and that the isotherms below 
250°K and above 360°K are all crowded together at 
their respective limiting positions. These phenomena 
are very significant in analyzing the isotherms. 

2. The isotherms along the ternary axis which is 
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Fic. 1. Magnetization isotherms of hematite single crystal from 
Elba along a certain direction in the basal plane perpendicular 
to the ternary axis. 


16S, T. Lin and A. R. Kaufmann, Phys. Rev. 102, 640 (1956). 
16S. T. Lin and A. R. Kaufmann, Phys. Rev. 108, 1171 (1957). 
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2. Magnetization isotherms of hematite single 
crystal from Elba along the ternary axis. 


perpendicular to the basal plane for the same tempera- 
ture range as in the previous case are shown in Fig. 2. 
These curves display a very unusual form. At tempera- 
tures well below transition, the isotherms are almost 
independent of magnetic field up to 15000 oersteds 
except at very low field at which the curves are concave 
downward. Above 250°K the curves in general bend 
toward the field axis for low fields and then go linearly 
with the field. After the field reaches a certain value 
(we may call it critical field) it bends away from the 
field axis, and for still higher fields, it bends toward the 
field axis again. The critical field increases with de- 
creasing temperature. The curves are also crowded to- 
gether at their respective limiting positions correspond- 
ing to the temperature below 250°K and above 360°K. 
The interpretation of this peculiar form of isotherms 
will be described in the last section. 

It should be pointed out that due to the effect of the 
weak ferromagnetism the sample had a little remanence 
which was very difficult to demagnetize in the magnet 
system. For the purpose of high relative accuracy at 
high fields, we did not want to take the sample out of 
the magnet system for demagnetization at each temper- 
ature. We therefore ignored the little remanence. This 
would not affect the analysis of the curve at high field. 
The only drawback was the inaccuracy of the isotherms 
at very low field. As we were interested in high field data, 
the demagnetizing field was not corrected for all the 
magnetization curves. 


b. Analysis of the Isotherms 


From the magnetization isotherms and the informa- 
tion derived from them, it is believed that the weak 
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Fic. 3. Variation with temperature of the antiferromagnetic 
susceptibility of hematite single crystal from Elba: (1) along a 
certain direction in the basal plane perpendicular to the ternary 
axis, (2) along the ternary axis. 


ferromagnetism (at least for the natural single crystal 
from Elba) is observable along the ternary axis below 
and in the transition region. The analysis of the experi- 
mental data can be divided naturally into three different 
temperature ranges: (1) above the transition, where the 
weak ferromagnetism lies in the basal plane; (2) below 
the transition, where it orients along the ternary axis; 
and (3) in the transition region, (some samples cover a 
wide range of temperature from 360°K to 250°K) where 
the ferromagnetic moment lies between the ternary axis 
and the basal plane. 

From Anderson’s resonance experiment!’ and Smith’s 
magnetic measurement,! the anisotropy field was found 
to be small (about 60 oersteds) in the basal plane above 
transition. If a magnetic field higher than the anisotropy 
field is applied along any direction in this plane, the 
ferromagnetic moment would set itself along the field. 
When an external field is applied either in the basal 
plane or along the ternary axis, the total magnetic 
moment of the sample along the field direction may be 
expressed by the simple formula: 


or=ortoa, (1) 
=o o+XH, 


where o7 is the total moment, or is the moment of the 
weak ferromagnetism, and o4 is the moment of the 
antiferromagnetism. If the applied field is high enough 
to saturate the ferromagnetic part but not enough to 
disturb the equilibrium position of the magnetization 
vector at the corresponding temperature, or becomes a 
constant, oo, and o4 may be expressed as XH, where X 
is the antiferromagnetic susceptibility, which is generally 
independent of the field. Hence, at constant temperature 
the total magnetic moment is a linear function of the 
applied field if it is high enough. It should be noted that 
the linear portion of the isotherms along the ternary 
axis is not always at the high field side. The interpreta- 


17 P, W. Anderson et al., Phys. Rev. 93, 717 (1954) 


LIN 


tion of oo in Eq. (1) is a little different when applied 
to the different temperature regions. In the temperature 
regions (1) and (2) described above oo may represent 
the spontaneous magnetization of the ferromagnetism. 
In case (3), as the magnetization vector lies between 
the ternary axis and the basal plane, it would not 
coincide with the external field. Then oo is the com- 
ponent of the spontaneous magnetization along the 
external field at the corresponding temperature. 

The values of oo and x may be separated by the usual 
technique of extrapolating the linear portion of the iso- 
therm to zero field; the intercept on the moment axis 
representing oo and the slope of the linear portion of 
the isotherm representing x. 

Figures 3 and 4 show the results derived from Figs. 1 
2 and‘by using the above analysis. Curve 1, Fig. 3 is 
almost independent of temperature. The temperature 
dependence of x helps us to infer the spin transition 
process discussed in the last section. The two X—T 
curves, Fig. 3, are about the same as have been obtained 
by Néel and Pauthenet except for low temperatures of 
Curve 2. Below 250°K, the susceptibility of Curve 2 is 
practically equal to zero. The spontaneous magnetiza- 
tion against temperature curves, oo— 7, Fig. 4, are very 
different from the corresponding ones of Néel and 
Pauthenet. The values of oo in Curve 1 above transition 
and Curve 2 below the transition are almost equal to 
zero. These phenomena indicate that there is no evidence 
of isotropic ferromagnetism. This will be discussed in 
more detail later on. 


IV. DISCUSSION 


From the four curves of Figs. 3 and 4, the following 
conclusions can be drawn: 

1. Since go is practically equal to zero above 360°K 
in Curve 2, Fig. 4, and below 250°K in Curve 1, Fig. 4, 
it indicates that there is no evidence of isotropic 
ferromagnetism. 











~~ 200 300 400 
Temperature in Degrees Kelvin 
Fic. 4. Variation with temperature of the weak spontaneous 
magnetization of hematite single crystal from Elba: (1) along a 
certain direction in the basal plane perpendicular to the ternary 
axis; (2) along the ternary axis. 
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2. From Curve 2, Fig. 4, the anisotropic weak ferro- 
magnetism is observable below transition (250°K) and 
the magnitude is about 0.2 emu/g. 

3. From the four curves of y—T, and oo—T, it is 
evident that in a wide region of over a hundred degrees, 
the transition takes place gradually and continuously 
insetad of rapidly and discontinuously. 

4. The two curves of Fig. 4 are complementary to 
each other. Above 360°K o(111) (oo in (111) plane) is 
a maximum value while go[111] (oo along [111] direc- 
tion) is almost zero. When the temperature decreases 
from 360°K to 250°K, oo(111) decreased from maximum 
to zero while oo{ 111] increases from zero to maximum. 
Below 250°K, oo(111) remains zero while oo[111] re- 
mains almost maximum. 

5. From the statement (4) it is indicated that the 
ferromagnetism along the ternary axis at low tempera- 
ture and that in the basal plane at high temperature 
seem to have the same nature and origin. 

Néel’s? interpretation that the weak ferromagnetism 
comes from ferromagnetic impurities such as Fe3O,4, and 
Li’s and Jacobs and Bean’s interpretation that it comes 
from the unbalanced antiferromagnetic domain walls, 
do not seem to agree with the above mentioned five 
phenomena. Dzyaloshinsky* and Vonsovsky® have pro- 
posed that the magnetic moments of the sublattices are 
not exactly antiparallel but turn toward each other in 
the basal plane above transition. Then there is a net 
magnetic moment which is perpendicular to the anti- 
ferromagnetic axis. The proposal explains the weak 
ferromagnetism in the basal plane above transition very 
well. Below transition, the spin orientation is along the 
[111] direction (as confirmed by the neutron diffrac- 
tion‘) and the sublattice moments are almost completely 
antiparallel (as indicated by our experiment that the 
ferromagnetism in the basal plane is practically zero), 
therefore, there should be no ferromagnetism along the 
[111] direction below transition. These may be the 
cases with the synthetic aFe,O;. On the contrary, 
however, some other natural single crystals, such 
as those from Elba, show weak ferromagnetism 
along the ternary axis below transition as in our 
case and in the case of others. One possibility 
of explaining this phenomenon is to extend the idea of 
Dzyaloshinsky and Vonsovsky by assuming a general 
model of a canted antiferromagnetism with unequal 
sublattice moments; i. e., the magnetic moment of the 
sublattices may tilt slightly toward each other above 
and in the transition region and at the same time their 
magnitudes may differ slightly. In order to explain the 
high value of oo(111) in the basal plane above transition 
and zero value below transition it is assumed that the 
cant is maximum above transition. When the tempera- 
ture decreases through transition the sublattice mo- 
ments turn from the basal plane toward the ternary axis 
and at the same time the canted sublattice moments 
are gradually straightened out to become antiparallel 
below transition. 
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With this model, all the experimental data can be 
explained qualitatively. The complementary curves of 
oo—T, Fig. 4, may be explained as follows: Above 360°K 
the antiferromagnetic axis lies in the basal plane. When 
an external field (higher than 60 oe from Anderson!) is 
applied along any direction in this plane, the antiferro- 
magnetic sublattice moments orient themselves almost 
perpendicular to the field (indicated by curve 1, Fig. 3, 
that x is independent of temperature) and the net weak 
ferromagnetic moment from the canted antiferromag- 
netism is almost along the external field (indicated by 
Smith’s experiment! which will be described near the 
end of this section). When the temperature decreases 
from 360°K to 250°K the antiferromagnetic axis (the 
direction of the difference of the sublattice moments) 
turns itself from the basal plane toward the ternary axis 
in such a way that it always keeps itself perpendicular 
to the field direction and at the same time the canted 
angle is continuously decreased. The component of the 
ferromagnetism in the basal plane then continuously 
decreases from the maximum value to zero while the 
component along the ternary axis continuously increases 
from zero to maximum. At 250°K (the conventional 
transition temperature) the orientation is almost com- 
pleted and the antiferromagnetic axis and the un- 
balanced sublattice moments are all along the ternary 
axis, therefore, ao(111) is zero and oof.111 | is maximum. 
The difference in magnitude of ao in the basal plane 
at high temperature and along the ternary axis at low 
temperature can also be explained. In the basal plane 
the ferromagnetism is due to both the effect of the cant 
of the sublattice moments and the difference in magni- 
tude of the moments. Along the ternary axis the sub- 
lattice moments orient antiparallel and the ferromag- 
netism is due to the difference in magnitude only. 

The above proposal of the magnetic behavior of hema- 
tite may help to understand the peculiar forms of Fig. 2. 
Well below the transition, the magnetization vector is 
along the ternary axis so that the corresponding iso- 
therms of Fig. 2 are independent of the magnetic field. 
At a certain temperature above 250°K the magnetiza- 
tion vector is kept at a certain direction between the 
ternary axis and the basal plane by the anisotropy field. 
When the external field along the ternary axis is high 
enough (but less than the critical field) the magnetiza- 
tion is linear with the field; i. e., saturated at that tem- 
perature. If the field reaches a critical value which is 
comparable with the anisotropy field, the magnetization 
vector begins to turn toward the field direction, and the 
isotherms begin to bend away from the field axis. The 
turning of the magnetization vector toward the ternary 
axis is accompanied by the following three events which 
govern the form of the magnetization isotherms: (1) the 
magnitude of the ferromagnetic moment decreases, (The 
canted sublattice moments are gradually straightened 
out to become antiparallel below transition. This event 
will be more clear in the next paper), (2) the component 
of the ferromagnetic moment along the field direction 
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(the ternary axis) increases, and (3) the antiferromag- 
netic susceptibility decreases. Therefore the form of 
isotherms depends upon these three competitive factors. 

We would like to discuss a little more about the weak 
ferromagnetism below transition. In general the in- 
tensity of weak ferromagnetism below transition is 
lower than that above transition and the intensity may 
vary with samples from different sources. We have 
interpreted this ferromagnetism along the ternary axis 
as the result of the canted antiferromagnetism of sub- 
lattice moments of unequal magnitude. If this unequal 
magnitude is interpreted as due to the lattice defect or 
imperfection of the crystal the variation of intensity 
with different samples is permissable. However, it should 
be noted that if there is only inequality of the sublattice 
moments without canting mechanism, the phenomena 
would be different. For this case, the ferromagnetic 
moment must be along the direction of the antiferro- 
magnetic axis instead of perpendicular to it. According 
to Smith’s' experiment, the hematite sphere, hung in a 
horizontal magnetic field of 1500 oersteds with the [111 ] 
axis vertical, could stay anywhere when the sphere is 


rotated in the field; i.e., the ferromagnetism is always 
coincident with the external field when applied along 
any direction in the basal plane above transition. Then 


the magnetic moment, observed in this plane, must be 
the sum of the total ferromagnetic moment and the 
moment due to the parallel antiferromagnetic suscepti- 
bility instead of the perpendicular one. The suscepti- 
bility would decrease with decreasing temperature. On 
the contrary, from Curve 1, Fig. 3, it is almost constant 
throughout the temperature range except in the immedi- 
ate neighborhood of transition. This means that the 
antiferromagnetic axis is perpendicular to the external 
field. We have just noticed that the ferromagnetism is 
along the external field, and therefore these two phe- 
nomena combine to indicate that the origin of the weak 
ferromagnetism is due to the canted antiferromagnetism. 


LIN 


Haigh"* made an extensive experiment on remanent 
magnetization of hematite powder. He found that the 
anisotropic component of the ferromagnetism recovered 
about 70% after his sample was cooled to —75°C and 
warmed to room temperature again. According to Néel’s 
interpretation, below the transition the anisotropic com- 
ponent of the remanence completely disappeared. As 
Haigh pointed out, since there was no directive field 
when the sample was warmed to room temperature, the 
anisotropic moment would have recovered randomly in 
the basal plane; i.e., there would have been no recovery. 
From our argument, the anisotropic remanence below 
transition still existed, orienting along the ternary axis. 
According to our experiment, at each temperature in- 
cluding the transition region, the remanent magnetiza- 
tion vector of the anisotropic ferromagnetism would 
have a more or less definite magnitude and orientation 
between the [111] direction and the basal plane. (This 
point will be more clear from the remanence measure- 
ments which will appear in the next paper). Since 
Haigh’s sample was not in a demagnetized state when 
it was cooled, it should comply with its previous 
remanence-temperature relationship without the help of 
any field when it was heated again. The recovery of the 
anisotropic component at room temperature was a 
natural consequence. Hence, Haigh’s data may be con- 
sidered as a confirmation of the present proposal. 
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The rate equations for the occupation of spin levels are augmented to include cross-relaxation processes. 
It is confirmed experimentally that the latter are important when the concentration of magnetic ions is 
high or two resonances have a small separation. Maser action is usually impaired under such circumstances. 
When experimental conditions are chosen such that cross-relaxation effects are negligible, it is shown that 


all spin-lattice relaxation processes for Cr*** 


in the cyanide are proportional to the absolute temperature 


in the liquid helium range. The susceptibilities at both the pump and maser frequencies follow the general 
theoretical dependence and reach asymptotic values as a function of pump power. 


I. INTRODUCTION 
| gcomegerypienl of paramagnetic relaxation! by 


means of microwave resonance techniques? has 
received new impetus*~° with the advent of solid-state 
masers.®? It has recently been shown® that cross- 
relaxation terms have to be added to the conventional 
rate equations. The present paper is a sequel to BSPA. 
Some general expressions for the dependence on pump 
power of the susceptibility at various frequencies are 
derived and the temperature dependence in the presence 
and absence of- cross-saturation is discussed in Sec. II. 
A brief description of the experimental method is given 
in Sec. III. Experimental data are discussed in Sec. IV. 
Evidence is presented that the various spin-lattice 
relaxation times in K3(CoCr)(CN)¢ are all inversely 
proportional to the absolute temperature in the liquid 
helium range. The theoretical dependence of the 
susceptibility on pump power is verified. Experiments 
at different Cr+** concentrations and different crystal- 
lographic orientations show a controllable influence of 
the cross-relaxation mechanism. Implications for the 
operation of a solid-state maser are discussed. 


II. THE DEPENDENCE OF MICROWAVE SPIN 
SUSCEPTIBILITIES ON PUMP POWER, 
TEMPERATURE, AND CROSS- 
RELAXATION 


A complete description of the magnetic properties of 
a system of spin levels requires the use of the spin 

t The research reported in this paper was made possible through 
support extended Cruft Laboratory, Harvard University, by the 
National Security Agency. It was performed in partial fulfillment 
of the requirements of the Ph.D. degree at Harvard University 
by S. S. 
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density matrix formalism.’ When the spin-spin phase 
memory time 7% is short, in particular when yHpumpZ'2 
<<1, the time dependence of the diagonal elements is 
described by the well-known rate equations for the 
populations of the various spin levels. The susceptibility 
near the various resonant frequencies is proportional to 
the difference in population of the two levels defining 
the resonance. The rate equation for the population of 
the ith level can be written in the general form 


dn,/dt= > (—wynitwjn)+ dX wij" 
7 


jkl 


X (njny—niny) + > Wij(nj—n,), (A) 
7 


N=> 


— 


;n; is the total number of magnetic ions, 
Wi j= Ww; exp(—hy;;/kT) (2) 


is the probability per unit time for a spin transition 
from level i to level 7, separated by an energy difference 
hv;;, under the influence of lattice vibrations at a 
temperature 7’. 


W = Wyi= th | Mi; |2H, 2 (013), (3) 


is the transition probability per unit time induced by 
pump power applied at the frequency »;, Mj; is the 
matrix element of the component of the magnetic 
moment operator parallel to H(»,;), g(vi;) is the normal- 
ized shape function of the resonance absorption line. 

The imaginary part of the susceptibility near a 
resonant frequency may be derived by equating the 
power absorbed to 3wx’H?. 


x” (vi) = ih Mi; | 2g (vis) Anij, (4) 


where An;=n,;—n; is the difference in population 
between the lower and upper levels. 

wit is the probability per unit time for a cross- 
relaxation process in which one ion makes the transition 
i— 7 and simultaneously a neighboring spin the 
transition k— 1. This process is only of importance if 
the difference in energy h(v;;—v¢:) is very small and 
can be taken up by the dipolar interaction of the spin 


9 A. M. Clogston, J. Phys. Chem. Solids 4, 271 (1958). 
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assembly, as discussed in BSPA. It is permissible to This equation remains valid in the presence of cross- 
put the exponential factor exp[—A(vij—vs2)/kT,] relaxation and pumping power at other frequencies. 
equal to unity in this term. The introduction of cross- The constant C;, is a function of all other pump powers 
relaxation terms is meaningful, when the resonances and all relaxation parameters w. For the transition &i, 
at vj; and vy, are close but well resolved. The cross- Eq. (7) reduces to the usual self-saturation curve with 
relaxation time is usually shorter than the spin-lattice asymptotic value X,,’’(%)=0. 
relaxation time (wi,x:>w;), if the resonances at »;; When all w’s have the same temperature dependence 
and v4, are separated by two to five times the dipolar (7), then Cy:« f(T) and X,;"(%) has the same 
interaction. The cross-relaxation terms are usually temperature dependence as X;,;’’(0), ie., Curie’s law 
completely negligible for larger separations, so that is obeyed. 
frequently only one or two of the wx: have to be This situation is expected to occur at very high 
considered. temperatures, where all w,;;« 7? because of Raman 

It should be mentioned that spin-lattice relaxation phonon processes, and at very low temperatures, 
processes may: also involve transitions of two spins, where all w,;« 7 because of single phonon processes, 
the balance of energy being taken up by the lattice. with the important proviso that temperature-independ- 
This occurs if the dipolar interaction between two spins ent cross-relaxation is negligible. If cross-relaxation 
is modulated by the lattice vibrations. In this case terms are not small compared to the spin-lattice terms, 
spin-lattice relaxation terms quadratic in the occupation the temperature dependence of X,;’(%) is complex 
and may even decrease with decreasing temperature. 
In particular, lowering of the lattice temperature T 
may result in the transition from a regime where 
Wj; > Wier to One Where W,;41> Wij. 
: These general considerations are now applied to the 
for the cross-relaxation ware : : : particular case of the four spin levels of a Cr*+** ion, 

Phe rate Eq. (1) may be linearized in the high- corresponding to the situation encountered in the 
temperature approximation, when the differences in experiments described in the following sections. It is 
population are small, An;<<N. By expanding the assumed that only the v4 resonance is pumped and 
Boltzmann factor in Eq. (2) and omitting terms of order that the level spacings and line widths are such that 
(An,;)? in Eq. (1), a set of linear equations in An,; is only the cross-relaxation between the resonances 12 
and v2; need be considered. In addition to the six w;;’s, 
only Wes and wi232 have to be considered. The steady 
state solution for the population differences is given 
for two special cases. 

(a) Complete saturation, no cross-relaxation, Wo 
X ij" (Ay?) —Xi;"(« )= [X;;""(0) —X,,""(« ) Wij, W1932= 0. 

X[14+Ci? J". (5)  Anoy=0, 


numbers occur. In practice the dominant spin-lattice 
relaxation will occur via the orbital modulation and 
spin-orbit coupling of individual ions. Therefore no 
confusion should arise by reserving the w,,.; exclusively 


obtained. The steady-state solution may readily be 
written in a determinantal form." The dependence of the 
susceptibility on the pumping power at the frequency 
vz. takes the general form 


: (6) 
(u 122+Wi3t+wy4) (W343) +243 (Wyotwy 1) 


Ano3= Se 


—( (u tu 13 a) 
4kT , 


This transition can be emissive. If the relaxation form level 3 to level 1 is negligible, w;;=0, the condition for 
maser action is the same as for a simple three-level system, ® 734v34> w2V39. 


Any»=— 
4kT 


(Wie tW 3 +14) (Weyt+we )+wi3(wiretw) 


Nh —— + %'23¥12) + ee) 


The resonance at v;2 never becomes emissive. In this case both resonances vj. and v23 may become 
ste saturé ‘ ‘ross-relaxati Saad 
(b) Complete saturation, rapid cross-relaxation, emissive when 
WW 24> W1232>Wj. 
Ano,=0, W34V34> 2W13Vist Wiai2tWeavest Wiss (8) 


Anyo= Ano; This condition is more difficult to satisfy than the 
Nh (2313+ W12712 + WgV23 + W414 — W434 condition that (6) be negative. On the other hand, if 
; — because of cross-saturation Av; becomes positive, 


(7)  Anzy=— Ang; will surely be negative. The action of the 


4kT Wot 4wistwytwestwy, 


1 J. P. Lloyd and G. E. Pake, Phys. Rev. 94, 579 (1954). transition v2 is similar to the action of the transition 
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in another ionic species at the same frequency. Scovil!! 
el al. describe such an influence of Ce*+** on the popula- 
tion of the Gd*** levels in a mixed crystal. 

Finally, it should be emphasized that Eq. (1) does 
not include the most general form of cross-relaxation. 
As pointed out in BSPA, processes in which more than 
two transitions take place simultaneously are possible. 
One then has third-order transition probabilities 
Wijktmn, Which are not negligible if vi;+v%2t+ymn is zero 
or comparable with the dipolar interactions. The cubic 
terms in the rate equations can again be linearized in the 
population differences An in the: high-temperature 
approximation. Fourth-order terms with wijximnop Can 
be introduced in a similar fashion and have been used 
in BSPA to explain cross-saturation effects in copper 
tutton salt. 


Ill. EXPERIMENTAL METHOD 


Crystals of K3(CoCr) (CN)¢ were grown from aqueous 
solution by controlled evaporation. The relative 
[Cr+] concentration in the solution was 0.5% and 
2%. Small single crystals were placed in a maser-type 
cavity of a design described previously."* A small size of 
crystal is chosen since the purpose is to obtain reliable 
values for the microwave susceptibilities. Heavy loading 
of the cavity, useful in maser operation, is avoided. 
The field intensity over the sample at both microwave 
frequencies was uniform to within 5%. 

The cavity was tunable at X band by a movable 
diaphragm coupling which could slide with quarter- 
wave sections in standard X-band guide. The Y-band 
pump power was supplied by a Varian V-58 klystron. 
L-band signal power was supplied by 25981 klystron ora 
Navy Model LAG signal generator run from an 
external power supply. Although Z-band tuning by 
capacitive loading of the quarter-wavelength resonator 
proved feasible, the present experiments were carried 
out at a few fixed L-band frequencies with fixed 
resonators. 

The klystrons at both frequencies were locked to 
the sample cavity resonance with a repeller voltage 
modulation feedback system similar to that developed 
by Kip." Influence of the dispersive components of 
the susceptibility was eliminated. 

A rotatable electromagnet supplied the dc magnetic 
field. In the present experiments the crystals were 
oriented in such a way that the magnetic field could 
rotate in the ac plane. In this plane the two ions in the 
unit cell are magnetically equivalent, so that only four 
energy levels have to be considered. The variation of 
the splittings v2, v2; and ve4 is plotted in Fig. 1 as a 

4 Schulz-duBois, Scovil, and de Grasse, Bell System Tech. 
J. 38, 335 (1959). 

#2 Artman, Bloembergen, and Shapiro, Phys. Rev. 109, 1392 
(1958). A detailed description of the experimental aspects may 
be found in the thesis by Sidney Shapiro, Harvard University, 


May, 1959. 
18 A, F. Kip (private communication). 
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Fic. 1. The resonant frequencies vj2, v23, and v2, between the 
four levels of Crt** in K3(CoCr)(CN).5 as a function of the 
magnetic field strength //) in the crystallographic ac plane, for 
different angles between Ho and the a axis. The graph was cal 
culated from published tables for the energy levels.'* The arrow 
indicates the L-band operating frequency. 


function of the magnitude of the magnetic field Ho 
for various angles @ between the a axis and Hg in the 
ac plane. The curves have been calculated from pub- 
lished tables for the energy levels.’ It is seen that the 
resonances vyo and vy; coincide for 6=0 at about 1700 
Mc/sec, but can be made to deviate considerably at 
other angles at the same frequency. As the angle 6 is 
varied, the value of Ho is adjusted to keep v23 at the 
indicated L-band frequency. The X-band resonant 
frequency v2, does not vary too much under these 
conditions. Pumping at v24 remains possible. Calculation 
of the other resonant frequencies v3, v14, and v34 Shows 
that these resonances remain all well separated from 
each other and the other resonances. It is thus possible 
to create an experimental situation in which only one 
cross-relaxation process W232 with variable strength is 
of importance. 

Incident power at both frequencies can be monitored 
with the aid of directional couplers and thermistors. 
The reflected power at L band is modulated at 15 cps 
by modulation of the dc magnetic field, and it is 
displayed after rectification by a 1.21C crystal on an 

4W. S. Chang and A. E. Siegman, Technical Report No. 
156-1 for K3(CoCr)(CN)., Stanford Electronics Laboratories, 
Stanford University (unpublished). 
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POWER AT V,, IN MILLIWATTS 

Fic. 2. The susceptibility ’’ at the frequencies v2; and v2, 
respectively, as a function of pump power applied at v2. The 
crystal K;(0.995 Co, 0.005 Cr)(CN)¢s was maintained at 2.5°K. 
The magnetic field 4 o=1175 oersteds makes an angle 6=10° 
with the a axis in the ac plane. The drawn curves have the theoret- 
ical form of Eq. (5). The final spin temperature 7;=—2.2°K at 
vo; and 7;= © at vo. 


oscilloscope or after passage through a narrow-band 
receiver on a pen recorder. The coaxial line contains a 
low-pass filter to eliminate X-band power. The L-band 
susceptibility is measured as a function of X-band 
pump power. Self-saturation curves at X-band are 
taken by measuring the reflected power in the X-band 
guide in a similar manner. With the small samples used 
the reduction from change in reflected power to change 
in susceptibility of the sample is straightforward. The 
power at Z band was sufficiently low that saturation 
at the signal frequency was negligible, W2;<w,;. 


IV. EXPERIMENTAL RESULTS 

The general dependence of the susceptibilities on 
pump power is illustrated in Fig. 2. The drawn curves 
have the theoretical form of Eq. (5). The experimental 
points of both the L-band and the X-band susceptibility 
(self-saturation) are in good agreement! with the 
theory of Sec. ITT. 

Strandberg'® 


that considerable 


deviations from Eq. (5) should be expected if the 


has pointed out 
phonon-bath contact were a bottleneck rather than the 
spin-lattice relaxation. The extent of phonon-heating 
and the heat conductivity would change with pump 
power. There is apparently no experimental evidence 
for this. 

The rather large negative asymptotic value for the 


L-band susceptibility indicates the suitability of this 


16 The pump power scale in Fig. 8 of BSPA does not match with 
the scales of Figs. 9-11. This is due to an error in calibration, 
which was eliminated in taking the data presented here. The 
calibration error does not impair the argument in BSPA, which is 
only concerned with the relative displacements of the two self- 
saturation curves in Fig. 8. 

16M. W. P. Strandberg, Phys. Rev. 110, 65 (1958). 
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material for maser operation. In early papers on mascrs'? 
graphs of gain vs pump power did not show any indica- 
indication for such an asymptotic behavior. ‘The 
explanation for the shape of those gain-vs-pump power 
curves, which have no fundamental significance, can 
be based on the following two reasons. As x”’ approached 
its asymptotic value, x’’(%), the maser approached the 
point of instability versus oscillation due to the choice 
of external coupling of the maser cavity. In the second 
place, the pump field intensity was not uniform over 
the sample. As the pump power increased, successively 
larger regions of the crystal became emissive. 

There will still be an asymptotic value for the effective 
susceptibility at high pump power level. The approach 
to this limiting value will be more gradual than the 
curves in Fig. 2. The detailed shape depends on the 
field configurations at both the pump and the maser 
frequency in the cavity. Since the effects of spatial spin 
diffusion in the nonuniformly saturated crystal is 
negligible, the effective susceptibility at »,;, including 
the filling factor, as a function of pump power at viz 
is given by 


aX sneu" (He) ff fC LaL/se av 


cavity 


=h-p(v;;)[Ani;(0)—An;;(*) ] 


(Sa MH ,;2)°dV 
mG peed 


1+Cr’ (Soa Mitr)” 
sampie 


+h gtoaama() ff fo aneusyav. (9) 


sample 


The summation a is over the three Cartesian co- 
ordinates. H,,* and H;,;* are functions of position in 
the cavity. Am,;(0) and An;;(«) are the differences in 
population of levels i and 7 in thermal equilibrium and 
at infinite pumping power at the frequency »;:. These 
quantities as well as Cj,’ are not a function of position. 

The approach of x’’(eff) to an asymptotic value is 
important for maser operation. It implies a good 
stability against amplitude and frequency fluctuations 
in pump power'® which is not shared by certain para- 
metric amplifiers. 

In Fig. 3 data for the temperature dependence of the 
asymptotic value X’’(%) are shown. Instead of X’’() 
a final spin temperature 7, defined by 


T= TAno3(0)/Anz3(*% ) = Tx’ (0)/x’"(2), 


is plotted. Clearly, x’(%) is proportional to x’’(0) 
or inversely proportional to 7. Curie’s law is valid. 
The power required to reach the value halfway 
17 A, L. McWhorter and J. W. Meyer, Phys. Rev. 109, 312 
(1958). 
18 Giordmaine, Alsop, Nash, and Townes, Proc. Inst. Radio 
Engrs. 47, 1062 (1959). 





RELAXATION 


between x”(0) and x”() is proportional to the 
absolute temperature. These data are therefore con- 
sistent with the explanation that all w;, are determined 
by single phonon processes and are all proportional to 
T, whereas cross-relaxation terms are absent for the 
crystalline orientation used (@=30°). This result is in 
agreement with the data of Eschenfelder? on Crt+**+ in 
an alum. 

As explained in Sec. II, cross-relaxation should 
become important, when the angle @ approaches zero, 
aS vy2=ve3 for 6=0°. In Fig. 4 x’’(0) is shown as a 
function of vj2.—v23 at two different concentrations. 
The result of cross-relaxation is that maser action is 
suppressed, x’’(%) >0. This occurs at small values of 
6 and at high magnetic concentration for all values of @. 

This result is physically understandable because one 
has to compete with various relaxation mechanisms to 
and from level 1, if cross-relaxation w 232 is important. 
This is expressed mathematically by Eqs. (6) and (7). 
Apparently the condition (8) is not satisfied. At @=0 
one measures, of course, not X23", but Xo3/+X).”. 
This does not change the argument for the ratio 


X12!"(00)+Xo3""(%e) Ty 


Xy2"(O)+X2;(0) TT 


since the susceptibilities of the two transitions are 
described by the same temperature because of the 
coincidence of the resonant frequencies. 

The difference in 7; at 1000 and 3000 Mc/sec 
separation is probably caused by the variation of the 
matrix elements M;;(6) and the consequent variation 
in the ratio of the w,;(@) at 0=14° and @= 32°, respec- 
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Fic. 3. Curve (a), The final spin temperature 7y= 7'y/’(0)/ 
x’’(*) at v3 as a function of the lattice temperature. Curve (b). 
The pump power at v2, required to produce 50% saturation at 
v23, Le., to obtain a value x” =4$[x” (0) + '"(%) J, as a function of 
the lattice temperature. The magnetic field //)= 1390 oersteds in 
the ac plane makes an angle @=30° with the a axis of the crystal 
K3(0.995 Co, 0.005Cr) (CN) <. 
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Fic. 4. The inverse of the final spin temperature Ty"! « x’’(«) 
is plotted as a function of the separation between the resonances 
at vig and v3. The separation v12—v23= 1000 Mc/sec corresponds 
to 0=14°. The magnetic field is varied in the ac plane of Ks(CoCr)- 
(CN). in magnitude and direction so as to keep v23~ 1700 Mc/sec. 
Curve (a) is for 0.5% Cr*+** concentration, curve (b) is for 2% 
Cr*** concentration. Cross-relaxation effects are important near 
zero separation at the lower concentration and at all separations 
at the higher concentration. 

} 


tively. The matrix elements’ do not change much for 
6~10°, and the rapid change in 7; in this region is 
caused by the onset of cross-relaxation. One may 
crudely estimate that w4232 becomes of the same order 
as the wi; (~10** sec~!) at separation v12.—v23=400 
Mc/sec. In the more concentrated sample cross- 
relaxation is important at all separations. 

The marked concentration dependence of Ty, 
because of the onset of cross-saturation provides the 
clue for the action of light ruby as an amplifier and 
dark ruby as an attenuator in the same traveling-wave 
maser.'® 

Another interesting observation has been made about 
the temperature dependence of X23'"() at v4» 600 
Mc/sec. Cross-relaxation in this orientation is compar- 


— Yo3> 


able with spin-lattice relaxation at 4.2°K according to 
Fig. 4. When the crystal is cooled and the wi; become 


smaller, cross-relaxation should become dominant. 


It was indeed observed that lowering the temperature 


T caused an increase in |7;|. In other words, maser 


action became poorer at the lower temperature. 


Cross-relaxation provides a natural explanation for this 


Sell. System Tech We 


19 DeGrasse, Schulz-du Bois, and Scovil, 
38, 305 (1959), 
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effect, which has a reverse trend from the usual Curie 
behavior shown in Fig. 3. 

The magnitude of w 232. may be estimated theoret- 
ically from an approximate formula given by BSPA, 


= (2a) th? | Hro32|?(Avi2?+ Ave;?) 4 
Xexp[— (Yy2— V23)?/2(Avy.?+ Ave3") |. 


W 1232 


(10) 


The resonant lines at vj. and vo3 are assumed to have a 
Gaussian shape with second moments 


Avy” and Apy;?, 


respectively, due to the dipolar interaction between 
neighboring Cr*** ions, 3Cj2.32 is the matrix element of 
the dipolar interaction of Cr**+ and its neighbors 
responsible for the double transition. 

The second moments may be estimated from the 
observed line shape at the two resonances, if the 
contribution of the nuclear spins is subtracted. The 
calculated second moments (AH)? of the local fields 
may be converted to a frequency scale by multiplication 
with (dv/dH)*, evaluated at the appropriate resonant 
frequency. In this way the values (Avj.?+Av2;*)4= 115 
Mc/sec and 350 Mc/sec for 0.5% and 2% Crt 
concentration are found. It should be remembered that 
these are the nominal concentrations in the solution 
and the concentration in the crystals may be different. 
Since the local field from the Cr*** ions is comparable 
or larger than the field arising from the nuclear spins, 
the use of Eq. (10) is justifiable. For the average value 
of h-*|5Ci232|2 one may take approximately 0.1(Av;.” 
+ Ave;*). In this way wi232 at a separation v12—v23;= 400 
Mc/sec is estimated to be 10*4 sec, in the crystal at 
0.5% concentration. At vj2—v23;=1000 Mc/sec, wyi232 

10-” sec, which is negligibly small. The intricacies 
of cross-relaxation in dilute magnetic materials have 
not been considered in detail, but it is gratifying that a 
reasonable order of magnitude for the onset of cross- 
relaxation is obtained. 


N. 


BLOEMBERGEN 


For the crystal with the higher concentration, at 
1500 Mc/sec separation, the estimate w1232= 10** sec! 
is made. The Gaussian function would give negligible 
cross-relaxation at 3000 Mc/sec. The tail of the 
resonances is probably not adequately represented by 
the Gaussian function (10) and no detailed explanation 
is offered for the constancy of T; over a wide range of 
separations. 

The fact that the two samples with different con- 
centration give the same result for @=0° is gratifying. 
Here there is complete overlap and the cross-relaxation 
is always very short w232>>w;;. Equation (7) should be 
valid in this case at all concentrations and a result 
independent of concentration is obtained. The term in 
W232 is essential to explain both curves of Fig. 4, because 
it is inconceivable that the ratios of the w,,’s would have 
a strong mixed dependence on concentration and 
orientation. 

Extrapolation of the data presented here shows why 
undiluted magnetic salts are unsuitable for maser 
operation .in the conventional microwave region 
although not necessarily at higher frequencies. There 
will always be sufficient overlap of resonances in the 
whole system of spin levels to reach internal thermal 
equilibrium, as proposed by Casimir and du Pré.” 
When such a system is pumped at any frequency, the 
system will warm up as a unit to infinite temperature. 
Validity of the Casimir-du Pré hypothesis of thermo- 
dynamic equilibrium and maser operation are mutually 
exclusive. 

The bandwidth of a maser at gain unity cannot 
be increased, by increasing the magnetic concentra- 
tion, beyond a certain limit of approximately one 
third the distance between adjacent resonances. This 
limitation can be circumvented by loading the maser 
with a number of single crystals in slightly different 
orientations.!® 


*” H. B. G. Casimir and F. K. du Pré, Physica 5, 507 (1938). 
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Structure of V Centers in Irradiated KCI1O,} 
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On the basis of the electron spin resonance spectra of a single crystal of KCIO; which has been exposed 
to x-irradiation, a model is proposed for the V center produced. The center proposed consists of a ClO 
radical covalently bonded to a neighboring ClO;~ ion. It is shown that the electron spin resonance spectra 
predicted for this radical agrees with the observed spectra, both in the number and spacing of the hyperfine 
components and their orientation dependence in the external magnetic field. It is also proposed that an 
O:- center is produced rather than the usual F center which one might expect to accompany the V center. 


INTRODUCTION 


HE exposure of crystals to radiation usually 
results in a change in the properties of the 
crystal. Since soft x-rays can impart a_ significant 
amount of energy only to the electrons in the crystal, 
any change in the properties must result because of a 
relocation of electrons in the crystal lattice. In the 
simple alkali-halide crystals, the fundamental process 
is the stripping of an electron from a halide ion and the 
subsequent trapping of this electron in an electron trap, 
e.g., in an halide vacancy. The trapped electron in an 
halide vacancy is commonly called an F center, and 
the negative ion deficiency resulting from the loss of 
an electron by the halide ion is usually called a V 
center. Considerable experimental and theoretical work 
has been done on the nature of these centers in the 
alkali-halide crystals.’~® 

The purpose of this paper is to describe the effects of 
removing an electron from a ClO;~ ion in a crystal of 
KCIO3. 

In order to determine the nature of the centers, the 
optical, infrared and paramagnetic resonance absorption 
spectra were observed in single crystals which had been 
exposed to 50-kv x-irradiation. The paramagnetic 
resonance spectra proved to be the most useful. 

A single crystal of KCIO; was exposed to x-rays from 
an unfiltered Machlett AEG-50 tube operating at 50 kv 
and 20 ma for several hours. The crystals turned a 
deep orange-brown color, and showed a rather intense 
paramagnetic resonance absorption. Crystals left in the 
x-ray flux for a day or so began to disintegrate into a 
fine powder. Figure 1 shows the first derivative of this 

t This work supported by a grant from the Research Corpora- 
tion, U. S. Army Office of Ordnance Research, and a grant from 
the Research Committee of the University of Alabama. 

* Now at Texas Instrument Company, Dallas, Texas. 

t Now at the Department of Physics, University of Florida, 
Gainesville, Florida. 

1A summary of some of this work with references is contained 
in the following article: F. Seitz, Revs. Modern Phys. 26, 7 (1954). 

2 Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 

3T. G. Castner and W. Kinzig, J. Phys. Chem. Solids 3, 178 
(1957). 

4T. O. Woodruff and W. Kinzig, J. Phys. Chem, Solids 5, 268 
(1958). 

5 Cohen, Kinzig, and Woodruff, Phys. Rev. 108, 1096 (1957). 

6W. Kinzig and T. O. Woodruff, J. Phys. Chem. Solids 5, 70 
(1958). 


absorption at three different orientations of the crystal 
in the external magnetic field. The rotation is about 
the x crystalline axis. At 0° the y crystalline axis makes 
an angle of 40° with the magnetic field. The choice of 
this direction as a reference is discussed below. The 
spectrum consists of two sets of lines. One set is a 
single relatively broad line with a g value a little larger 
than 2. The other set consists of 16 equally intense 
lines with a line width of about 5 gauss, which show a 
rather large anisotropy as the crystal is rotated in the 
external magnetic field.’ 

Figure 2 shows the position in the paramagnetic 
resonance spectrum of the 16 lines as a function of the 
angle 6 of rotation about the crystal axis x. @ is the angle 
between the dc magnetic field and the reference direc- 
tion mentioned above. It is apparent that the 16 lines 
are four equally spaced groups of four equally spaced 
lines each. It is alsé seen that as the separation between 
the groups decreases, the separation between lines in a 
group decreases. The separation between lines is the 


hb 


2940 


Fic. 1. Derivative of paramagnetic absorption of KCIO; as a 
function of magnetic field strength for different orientation of the 
crystal in the external field. 

7A preliminary report on the paramagnetic resonance absorp- 
tion of KCIO; was given at the 1958 meeting of the Southeastern 
Section of the American Physical Society [Hughes, Ard, and 
Hasty, Bull. Am. Phys. Soc. 3, 299 (1958) ]. 
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Fic. 2. A plot of the magnetic field at which each line appears 
as a function of the orientation of the crystal in the field. The 
dotted sections indicate orientations at which the individual lines 
in each of the four groups could not be resolved. The straight line 
down the center of the plot is the position of the DPPH line, and 
the slightly curved line is the position of the broader strong line 
attributed to O.-. 
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same in a field of about 7000 gauss, which indicates that 
the splitting is caused by hyperfine interactions. 

All the above data were taken at room temperature, 
and the intensity of the absorption shows very little 
change as the crystal is aged at room temperature after 
irradiation. The crystals were only a few millimeters on 
a side, since KCIO; seems to prefer to grow in the form 
of thin wafers, and we have been unable to grow crystals 
more than a few millimeters thick. However, the thin 
wafers proved ideal for the optical and infrared absorp- 
tion measurements. 

Optical absorption measurements showed that the 
radiation produced a single intense band centered at 
2.69 ev (461 my) with a width between points of half 
intensity of 0.35 ev. No absorption in the region 0.8 u 
to 15 uw was found that could be attributed to the 
radiation. 

In an effort to bleach the crystals, they were annealed 
for periods of six hours at temperature intervals of 
10°C. After each six-hour period, the paramagnetic 
resonance absorption was observed. After annealing 
at 85°C, a decrease in the intensity of the 16-line 
spectrum was observed, and after annealing at 105°C, 
the 16-line spectrum completely disappeared. The 
crystal did not become clear, however. It became rather 
milky in appearance. An unirradiated crystal annealed 
in this manner remained clear. 

No bleaching was observed due to exposure to day- 
light or to light from a mercury lamp. 


STRUCTURE OF THE PARAMAGNETIC CENTERS 


It is probable that the primary effect of an x-ray on 
the crystal would be the removal of an electron from a 
ClO; ion, leaving a ClO; radical. The experimental 
evidence indicates that this radical is unstable in the 
KCIO; lattice. If this radical were stable, the radiation 
damage to the lattice would be reversible. The bleaching 
experiments, however, show that the damage is 
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permanent. The ClO, radical probably breaks up into 
ClO and Oz. We propose that the O2 molecule diffuses 
into the lattice and becomes trapped at negative ion 
vacancy, and that the ClO, which has an electron 
deficiency in its valence shell, shares this deficiency 
with the nearest ClO;- ion. This should result in a 
loosely-bound CIO—CI1O;- ion. 

The nearest ClO;~ ions in the KCIO; lattice are the 
ions in the upper right-hand corner of one unit cell and 
the lower left-hand corner of the unit cell diagonally 
above it (see Fig. 3). The separation between these ions 
is 3.65 A.® The angles between the line joining these ions 
(dashed line in Fig. 3) and the x, y, and z crystalline axes 
are a, 8, and 7, respectively, where a=87.3°, B—40.1° 
and y= 53.9°. 


PREDICTED PARAMAGNETIC ENERGY LEVELS 
OF THE V CENTER 


A method of successive perturbation developed by 
Pryce® can be used to determine the energy levels 
responsible for paramagnetic resonance absorption. 
This method can be modified to include the hyperfine 
interaction of the electron with two nuclei. 

The Hamiltonian for the odd electron (in this case an 
electron hole) is 3, 


KH=Ky + AL-S + 6(L+2S)-H 
l (L-S):1; 3(r,;-S) (1-1) 
{2884 ——— +——_—_ | 


r? r,° 


=1 27,(1;—1) 


2 20 T(I:+1)  3(r,;-1,)? 
e0 — r “|, 1) 


r? r,° 


where 3p includes the kinetic energy of the electron 
and potential energy due to coulomb interactions. 

It is assumed that the ground-state eigenfunction of 
the above Hamiltonian can be made up of # orbitals of 
the ClO radical and the ClO;- ion. There will be a 
certain amount of s character, however, due to the 
polarization of the radicals. The ground-state wave 
function will be ¢, where 


= agditbdn, (2) 
and 


o:=a,F' (r) V1, mio) +B:G(r,). (3) 


a, and f; designate the fraction of and s character in 

— CIO, and ag and > designate the p and s character in 
ClO;-. The coefficients satisfy the condition, 

7 a’+h=ar+pr=a/+p/=1. (4) 

®R. W. G. Wyckoff, Tables of Crystal Structure (Interscience 


Publishers, Inc., New York, 1948-51). 
*M.H. L. Pryce, Proc. Phys. Soc. (London) A63, 25 (1950). 
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Fic. 3. Location of the atoms in the KCIO; structure. The 
dotted line at the upper left corner of the unit cell connects the 
two ClO;~ ions that form the CIO—CIO;~ V center. 


If the quadrupole interactions are neglected, and 
it is assumed that only the lowest orbital level is 
populated, a straightforward application of first-order 
perturbation theory gives the following result for the 
energies of the paramagnetic levels: 


E"= (mymz| (SM,|5C|SM,)| mmo, (5) 
where 
i= g8H -‘S+4A AF ‘S+L(L+ 1) (3 cos"6;— 1)I, ‘S 
+Aol.-S+nol(L+1) (3 cos*#,—1)In-S. (6) 
The terms with subscript (1) are due to coupling 
with the chlorine nucleus in the ClO group, and terms 
with subscript (2) are due to coupling with the chlorine 
nucleus in the ClO; group. 6; and 62 are the angles 
between the axes of quantization of the ClO and 
ClO;-, respectively, and the external magnetic field. 
The axis of quantization can be determined from the 
observed paramagnetic transitions. Evaluation of 
Eq. (5) gives 
Ee = 98M H+ A mM + K mM, (3 cos*6; —1]) 
+A .m2M,+ Kom2M,(3 cos*#,.—1). (7) 
The values of S, 7, 2, M,, m1, and mz are given below: 
S=}, 
h=I=3, 
M,=33, 
m= Mo=+3, +3. 
The coefficients 4;, A2, Ki, Ke must be determined 
empirically. 
There will be 32 energy levels corresponding to a 
(2S+1) (2/:+1) (2/2+1) multiplicity. 
The transitions that are observed correspond to the 
following selection rules: 
AM,=1, 


(8) 
Am,;=0. 
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The equation for the frequency of these transitions is: 


hv= g8H + A ym,+ K,m,(3 cos*0,— 1) 
+A 2Mo+ Kym2(3 COS"0.— }). (9) 


This can be rewritten in terms of the magnetic field at 
which resonance occurs: 


H = Ho—aym,—kym,(3 cos*6;—1) 
— dym2— kym2(3 cos*@2—1). (10) 
where 


a;=A;/g, (11) 


The effect of second-order perturbations will be to 
add terms quadratic in H and S. Since S=}, the only 
contribution to Eq. (9) will be that g should be written 
as ge+/f, where ge is the “‘g” 


k= K./g, and Ho= hv/g8. 


g” value of the free electron 
and f is a tensor with the same symmetry as the 
crystalline field. The sign of f would be negative for 
an electron excess, and positive for an electron defi- 
ciency. In this case, f is positive. No appreciable 
anisotropy in f could be determined from the spectra. 


COMPARISON WITH EXPERIMENTAL RESULTS 


In order to determine whether or Eq. (11) 
leads to the correct angular variation, it is necessary to 
fit the four constants a), a2, ki, ke to the experimental 
curve. Since the maxima and minima of the hyperfine 
splitting for both chlorine nuclei occur at the same 
orientation it is assumed that for any orientation, 
6,;=6. Hence 4; and @2 will be replaced by @. 

The part of the hyperfine splitting which arises from 
the s character of the electron deficiency, is independent 
of the angle beteeen the axis of quantization and the 
external magnetic field. Thus, the values of a; and ay» 
will not depend on the axis through which the crystal 
is rotated. This is not true, however, for the part of the 
hyperfine interaction which arises from the p character 
of the wave function. 

The equations developed above were based on the 
assumption that the crystal was being rotated about 
an axis perpendicular to the axis of quantization. In 
cases when the crystal is rotated about an axis not 
perpendicular to the axis of quantization the axis of 
quantization will make some minimum angle ¢ with 
the plane of the magnetic field. K must then be resolved 
into its components parallel and perpendicular to the 
plane of the magnetic field. 

These components are: 


not 


k, =k sing, (12) 
and 


Ry, k cosd. (13) 


The perpendicular component will remain at right 
angles to the external field, but the parallel component 
will make with the field an angle 6, which depends on 
the orientation of the crystal. Thus, the equation for 
the p contribution to the hyperfine splitting must be 
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modified to: 


2 T 
H,= > [ma sing (Sos -1) 
=! 2 


+m;k; cosd(3 cos’?@— 0}. (14) 


The total hyperfine splitting is given by: 
H= ¥ m{[a;—k; sin+k; cosd(3 cos*@—1)]. (15) 
i=l 


Since @ will remain constant for a particular orienta- 
tion of the crystal, the constant term is actually 
(a,—k; sing), rather than a;. Thus, both the value for 
k; and the apparent value for a; will depend on the 
axis about which the crystal is being rotated. For the 
case ¢=0, Eq. (15) reduces to Eq. (10). Only in this 
case can the actual values of a; and k,; be measured. 
For the case when ¢=7/2, the spectrum will show a 
minimum splitting for all values of 6. 

Since the line joining the ClO and the nearest ClO; 
is the most logical as the axis of quantization, the 
crystal was rotated around the «x crystal axis. This axis 
is almost perpendicular to the line between the 
ions (a= 87.3°). Proof that the line joining the ions is 
the correct axis of quantization is that the minimum 
splitting occurs when this line is perpendicular to the 
magnetic field, and rotation of the crystal about an 
axis parallel to this line showed minimum splitting for 
all orientations. The data for rotation about the x axis 
is used to determine a), do, k;, and ke. 

The position of the curve at 6=0° was used to 
determine k; and ky. The values of a; and as were 
measured at 6=57° 

The values from the experimental curve of Fig. 2 are 


a,=41.0 gauss, 
d,= 5.0 gauss, 
k,= 22.4 gauss, 


ko= 2.6 gauss. 


Using these values for the constants, Eq. (10) describes 
the angular dependence that is shown in Fig. 2 very 
well. 

The spectrum of the V center is complicated by the 
fact that there are two principal isotopes of chlorine 
present. These isotopes are chlorine-35, which has a 
natural abundance of 75.4%, and chlorine-37, which is 
24.6% abundant. Since both of these isotopes have a 
spin of 3, they will give the same number of hyperfine 
lines, but there will be a slight difference in the magni- 
tude of the splitting of these lines, due to the difference 
in the nuclear magnetic moments of the two isotopes. 
Chlorine-35 has a magnetic moment of 0.82 nuclear 
magneton, and chlorine-37 has a magnetic moment of 
0.68 nuclear magneton. 
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The presence of these isotopes allows four different 
types of V centers to be formed. They are as follows: 


1. Both radicals of the V center contain chlorine-35. 

2, The ClO radical contains chlorine-35, and the ClO; 
radical contains chlorine-37. 

3. Both radicals contain chlorine-37. 

4. The ClO radical contains chlorine-37, and the 
ClO 3 radical contains chlorine-35. 


We could only detect a difference in splitting for the 
cases where the ClO radicals contain different isotopes. 
The hyperfine interaction from the chlorate is far too 
small for separate lines to be detected for the different 
isotopes. The presence of two isotopes in the chlorate 
radical should only broaden the line. The maximum 
broadening that one would expect is about 5 gauss. 

We should be able to resolve a difference in the 
hyperfine splitting, due to the two different isotopes 
that can occur in the ClO radical. At the position of 
maximum splitting, the center of the outer line should 
be about 19 gauss smaller for centers containing 
chlorine-37 than for those containing chlorine-35. 
The intensity of these lines should be about one third 
as great as for those containing chorine-35. The extra 
lines due to the chlorine-37 can be clearly seen in 
Fig. 1(a). 


THE O, CENTER 


The center which produces the strong central line is 
believed to be an O.- molecule ion. Evidence that 
this center is associated with a trapped oxygen molecule 
is brought out by the heating experiments. As pre- 
viously mentioned, the crystal became milky when it was 
heated to a temperature sufficient to bleach out this 
center. A phenomenon of this type could easily be 
produced by the liberation of this trapped oxygen 
It might be mentioned at this point that at no time was 
the crystal raised to such a temperature as to cause the 
normal potassium chlorate to dissociate. This would 
indicate that any oxygen that was liberated would be 
that which was trapped in lattice vacancies, and not 
from a chlorate ion. 

The necessity for postulating the existence of an O.- 
molecule ion is twofold. First, in order to be consistent 
with our theory of the V center, we would have at 
least as many O» molecules trapped in the crystal as we 
have V centers. The O2 molecule is naturally para- 
magnetic with a spin of 1. This is due to the fact that 
there are two electron vacancies in the outer shell of 
the Oz, molecule. A trapped oxygen molecule would 
exhibit a two line spectrum, corresponding to a 2S 
fine structure splitting. However, if the oxygen molecule 
gains an additional electron, the net spin of the system 
will be 3. This system would exhibit a single line. The 
paramagnetic susceptibility of this system would be 
due to a trapped hole. Secondly, from purely electro- 
static considerations, we would expect as many electron 
traps in the crystals as we have hole traps. We have 
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evidence that the V center is a hole trap. Thus, we would 
expect the other paramagnetic center to be an electron 
trap. However, from the paramagnetic resonance 
spectrum, we see that the g value of the central line is 
greater than that of a free electron. This‘indicates that 
this center is also due to a trapped hole. We must 
conclude that this center is actually an electron trap 
which behaves paramagnetically as if it were a hole 
trap. The O:- molecule ion provides such a center. 

Although there is no conclusive evidence that the 
trapped O,- molecule ion is responsible for the large 
central line, it is in agreement with the other assump- 
tions, and with the observed data. 

The question now arises as to the mechanism by 
which the O,- molecule ion is formed. The most 
probable mechanism by which this center may be 
formed is as follows: 

When the chlorate radical dissociates, the liberated 
oxygen molecule will probably diffuse through the 
crystal until it is trapped in an existing Schottky defect. 
A defect of this type is a vacancy which is normally 
occupied by a ClO;~ radical. It is surrounded by six 
neighboring A+ ions. Thus, we might also expect an 
electron to become trapped in this vacancy. This 
electron would probably exist in one of the vacancies 
of the outer shell of the oxygen molecule leaving an O.- 
molecule ion. One might notice at this point the distinct 
difference between this type of paramagnetic center and 
the F center of the alkali halides. 

The Hamiltonian for this system could again be 
made up of terms of the Hamiltonian for the free ion. 
The term Ho would have a very similar appearance to 
the Ho term for the V center, the only difference being 
that the O.- molecule ion contains only two nuclei. 
The terms arising from the spin orbit coupling and from 
the interaction with the external magnetic field would 
have the same form as those for the V center. Since the 
oxygen nucleus has a spin of zero, the Hamiltonian 
will contain no hyperfine or quadrupole terms. 

The width of the absorption line was approximately 
12 gauss at room temperature. The line width decreased 
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to about 3 gauss at liquid nitrogen temperature, 
indicated that the principal broadening mechanism was 
the spin-lattice interaction. We were unable to deter- 
mine whether or not the line width had any angular 
dependence since, for orientations near 90 degrees, 
the lines of the V center merged with the central line. 


CONCLUSION 


In order to determine the energy levels of the V 
center, certain assumptions about the wave function of 
the unpaired electron were made. The assumption that 
the wave function has a large amount of p character is 
in agreement with the fact that the positions of the 
hyperfine lines are strongly dependent on the orienta- 
tion of the crystal in the external magnetic field. It is 
also consistent with the assumption that the center is 
held together largely by a covalent bond. It has been 
suggested by Townes" that the percentage of p char- 
acter in a wave function is a direct measure of the 
percentage of the bond that is covalent, while the s 
character is a measure of the amount of the bond that is 
ionic. One might be tempted to say that the ratio of k 
to a is the ratio of the amount of the covalent part to 
the ionic part of the chemical bond. This is not true, 
however, since the hyperfine coupling constants also 
depend on the radial parts of the wave function. The 
ratio of k; to ke was found to be 22.4/2.6. This ratio is 
the same as. the ratio a;/a. to within 5%. One is led 
to conclude that the deficiency has the same character 
about each of the two chlorine nuclei. From these 
ratios, the coefficients a and b of Eq. (2) are computed to 
be 0.94 and 0.33, respectively. 
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Dysprosium is ferromagnetic beiow 85°K, antiferromagnetic between 85 and 179°K, and paramagnetic 
above 179°K. The spontaneous magnetic moment lies always in the basal plane, and there is anisotropy 
in this plane below 110°K. In the present paper it is shown that the magnetic properties can be interpreted 
in terms of a two-sublattice model and a phenomenological theory similar to a theory proposed by Néel. 
Detailed agreement for the magnetization curves in the ferromagnetic and antiferromagnetic regions is 


obtained. 


I. INTRODUCTION 


HE magnetic properties of polycrystalline dys- 
prosium were measured by Trombe,'* and by 

Elliott, Legvold, and Spedding‘; they found it to be 
ferromagnetic below 85°K, antiferromagnetic between 
85°K and 179°K, and paramagnetic above 179°K. 
Recently Behrendt, Legvold, and Spedding® succeeded 
in growing a single crystal and measuring the magnetic 
properties as a function of direction in the crystal in all 
three regions. They found the material to be highly 
anisotropic, such that the spontaneous moments lie 
always in the basal plane. Above 110°K the dysprosium 
is isotropic in the basal plane but below that tempera- 
ture it has a sixfold anisotropy with the (1120) direc- 
tion® easy. In their paper they gave the experimental 
results for the magnetization as a function of tempera- 
ture, applied field, and direction in the basal plane for 
both the ferromagnetic and antiferromagnetic regions. 

Néel’ proposed a very interesting, partly phenomeno- 
logical, theory to explain the properties in the ferro- 
magnetic and antiferromagnetic regions. In his theory 
one considers the material to consist of two sublattices 
with strong ferromagnetic exchange forces within each 
sublattice and with weak interactions between them. 
The interactions between the sublattices determine 
which type of ordering, parallel or antiparallel, mini- 
mizes the free energy. When a field is applied, one 
writes the total energy as a sum of the interaction with 
the applied field, an exchange energy between the 
sublattices, and a magnetocrystalline energy. The last 
item is the energy associated with the axis of magnet- 
ization. The equilibrium configuration, and thus the 
magnetization curve, is found by minimizing the total 

* This research was done in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

t Minneapolis-Honeywell Fellow, 1958-1959. 

t Present address: Lewis Research Center, National 
nautics and Space Administration, Cleveland, Ohio. 

1F. Trombe, Compt. rend. 221, 19 (1945). 

2F. Trombe, J. phys. radium 12, 22 (1951). 

3 F. Trombe, Compt. rend. 236, 591 (1953). 

* Elliott, Legvold, and Spedding, Phys. Rev. 94, 1143 (1954). 

6 Behrendt, Legvold, and Spedding, Phys. Rev. 109, 1544 
(1958). 

* The same notation for directions in the hexagonal lattice is 


used as in reference 5. 
7L. Néel, Compt. rend. 242, 1549, 1824 (1956). 


Aero 


energy with respect to the orientations of the magnetic 
moments of the sublattices. To explain the ferro- 
antiferromagnetic transition Néel assumed the magneto- 
crystalline energy to be of the form 


Eu=—3Ko(cos*04+cos*0z) — K, cos04 cos@z, 


where 64, 0g are the orientations of the sublattice 
magnetic moments with respect to the axis of magnet- 
ization. The saturation moment of a sublattice, the 
magnetocrystalline energy constants, and the exchange 
energy parameter are chosen to give agreement with 
the experimental data at each temperature. 

It is clear that Néel’s original calculations do not 
apply for dysprosium because the single crystals showed 
properties inconsistent with his initial assumptions. 
In fact, between 110°K and 179°K a unique axis of 
magnetization does not exist because all directions in 
the basal plane are equivalent magnetically. 

Above 110°K the isotropy in the basal plane suggests 
that the interaction between the sublattices depends 
only on the angle between their magnetic moment 
vectors. Thus instead of Néel’s magnetocrystalline 
energy terms, one may assume a two term Fourier 
expansion for the interaction energy, 


E;=a cos (ba —¢dp) +b cos2 (ba — gp). 


The second term is necessary to explain the antiferro- 
ferromagnetic transition. This assignment, though not 
unique, does give a consistent fit with the experimental 
magnetization curves at all temperatures and orien- 
tations. 


II. BASIC EQUATIONS AND EVALUATION 
OF PARAMETERS 


The following expression is postulated for the 
angular dependence of the magnetic interaction energy 
per unit volume of the material: 


E=—3MH coso4—3MH cosdg+a cos(¢i—os) 


+6 cos(2¢64—2¢n)+3k cos6@s+3hk cos6pp. (1) 


Here the subscripts A, B refer to the two sublattices; 
3M is the magnetic moment per unit volume of each 
sublattice; H is the internal magnetic field in either 
the (1010) or (1120) direction; #4 and ¢z are the angles 
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between the sublattice magnetizations and the magnetic 
field ; a, b are the interlattice interaction constants; k is 
the anisotropy constant; and the plus sign applies when 
H is in the (1010) direction and the minus when Z is 
in the (1120) direction. 

For most purposes the dependence of M on H may 
be ignored. An estimate of this dependence can be 
made from the Weiss formula 


M=M,L[(u/kT)(H+AM)], (2) 


where M, is the saturation magnetization, L is the 
Langevin function, u is the magnetic moment per ion, 
and X is the molecular field constant. From the para- 
magnetic susceptibility data,® one estimates wu to be 
10.6 Bohr magnetons and X to be 470. The dependence 
of M on H is found to be negligible except at tempera- 
tures higher than 130°K. The Weiss formula is used 

















Fic. 1. Typical dependences of E on @a, as given by Eq. (5). 
For weak fields H, case a applies and the least value of Z is near 
¢a=}r. For strong fields case 8 applies and the least value is at 
oa=0. 


below to give M(H) at these higher temperatures when 
the magnetization is parallel to the field and otherwise 
the dependence of M on H is ignored. 

The parameters M, a, b, k (and M, at temperatures 
above 130°K) are to be chosen to give agreement with 
the experimental data at each temperature. 

First the temperature range 110°K to 179°K will be 
considered. The material is isotropic in the basal plane 
so one can put & equal to zero. Equation (1) can be 
written as 


E=—MH cos}(¢4+¢x) cos} (¢a—¢z) 
+a cos(¢41—¢2)+6 cos2(¢4—¢n), (3) 


and then the minimization is easily carried out by 
regarding ¢at¢s and ¢1—¢p as the independent 
variables. Physically it is clear that only 0<¢4<}m 
and —}r<@s<0 need be considered. From the depend- 
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Fic. 2. Empirical values of sublattice magnetization at zero 
external magnetic field. Tc; is the ferromagnetic to antiferro- 
magnetic transition temperature and Tc: is the antiferromagnetic 
to paramagnetic transition temperature. The points are values 
obtained by fitting the experimental magnetization curves with 
the formulas given in Sec. II and a smooth line is drawn through 
them. 


ence on ¢4+¢@pz one sees that, at the minimum, 
oa=— ps, (4) 
so the problem reduces to finding the minimum of 
E=—MH cosds+a cos2¢4+b cos4.. (5) 


Depending on the size of H, E as a function of ¢4 may 
have either of the dependences shown in Fig. 1. For 
small field H, case a applies and ¢4 at the minimum of 
E is near w/2; for large field, case 8 applies and ¢,4 at 
minimum energy is zero. There is a discontinuity in 
the equilibrium value of ¢4 as a function of H at the 
point where the two minima are at equal values of E. 
As long as the minimum is so near ¢4=7/2 that an 
expansion for small cos#4 applies, one finds that at 
weak fields the equilibrium value of ¢4 is given by 

cos¢4= MH/(4a— 16d), (6) 
and that the discontinuity takes place at the field value 
given by 


M?H?—8(a—4b)MH + 16a(a—46)=0. 
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Fic. 3. Empirical values of interaction energy parameters a 
and 3}, as introduced in Eqs. (3) and (10). The points are values 
obtained by fitting the experimental magnetization curves with 
the formulas given in Sec. II and smooth lines are drawn through 
them. 





1466 LIU, BEHRENDT, 





a a 


$K, SUBLATTICE ANISOTROPY 
La) 


CONSTANT, IN 10° ERGS Cw"? 








° 
° 





rn 4 
50 To, 100 150 Tce 200 


T, TEMPERATURE IN °K 


Fic. 4. Empirical values of the anisotropy constant for the 
sixfold anisotropy of a sublattice in the basal plane. The points 
are values obtained by fitting the experimental magnetization 
curves with the formulas given in Sec. II. The smooth line indi- 
cates a temperature dependence of [M(T)F', as predicted by 
Zener’s theory. 


The net magnetization of the material ¢ is given by 
a=43M cosd4+3M cosdp, (8) 


where $4, $s are the angles at which £ is a minimum. 
Equations for the magnetization curves are then 


o= M°H/(4a—16b) (9) 
for weak fields, Eq. (2) for strong fields, and with a 
discontinuous jump between at a field value given by 
Eq. (7). In Figs. 2 and 3 the values of M, a, and b 
which give the best agreement between theoretical and 


experimental magnetization curves are plotted and the 
actual agreement for three of the magnetization curves 
is shown in Fig. 5(A). 

Next the temperature range 85°K to 110°K will be 
considered. The problem is now more complicated 
because of the anisotropy. When the magnetic field is 
in the (1010) direction, Eq. (1) can be rewritten as 


E=— MH cos} (¢4+¢z) cos} (¢4—$n) 
-+ a cos(@. —dp)+b cos2 (pa — op) 


+k cos3(d4+op) cos3(d4—Gpz). (10) 


There are several qualitatively different types of mini- 
mum energy configurations possible, depending on the 
relative sizes of the parameters. The one that leads to 
agreement with the experimental data has the sub- 
lattices oriented antiparallel before the transition and 
parallel after. An analysis similar to that of the previous 
paragraph gives the following equations for the net 
magnetization : 


o = M?H/(4a— 166+ 36k), 


MH=36k[ (o/M)— (16/3) (o/M)? 
+ (16/3) (¢/M)*], 


(11a) 


(11b) 


o=M, (11c) 


where the first equation applies for weak fields, the 
second for intermediate fields, and the third for strong 
fields. An analytical formula for the field at the transi- 
tion from Eq. (11a) to Eq. (11b) would be complicated ; 
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the actual values were found numerically in each case. 
The transition from Eq. (11b) to Eq. (11c) takes place 
at MH=36k. Figures 2, 3, and 4 exhibit the values of 
the parameters chosen and Fig. 5(B) shows the agree- 
ment with the experimental data at 100°K. 

The next consideration is the temperature range 85°K 
to 110°K with the field in the (1120) direction. Equation 
(1) applies with the minus signs. One can see that the 
simple relationship 


a= —oB 


does not hold because it would imply that at small field 
the magnetic moments are perpendicular to the field in 
the hard direction of magnetization (1010). In the 
absence of an external field, the spontaneous moments 
lie in (1120) directions so that the equilibrium conditions 
are 

ds—bs=m, b4=0, +30, +31, 7. 
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Fic. 5. Comparison of typical theoretical and experimental 
magnetization curves: A and B in the antiferromagnetic region, 
and C in the ferromagnetic region. The solid lines are the theo- 
retical curves and the marked points show the experimental 


results from reference 5. 
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The first condition gives the minimum exchange energy 
and the second the minimum of anisotropy energy. 
When & is large enough the system is at ¢4~4r, 
¢s~—%m (or a physically equivalent orientation) for 
small H, and then there is a discontinuous jump to 
¢4=0, ¢2=0 when H exceeds a certain value. One can 
discuss the magnetization curves by making expansions 
about these configurations. In terms of the angles 6 and 
e, defined by 


oaton=— gat, g1—op=T +e, 


the energy before the jump is 
E= —a+b—k+{v3M Het} (a—46+9k)e 


+4MHbe+ (9/2)k62, (12) 


where higher powers of 6 and ¢ have been disregarded. 
Treating 6 and ¢ as independent variables, one finds 
that at minimum energy 

e= —V3MH/4(a—46+ 9k), 

6= +v3(MH)*/288k(a—4b+ 9k). 


The net magnetization is 


o=3M cosdit+3M cosdp 


= — M (sine) (3v3 cos36+4 sin36). 
To the first order in H one finds 


o=3M°H/16(a—46+-9b), (13) 


and this gives the initial slope of the magnetization 
curve. Similarly for high fields, one finds that the first 
order solutions for the equilibrium position are 


¢1=¢n=0, o=M. (14) 


The transition takes place at the field 


H=2a/M. (15) 


Figure 5(B) shows the comparison of the theory with 
the experimental data. 

In the ferromagnetic temperature range, 7<85°K, 
the constant @ in the leading term of interlattice 
interaction energy is negative. The total energy is a 
minimum when 

o1=p, 


and Eq. (1) becomes 
EMH cosd4+a+b+k cos6¢4, (16) 


where the proper sign of the anisotropy energy should 
be chosen according to the direction of the magnetic 
field as explained under Eq. (1). Equation (8) becomes 


o=M cosd,. 


If the field is applied in the easy direction, the material 
simply remains magnetized and o=M. In fact, a finite 
field is required to magnetize the sample; this is 
probably an effect of domain structure. If the field is 
applied in the (1010) direction, the plus sign in Eq. (16) 


MAGNETIC 


PROPERTIES OF 








TWO-FOLD ANISOTROPY 
CONSTANT IN 10° ERGS-CM” 


(2G, 





| eo 
‘ 100 150 
T, TEMPERATURE IN °K 





Fic. 6. Empirical values of the anisotropy constant for the 
twofold anisotropy of a sublattice relative to the c-axis. The 
points are values obtained by fitting the experimental suscepti- 
bility with Eq. (20). The smooth line indicates a temperature 
dependence of [7(T) }, as predicted by Zener’s theory. 


is to be used. The resulting magnetization curve is 
MH = 36k[ (¢/M)— (16/3) (¢/M)8 
+ (16/3)(¢/M)*}, (17a) 


o=M, (17b) 


the saturation taking place at 


M H= 36k. (18) 


of M and k which 


gives best agreement with the data and a comparison 


Figures 2 and 4 show the choice 
of magnetization curves is given in Fig. 5(C). 

In addition to the magnetization curves, this model 
can be used to discuss the large anisotropy relative to 
the c-axis. Assuming the field H is applied in the 
and the antiferromagnetic 
region, one may take the energy to be 


c-direction considering 


E=- SMH cos64—-43MH CosOz+a cos(64+4,) 


+b cos2(04+6%)+ I >’ cos2044 1p! cos20z, (19) 


where 64, 4g are the angles between the magnetization 
vectors of the sublattices and the c-axis, and k’ is the 
anisotropy constant for this direction. Minimization of 
this energy for 64, 02 near 7/2 leads to the susceptibility 


y= M2/4(k/ +4446). (20) 


The value of &’ can be determined from the previously 
established values of M, a, 6 and the measured suscepti- 
bility. The same formula with a, b=0 applies in the 
ferromagnetic region. The results are displayed in Fig. 6. 


III. DISCUSSION 


The curve of the sublattice magnetization when 
plotted as a function of temperature (Fig. 2) resembles 
that 
theory. That the curve goes smoothly through the 


ferromagnetic to antiferromagnetic transition tempera- 


obtained from the conventional molecular field 
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Fic. 7. Magnetic contribution to the specific heat. The solid 
line shows the experimental result and the dashed line the .theo- 
retical result, as given by Eq. (22). 


ture gives support to the basic assumptions that the 
sublattices are ferromagnetic, but their interaction 
may create ferromagnetism or antiferromagnetism. 
The antiferromagnetic to paramagnetic transition 
temperature is the Curie temperature of a sublattice. 

Figure 3 shows the temperature dependence of the 
interlattice interaction energy constants a and 6. The 
strong temperature dependence of these parameters 
shows that the interaction is different in nature from 
the ordinarily assumed exchange energy, 


\’Ma-Ma, 


where X’ is almost temperature independent. 

Figures 4 and 6 give the sublattice anisotropy 
constants as functions of temperature. The solid curves 
show the dependence predicted by Zener’s theory® for 
a ferromagnetic lattice. In this theory the anisotropy 
constant depends on the temperature through the 
relationship 

k(T)«<[M(T) }in, (21) 
8C. Zener, Phys. Rev. 96, 1335 (1954). See also F. Keffer, 


Phys. Rev. 100, 1692 (1955); and P. Pincus, Phys. Rev. 113, 
769 (1959) 
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where is an integer. The agreement is good if n=6 
for k and n=2 for k’. The M* dependence of the sixfold 
anisotropy constant implies a spatial dependence of 
the anisotropy energy of the form $k cos*@ sin6¢. This 
term does not appreciably affect the discussion of the 
magnetization curve when the external field is out of 
the basal plane because k«&k’. The agreement of k’ 
with M* shows that the assumed spatial dependence of 
this anisotropy energy is correct. However, one can 
not expect a very good agreement at low temperatures 
because k’ is so strong that it can no longer be treated 
as a perturbation to the spin-wave system (see Pincus’). 
The application of a, 6 terms out of the basal plane 
also introduces some small corrections on k’. However 
the shape of the magnetization curves is too insensitive 
to the effect of the a, 6 terms to tell definitely whether 
the use of these terms out of the basal plane is sensible 
or not. 

The specific heat of the dysprosium was measured by 
Griffel, Skochdopole, and Spedding. The magnetic 
contribution to the specific heat can be found by 
subtracting the lattice and the electronic contributions 
from the experimental data as described in their paper. 
The resu!ting data are shown in Fig. 7, together with 
the curve 


cu=d(14M?)/dT, (22) 


theory and using 


as suggested by the molecular field 
magnetization values from Fig. 2. As before, \ is taken 


to be 470. The effects of the interaction between 
sublattices, as estimated by the values of a and 3, are 
negligible. The agreement is fair but this model gives 
no understanding of the anomaly at 7:1. 

In conclusion, this model gives reasonably good 
agreement with almost all of the data. This agreement 
does not imply uniquely the types of anisotropy and 
interaction terms used above, but it does suggest the 
direction in which a more fundamental treatment of 
the problem should proceed. 


9 Griffel, Skochdopole, and Spedding, J. Chem. Phys. 25, 75 
(1956). 
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Optical transmission and reflection measurements were made on poled BaTiO; single crystals in the tetrag- 
onal phase (crystal class C,,) with light polarized parallel and perpendicular to the c axis. The absorption 
coefficients, 11 and wy are presented as functions of the incident photon energy at room temperature. At the 
absorption edge, ui >i. A theoretical basis for this selection rule, which has been derived from first principles, 
is presented. The theory represents a generalization of earlier work on wurtzite crystals and extends the 
applicability of the wurtzite selection rule to all solids in the crystal classes, Cn» and C,, where n=3, 4, or 6. 
Limitations of the theory are discussed. The dichroic effect in BaTiO; has also been studied experimentally 
at elevated temperatures, in the vicinity of the Curie point. It is concluded that the extrema of the valence 
and conduction bands of BaTiO; probably lie at (or very close to) the origin of the Brillouin zone. 


I. INTRODUCTION AND THEORY 


N this paper we describe an experimental study of the 

anisotropic behavior of the fundamental optical 
absorption process in barium titanate and propose a 
theoretical interpretation of the results obtained. 
Recently, substantial experimental and_ theoretical 
effort has gone into similar studies of crystals having 
the wurtzite symmetry. Since, in the point of view 
adopted here, the barium titanate and wurtzite struc- 
tures are not unrelated, we shall begin by reviewing 
briefly the present status concerning wurtzite. Recent 
experimental work includes that of Dutton! and Gross 
and Razabirin? on CdS, Piper, Marple, and Johnson* 
and Keller and Pettitt on ZnS, and Thomas® on ZnO. 
For each of these materials one finds that at the absorp- 
tion edge, light polarized perpendicular to the ¢ axis 
is much more strongly absorbed than light polarized 
parallel to the c axis. Hopfield® has given a theoretical 
treatment of Thomas’ results in terms of an exciton 
model. Wheeler’ has subsequently treated the CdS 
data using the exciton picture. Paralleling Hopfield’s 
work Birman’ and Casella’ independently proposed an 
explanation of the CdS and ZnS data by invoking 
direct interband transitions. The theoretical work 
demonstrates that the selection rule follows whether 
one assumes an exciton model or one of direct interband 
transitions. To our knowledge, neither model correctly 
predicts the frequency dependences of the absorption 
coefficients of these materials. 

Further discussion in this paper will be limited to the 


1D. Dutton, Phys. Rev. 112, 
Solids 6, 101 (1958). 

2 E. F. Gross and B. S. Razbirin, J. Tech. Phys. U.S.S.R. 27, 
2173 (1957) [translation: Soviet Phys. (Tech. Phys.) 2, 2014 
(1957) ]. 

3 Piper, Marple, and Johnson, Phys. Rev. 110, 323 (1958) ; also 
Piper, Johnson, and Marple, J. Phys. Chem. Solids 8, 457 (1959). 

4S. P. Keller and G. D. Pettit, Phys. Rev. 115, 526 (1959). 

5D. G. Thomas, Bull. Am. Phys. Soc. 4, 154 (1959). 

6 J. J. Hopfield, Bull. Am. Phys. Soc. 4, 154 (1959). 

7 R. G. Wheeler, Phys. Rev. Letters 2, 463 (1959). 

‘ J. L. Birman, Phys. Rev. Letters 2, 157 (1959) and Phys. Rev 
114, 1490 (1959). We wish to thank Dr. Birman for a preprint 
of his work. 

9R. C. Casella, Phys. Rev. 114, 1514 (1959). 


785 (1958); and J. Phys. Chem. 


interband approach. Both Birman® and Casella’ have 
pointed out that the selection rule depends critically on 
the fact that the component of the one-electron mo- 
mentum, p, parallel to the ¢ axis transforms according 
to the identity representation of the group G* of the 
wave vector, k, at k=0. That is, p, is invariant under 
the point-group operations in the group, C¢,., where the 
z axis has been chosen coincident with the ¢ axis of 
the crystal." Birman has based his conclusions about 
the selection rule upon explicit assumptions regarding 
the detailed symmetries of the conduction and valence 
bands of ZnS, whereas Casella has noted that, at the 
absorption edge, the selection rule follows independently 
of the symmetries of the bands, provided only that they 
be different. The latter viewpoint, coupled with the in- 
variance of p, under the operations in G* at k=O for 
any crystal possessing a unique unidirectional axis, led 
us to the conjecture that the selection rule should apply 
to all solids belonging to the crystal classes Cy» where 
n= 3, 4, or 6, provided their band extrema lie at k=0."! 

Since barium titanate belongs to the crystal class 
Cy at room temperature,” it was selected as a proto- 
type to test this assumption, both theoretically and 
experimentally. The conjecture was verified theo- 
retically for barium titanate for both the single and 
double groups of k at k=0 by precisely the same 
method outlined in reference 9, with the aid of character 


0 This point was overlooked in an earlier work of Dresselhaus. 
[G. Dresselhaus, Phys. Rev. 105, 135 (1957). ] 

4 Although a crystal in the class C2, also has a unique uni- 
directional axis, there are two reasons why one might expect the 
general selection rule not to be valid for C2). Firstly, unlike the 
classes we have considered above, C2, is characterized by two 
inequivalent axes, a and b, perpendicular to the polar ¢ axis. Thus, 
one might expect the absorption to depend upon whether the 
light is polarized along the a, 6, or c axis. Secondly, the double 
group of C2, has only one extra irreducible representation. [See, 
for example, Table XLV of reference 13.] Hence, in the limit of 
strong spin-orbit interaction, the assumption that the initial and 
final states have different symmetries is incorrect. In the limit of 
vanishing spin-orbit interaction, a more detailed analysis shows 
that one cannot predict the polarization selection rules for crystals 
in Cx, without additional knowledge of the specific symmetries 
of the conduction and valence bands of each crystal. 

2W. Kinzig, Solid State Physics edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 4., p. 1. 
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tables which are given in a review article by Koster." 
Since the procedure has already been given, details will 
not be presented here. The analysis leads to the follow- 
ing result. Treating k, the magnitude of the wave 
vector, aS an expansion parameter in a perturbation 
calculation, one finds that if the first nonvanishing 
matrix element describing the optical transitions is of 
order k”" for light polarized perpendicular to the ¢ axis, 
then the first nonvanishing matrix element for light 
polarized along the c axis is of order k"*'. As will be 
shown in Sec. III, the theory is qualitatively in agree- 
ment with the experimental results. That is, at the 
absorption edge w,>;, where yw is the absorption 
coefficient. However, the effect is considerably less 
pronounced in BaTiO; than in the wurtzite materials. 
Further discussion of this point will be given in Sec. IV, 
which also contains a discussion of the conditions under 
which the general selection rule applies. 

An experimental difficulty occurs because of the 
lack of a unique c axis in a macroscopic barium titanate 
crystal, resulting from its’ well-known domain 
structure.” To a considerable extent it is overcome by 
poling the crystal electrically prior to making the 
optical measurements. Crystal treatment is discussed 
further in Sec. I, which is devoted to experimentation. 

In order to determine the absorption coefficient as a 
function of incident photon energy and _ polarization, 
transmission as well as reflection measurements were 
made. The results are presented in Sec. III. 


II. EXPERIMENTATION 


The apparatus is the same as that described earlier. 
Light from a high-pressure, dc-operated, Xe lamp was 
focussed into a Perkin Elmer (PE) 112 monochromator. 
During transmission measurements the resultant mono- 
chromatic light from the PE 112 was passed through 
the sample crystal into a PE 98 monochromator. Both 
monochromators were scanned simultaneously with 
their wavelength settings coincident. The transmitted 
light was detected and recorded. For reflection measure- 
ments the monochromatic light was deflected perpen- 
dicular to the plane of the optical path by means of a 
standard reflectance attachment. The light reflected 
from the crystal was focussed into the PE 98, which 
was scanned simultaneously with the PE 112, and 
subsequently detected and recorded. 

Polarized light was obtained with polaroid films from 
which the cellulose coatings had been removed by 
dissolving them in acetone in order to increase their 
transmission in the uv. The polaroid film was placed 
between the exit slit of the PE 112 monochromator 
and the sample crystal where it could be rotated to 
give the desired direction of polarization. Since, in the 
spectral region of interest, the absorption coefficient 
is strongly dependent on wavelength, the measure- 


'8G. F. Koster, Solid State Physics edited by F. Seitz and D. 
Purnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 173. 
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ments were taken with the polaroid axis first parallel 
and then perpendicular to the c axis of the crystal, 
at fixed wavelength. This procedure was repeated at 
closely spaced wavelength intervals. Each transmission 
and reflection run was corrected for the background 
light by repeating the measurement with the polaroid 
in place and the crystal out of the beam. Thus, polar- 
izing effects of the optical instrumentation were 
cancelled. The efficiency of the polaroids is greater than 
98% in the region of interest, i.e., between 360 my and 
590 my. No correction was made for the imperfectness 
of the polaroids. The detector was an RCA 1P21 
photomultiplier tube. Most of the measurements were 
made at room temperature. 

At elevated temperatures the transmission data were 
obtained by mounting the sample on a brass holder 
which was inserted in a tubular wire-wound furnace in 
such a manner that light from the PE 112 could be 
focussed onto the sample within the furnace. After 
traversing the sample the light was focussed into the 
second monochromator. The temperature was recorded 
by a thermocouple placed in contact with the brass 
holder. 

The BaTiO; samples were cut from single-crystal 


plates and electroded on opposite edges. Each electroded 


crystal was then heated above the Curie point and a 


' 


ABSORPTION COEFFICIENT, KL, cm~! 
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Fic. 1. The absorption coefficient, u, of BaTiO, as a function of 
photon energy. The solid curve represents wi, the absorption 
coefficient for light polarized perpendicular to the ¢ axis, and the 
dashed curve represents yu). The data were obtained at room 
temperature. 
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field was applied. Next, with the field maintained, the 
crystal was cooled slowly to room temperature and 
the field removed. The resultant crystals were ‘“a”’ 
plates with the tetragonal axis in the plane of the 
crystals parallel to the direction of the applied field. 
Measurements were made on four crystals, of which 
the thinnest was 0.009 cm in thickness. Two of the 
four were polished. The poled crystals were supplied 
to us by S. Triebwasser of this laboratory. 


III. EXPERIMENTAL RESULTS 


The results obtained with the four samples were 
essentially the same. We shall present data obtained 
from the thinnest crystal, which was one of the two 
that were polished. In treating our data we have used 
the well-known approximate expressions, 


Trp=1)(1—R)*e™'*, 
R=Tpr/To, (2) 


where Jo, /7, and Jz are the intensities of the incident, 
transmitted, and reflected light, respectively, uw is the 
absorption coefficient, and ¢ the crystal thickness. 
Equations (1) and (2) are valid provided one can 
neglect interference effects due to multiple reflections, 
l.e., provided exp(—yu/)<1. As will be seen, for an 
incident photon energy equal to 3.21 ev, corresponding 
to the peak in the dichroism, 1.~ 600 cm™!. Thus, even 
for our thinnest crystal (0.009 cm), this condition is well 
satisfied in the wavelength region of interest. 

By means of the procedure outlined in Sec. I, /7, 7k, 
and J) were measured directly as functions of incident 
photon energy, Av, for both positions of the polaroid. 
These quantities and the measured thickness were 
inserted in Eqs. (1) and (2) and values for the coeffi- 
cients 441, wii, Ri, and R;, were obtained. The quantities, 
dM, and yw, are plotted as functions of Ay in Fig. 1. The 
coefficient, u, assumes values ranging from approxi- 
mately 2.0 cm~ for hv equal to 2.56 ev to about 1700 
cm at 3.39 ev. At the photon energies quoted R, 
equals 0.17 and 0.16, respectively, and the ratio 
(Ir/Io), ranges from 0.67 to less than 4X10-8. The 
magnitude of R, does not vary appreciably with hv and 
exhibits a minimum value, 0.12, for hv equal to 2.88 ev. 
The quantities wy, Ri, and (/7/Jo);, exhibit similar 
qualitative behavior. Figure 2 depicts the ratio, 
100(Au/uw) as a function of hy, where Ay equals 
(ui—mi1) and py is the average value of the y’s. We 
note that at room temperature there is a maximum 
relative difference between the absorption coefficients 
at 3.21 ev. 

In the wavelength region studied, the difference 
between the intensities of the reflected beams for light 
polarized parallel and perpendicular to the ¢ axis was 
considerably smaller than the difference between the 
intensities of the transmitted beams. Hence, the 
dichroism exhibited in the transmission measurements 
is due.mainly to differences in the absorption coeffi- 
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cients. A relative measure of the contributions of the 
two effects can be obtained from the following expres- 
sion, which is derived from Eq. (1): 


ly [=] F || 
fi— By =} 2 In -}+In -|}. (3) 
Wo U- Ru (Ir/To)s 
At the peak in the dichroism the magnitude of the first 
term in the brackets is less than 1% of the second term. 
Since the magnitude of R obtained from Eq. (2) 
does not vary appreciably with wavelength, it is 
reasonable to compare it with a value given by the 
relation 
R= (n—1)?/(n+1)?, (4) 


where 7 is the index of refraction at a wavelength 
where the crystal is nonabsorbing. Inserting a published 
value," '® 2.4 for n in Eq. (4) we obtained the result 
R=0.17. The results compare favorably. 

As is the case for the wurtzite materials, the frequency 
dependences of the absorption coefficients do not follow 
the integral or half-integral power laws predicted by 
theory for the various models. Between the values of 
30 cm™! and 1000 cm~! the dependences are approxi- 
mately exponential. 

We have also investigated the dichroic effect at 
elevated temperatures. The dichroic peak, which is 
located at 3.21 ev at room temperature, shifted to 
3.17 ev at 112°C. The shift in the position of the peak 
was accompanied by a decrease in its height. As a 
further check on our instrumentation we verified that 
the dichroism disappears above the Curie point, where 
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Fic. 2. The percentage difference in the absorption coefficients, 
(100) (ui—py,)/uav, versus photon energy. The measurements were 
made at room temperature. 

144 W. J. Merz, Phys. Rev. 76, 1221 (1949) 

15 Recently the birefringence of BaTiO; has been studied 
extensively by Meyerhofer [D. Meyerhofer, Phys. Rev. 112, 
413 (1958) ]. 
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Fic. 3. The optical density, A = log (/o//7) versus photon energy 

at two temperatures. The solid and dashed curves represent data 

obtained at 135°C and room temperature, respectively. The 
measurements were made with unpolarized light. 


BaTiO; is known to exist in the cubic phase. The 
measurement was actually made at 135°C, well above 
the Curie temperature. 

Finally, we have measured the optical density, A, 
equal to log(/)//7), at room temperature and at 135°C, 
using unpolarized light. The results are compared in 
Fig. 3. The room temperature data agree with those of 
Iatsenko.'® It is seen that the absorption edge shifts 
toward longer wavelengths with increasing temperature. 
The magnitude of the shift between the two tempera- 
tures is 0.14 ev. The result is in agreement with the 
findings of Horie, Kawabe, and Sawada." 


IV. DISCUSSION 


As shown in Sec. III, the experimental results agree 
qualitatively with the theoretical prediction. Quanti- 
tatively, however, there exists a major distinction 
between the agreement recorded here and that discussed 
in Sec. I for materials having the wurtzite symmetry. 
For the wurtzite crystals , generally exceeds yu), by an 
order of magnitude at the absorption edge, whereas for 
BaTiO, (Au/u) is only about 29% at the peak in the 
dichroism (Fig. 2). Since the theory’ deals with 
transition probabilities, proportional to the squares 
of matrix elements which either vanish or do not in a 


1A. F. Tatsenko, J. Tech. Phys. U.S.S.R. 27, 2422 (1957) 
[translation: Soviet Phys. (Tech. Phys.) 2, 2257 (1957) ]. 

17 Horie, Kawabe, and Sawada, J. Phys. Soc. (Japan) 9, 823 
(1954). 
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given order of a perturbation expansion in the wave 
vector, an order of magnitude effect is more readily 
understood in the terms of the theory than one ex- 
pressed in terms of relatively small percentages. There 
are two reasons which might explain the smallness of 
the observed dichroic effect in BaTiO; as compared 
with the wurtzite structures, even though the assump- 
tions of the theory may be strictly fulfilled. We shall 
consider these first and subsequently discuss the 
assumptions and their effect in limiting the generality 
of the theory. 

Firstly, we did not ascertain whether or not we had 
achieved complete alignment of ,the crystal domains 
(Sec. II). The samples appeared uniform when viewed 
through crossed polaroids. However, this does not rule 
out the existence of small regions in which the c axis 
is aligned parallel to the crystal faces but normal to the 
direction in which the crystal was poled. Secondly, 
when BaTiO; is in the tetragonal phase, the deviation 
of the unit cell from cubic is rather small.'8 In fact, as is 
well known, the polarity of the crystal can be reversed 
readily upon application of moderate electric fields. 
In contrast, the wurtzite crystals do not exhibit 
ferroelectricity. If the atomic displacements are 
sufficiently small, one can regard the polarity of the 
lattice as a perturbation upon the electronic wave 
functions” which transform according to the group O) 
in zeroth order rather than according to C4. From this 
point of view, the crystal field which introduces the 
critical symmetry property (see Sec. I) enters only 
as a first-order correction and the smallness of the 
dichroic effect is understandable. The reasoning can 
perhaps be stated better in terms of an example. 
Suppose, for definiteness, that the valence band wave 
functions at k=O are primarily composed of p-type 
atomic orbitals in the tight-binding approximation. 
Then, in the cubic phase there is a threefold degeneracy 
at k=O, if we disregard the spin degeneracy for sim- 
plicity. The wave functions transform like the linear 
polynomials, x, y, 2. In the tetragonal phase a singly 
degenerate band corresponding to, say, the z function is 
split off from a doubly degenerate band corresponding 
to the « and y functions. Our assumption is that the 
smallness of the atomic displacements involved in the 
transition from the cubic to the tetragonal phase 
implies that the energy separation between the z and 
x, y bands is small. Thus, as the wave vector departs 
from the origin of the Brillouin zone, the z and x, y 
functions undergo considerable mixing via the k-p 
perturbation in a way that has been discussed in 
references 9 and 10. As a result of this mixing the optical 
transition probabilities for the two polarizations 
approach each other at relatively small values of k. 


'S See reference 12, pp. 162-164. 

8 This viewpoint has also been adopted, in a somewhat different 
context, by Triebwasser [S. Triebwasser, J. Phys. Chem. Solids 3, 
53 (1957) ]. 
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The following remarks concerning the assumptions 
of the theory generally apply to all solids in the crystal 
classes?’ C3p, C4», and Cs,. Our derivation of the selection 
rule is based on the following assumptions: (1) The 
relevant energy-band extrema lie at k=0; (2) the 
electronic transitions are direct from the valence band 
to the conduction band; (3) the wave functions of the 
electrons at the two band extrema belong to different 
irreducible representations of the group of k, G*. Of 
these, the first is certainly the most severe in limiting 
the applicability of the theory. The cubic semicon- 
ductors, Ge and Si are obvious examples suggesting the 
possibility of exceptions to this assumption among the 
crystals we are considering. The possibility of violating 
the third assumption is believed unlikely, but cannot 
be disregarded. There exist three types of optical transi- 
tions which are excluded by assumptions (1) and (2), 
but for which, nevertheless, the selection rule is believed 
to be valid. The first, and most trivial, is one where the 
band extrema do not lie precisely at k=0 but are dis- 
placed slightly due to a small spin-orbit interaction. 
This case has been discussed with respect to the wurtzite 
systems in reference 9. The second concerns Dumke’s”! 
mechanism for indirect vertical transitions at k=O, 
which he applied to InSb. In the event that the first 
assumption is grossly incorrect the symmetry analysis 
may be applied to the theory of indirect transitions due 
to Hall, Bardeen, and Blatt.” The conditions under 
which the selection rule may still apply have been dis- 
cussed in references 8 and 9. Birman? has noted that, 
in the case of wurtzite, the rule ought to be valid even 
if the extrema are displaced from the origin by a con- 
siderable amount along the k, axis. We believe his com- 
ment also applies to the general systems we have 
considered. Thus, the applicability of the rule to indirect 
transitions involving multiple valleys centered on the 

2 The applicability of the selection rule to crystals in the class 
Cy» was also verified theoretically within the limitations discussed 
in this section. 

21W. P. Dumke, Phys. Rev. 108, 1419 (1957). 

2 Hall, Bardeen, and Blatt, Phys. Rev. 95, 559 (1954). 
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k, axis constitutes the third relaxation of our initial 
assumptions. 

V. CONCLUSIONS 

rom our experimental results we tentatively 
conclude that the selection rule applies to BaTiQOs. 
We believe the smallness of the atomic displacements 
involved in the transition from the cubic to the tetra- 
gonal phase explains why the dichroic effect is less 
pronounced than it is in the wurtzite materials. Assum- 
ing our interpretation, we may infer that probably the 
transition is direct and that the conduction and valence 
band extrema lie at (or very close to) k=0, although 
other possibilities clearly exist. Moreover, there may be 
several closely spaced sub-bands in the neighborhood 
of one or both of the band edges. 

We have shown theoretically that the selection rule 
applies to a considerable number of anisotropic crystals. 
In addition to the crystal classes we have considered 
above, the rule also applies to the relatively low- 
symmetry crystals associated with the cyclic point 
groups, C3, C4, and C,..> Moreover, it has been derived 
independently of the symmetry types of the valence 
and conduction bands and applies to a variety of 
models. Thus, it provides an additional tool for in- 
vestigating the band structures of these solids and 
allows interpretation of optical data in cases such as 
BaTiO; where the order of levels has not been as- 
certained by energy-band calculations. 
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It is shown that a linear chain consisting of a large number of atoms of spin 4 with nearest neighbor 
ferromagnetic or antiferromagnetic interactions is mathematically equivalent to a one-dimensional Fermi 
gas with two-body forces. This equivalence is used to construct a wave function for which the expectation 
value of the energy lies between the two approximations obtained by Hulthén. Also, a perturbation 
treatment is given which permits, in principle, to obtain the exact antiferromagnetic ground state. 


I. INTRODUCTION 


HE ground state of a linear chain of atoms of 
spin 4 with ferromagnetic or antiferromagnetic 
interactions between nearest neighbors is known.'? 
However, the problem is still of some interest, especially 
for the antiferromagnetic lattice. In this case the nature 
of the ground-state wave function is not completely 
understood, particularly in regards to its long-range 
order. 
The analysis of this problem is carried out on the 
basis of the Heisenberg model,’ the dynamical properties 
of which are described by the Hamiltonian operator 


H=23 ¥; (S;-Sji1—}). (1) 


Here S; is the (vector) spin operator associated with 
the atom in the jth position of the chain and J is the 
exchange integral. It will be assumed that the atoms 
in the system are numbered consecutively in the order 
they appear from left to right. The sum in (1) extends 
over the N atoms constituting the chain with the 
understanding that Sy, is to be identified with S,. 

At this point it is convenient to establish the notation 
that will be used in this paper. We choose an arbitrary 
set of orthogonal cartesian coordinates x, y, 2. The 
components of §; along these directions will be denoted 
by S;, S;, and S;, and the raising and lowering 


operators S;“ are defined by the relation 


SF = 8,4 18;. (2) 
The spin operators have the well-known properties 
that any two components of S; anticommute while the 
square of a particular component is } times the identity 
operator. Also, they verify the equation 


S;<S$;=iS,. (3) 


The eigenvectors of S$; are designated by the symbols 
a; and 8;; the corresponding eigenvalues are } and —}. 
A complete set of states suitable for the description of 
* Present address: Department of Physics, University of 
Illinois, Urbana, Illinois. 

1 E. Teller, Z. Physik 62, 102 (1930). 

2H. A. Bethe, Z. Physik 71, 205 (1931); A. Sommerfeld and 
H. A. Bethe, Handbuch der Physik, edited by H. Geiger and K. 
Scheel (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part 2, pp. 
604-618. 

’W. Heisenberg, Z. Physik 49, 619 (1928). 


the sytem at hand can be specified by giving the 
z component of spin for each atom. One such state is 


0)=BiBo:--By, (4) 


where all spins point in the negative z direction. All 
other states are obtained from |0) by application of 
the raising operators defined in (2). For example, 
the state with reversed spins (i.e., spins pointing in 
the positive z direction) at the positions 7, j2, +++ jr is 


Pjij2-- j= SpPSjo + + + Sj,P 0). (5) 


An estimate of the ground-state energy and wave 
function can be obtained by means of a variational 
procedure which consists in choosing an appropriate 
trial wave function and forming the expectation value 
of H. This expectation value is an upper bound for the 
ground-state energy. 

The trial wave function that is immediately suggested 
by analogy with the ferromagnetic problem is the 
Néel state 

P, = ayB20384° °°. (6) 


The expectation value of the energy for this state is 


®,|H|*,)=—JN. (7) 
It is a simple matter to form a state having a lower 
energy, for example, if we consider* 


6=2-42 TI 


j=1,3,5,+-- 


(a8 j41—Bjaj41), (8) 


it turns out that 
(@, H\b,)=—1.25/N, (9) 


which is considerably lower than (6). Neither ®, nor 
®, is an eigenstate of the Hamiltonian //. 

It is of interest to consider the amount of long-range 
order in (6) and (8) as defined, for example, by 


4N- Di (S;-Sisa), 


where A is an even integer. For the Néel state this 
quantity is 
4N7 DY; (1|S8;-Sja|%n)=1, (10) 
for all even \ however large; for ®, we have 
4V > oy, (?, $;-Sj../&,)=0, 
*P. W. Anderson, Phys. Rev. 83, 1260 (1951). 


(11) 


1474 





LINEAR 


instead. Thus, ®, exhibits complete long-range order 
whereas ®, displays no such property. 

Hulthén® has used the variational principle to obtain 
a smaller upper bound for the ground-state energy. 
He constructed two states. The first has the average 
energy — 1.3156 /.V while the second, which is obtained 
by a more complicated procedure, yields an expectation 
value of H equal to —1.349 J.V. Both results compare 
quite well with Bethe’s exact result — 1.3863 JN. 

The procedure of Hulthén has been generalized by 
Marshall® to the two- and three-dimensional lattices. 
Kasteleijn’ has considered the situation in which the 
exchange coupling is anisotropic, introducing an extra 
admixture of Ising interaction in the Hamiltonian 
operator of the system. The exact solution of the latter 
problem has been given by Orbach.* 

The purpose of the present paper is twofold. Firstly 
we shall show that it is possible to form a simple wave 
function that gives an upper bound to the ground-state 
energy equal to —1.3393 JN. The wave function that 
we shall construct is, in a sense, a generalization of the 
state (8). Secondly, a perturbation expansion will be 
indicated that allows us, in principle, to obtain the 
exact ground state of the antiferromagnetic lattice. To 
accomplish this program we prove that the problem 
of finding the eigensolutions of (1) for N large is 
equivalent to that of a one-dimensional Fermi gas with 
two-body interactions. Then we show that the ground 
state of the fermion system, neglecting the forces 
between the particles, has the average energy given 
above. Successively better approximations can be ob- 
tained by considering the interactions of the different 
pseudoparticles as a perturbation. Table I gives a 
summary of the results of several calculations. 


II. TRANSFORMATION OF THE HAMILTONIAN 


The main purpose of this section is to transform the 
Hamiltonian operator H into the form 


H=H tA, (12) 


where Ho represents the energy of a system of non- 
interacting Fermi particles and H, describes two-body 
interactions among them. 


TABLE I. Upper bound for the ground-state energy of the linear 
antiferromagnetic chain according to several calculations. 


Expectation value 
of —H/JN 


Wave function 


Néel [Eq. (6) ] 

Singlet pairs [Eq. (8) ] 

Hulthén (first approximation) 
Present work 

Hulthén (second approximation) 
Exact solution 


1.0000 
1.2500 
1.3156 
1.3393 
1.349 

1.3863 


5. Hulthén, Arkiv Mat. Astron. Fysik 26A, No. 1 (1938). 
6 W. Marshall, Proc. Roy. Soc. (London) A232, 48 (1955). 
7P. W. Kasteleijn, Physica 18, 104 (1952). 

8 R. Orbach, Phys. Rev. 112, 309 (1958). 


ANTIFERROMAGNETIC 


CHAIN 


Equation. (1) can be rewritten in the form 
H=—}3IN+2I OS) Sju1 
$25 (SPS 41 


which is more adequate for our purpose than (1). We 
now define the following operators 


$S;OSin®), (13) 


ut = ee A 1S @ So - ° +S; 1 oj t (14) 


It is easy to see that uj; and yw; are each other’s 
Hermitian conjugates. From the properties of the spin 
operators it is readily established that the operators 
uj; satisfy the following anticommutation relations 


, my} =O, (15a) 
and 


(15b) 
We have used the notation 


(4,B}=AB+BA; (16) 


6;; is equal to unity if j= 7’ and zero otherwise. 

If ji, jx, ***j, are arranged in increasing order we 
have 
(17) 


P ji j2 jp pi pie oe eu, t 0), 


so that the use of u;"* does not, by itself, contribute to 
the solution of our problem. However, if we introduce 


nk" = A i> ein, = 


a 


(18) 


> 


and its Hermitian conjugate 7, we can transform H 
to the form (12) in a rather simple way. Here, because 
of the periodicity around the chain the quantity k 
is given by 


k= (2xrn)/N, (19) 


with V=0, 1, 2, ---.V—1. Only these values of k need 
be considered as two operators ,* and n,.-* are identical 
if k and k’ differ by an integral multiple of 27. It is 
easy to prove from Eqs. (15), (18), and (19) that 


{n* me*¥ {nine} =0, (20a) 
and 


(nx* nur} = A(R—R’). (20b) 


The quantity A is defined by 
A(k—k')=1 if k= k’42a7; 
=0 otherwise. 


gmQ ¥.2 s+ 
(21) 


The operator ,*(n.) represents the creation (destruc- 
tion) of a pseudoparticle in the state characterized 
by the wave number k. These elementary excitations 
are Fermi particles and the occupation number of a 
particular state k is m*nx. From (14) and (18) it follows 
that the total number operator is 


a 2 mene = 25 Bi =F 5 SHS; j 
= IN+2; S;" ° 


To obtain the last equality we have made use of the 
identity 


(22) 


SM=S HSC}, (23) 
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It is easy to show 


SiPS jp OFS OS jar = py pj O Haj. (24) 
Strictly speaking Eq. (24) holds for 1< 7<N but not 
for j= N. Nevertheless we substitute 
J Li (uj Pj, i‘ + Mj, "hi Mj )s 
for 
Fi (SPS HOF SOSH) 
in (13). Of course, this substitution changes H slightly, 
but the eigenvalues and eigenfunctions of the new 
Hamiltonian will be rigorously equal to those of (13) 
in the limit when NV becomes infinite. We also have 
JT aaj Ot+wiPas) = 
Dd (2J cosk)ny*ne. 
In the representation generated by the operators 
n.* the most interesting part of the Hamiltonian is the 
Ising interaction 
Hy, =2I 0; S/Sj. 
Using Eq. (23) we can rewrite the Ising Hamiltonian in 
the form 
H,;=4JN-2J ¥ SPS 
$2F 5 S§PS/OSjaP Sj. (27) 
If we make use of the definitions of the operators 
uj and ,* we find 


H,= 1JIN-2J >: nk neti, 


(25) 


(26) 


(28) 


where 


H,=2JN— > cos(1;—1,) 


bibelals 
XK ACh t+le—ls— la) in*yie* ign ts. 


Thence, we finally get 


H=H,+A,, 
with 
Ho= 2s €(k)ne* ne, 
and 


e(k) = —2J(1—cosk). (32) 


We remark that the total number of Fermi particles 
present in the system need not be conserved. However, 
the Hamiltonian operator H commutes with the total 
number operator o so that the eigenstates of the system 
can be chosen in such a way that they are simultaneous 
eigenvectors of H and o. We see, from (22), that o is 
essentially a measure of the z component of the total 
spin of the system. Therefore, the statement that @ is 
a constant of the motion is equivalent to the well-known 
fact that, in the Heisenberg model, 5°; S; is a constant 
of the motion. 

Marshall® has shown that (we assume N even) the 
ground state of an antiferromagnet is a singlet, i.e., a 
state for which (S*)=0 and (X ; S;)=0. Thus, to 
obtain the ground state of the antiferromagnetic line, 


SERGIO RODRIGUEZ 


it is enough to restrict outselves to the case in which 
the number of fermions present is }V. The ground 
state go of Ho is that in which all single-particle 
states such that #/2<k<3x/2 are occupied, while all 
others are empty. The unperturbed energy of this 
state, for large N, is 


2 


N 3n/2 
o-—f dke(k) = —NJ(1+2/z). 


Qn 


(33) 


The state ¢o is 
(34) 


¢go=[Im nm*|0), 
where the range of m is given by the inequality 
a/2<mK 3n/2. 
It is convenient, to simplify the passage to, the limit 
N— ~, to make the following definitions 


2 f(e)=(N/2m) f f(b), (35) 


(36) 
(37) 


A(k)=2xN—A(k), 


nee ms (2rN-) 4g,*, 


f f(k)> f dk f(k), 


A(k)—> D> 6(k—2nr). 
In Eq. (39) 6(k) is the Dirac 6 function. With this 
notation we can rewrite Eqs. (31) and (29) in the form 


i = f aes, 


k 


When VN « 


(38) 


(39) 


(40) 


(41) 


1 
A= f DV (Ughol slg) E y*E lo* E1g& Ua, 
AV lols ly 


where 
1 (Iylolsl4) = (27, ‘r){ cos (1,— 14) — cos (1,— 13) | 
XK A(At+h—ls— hh). 


We now calculate the expectation value of H for 
the state go. To obtain this quantity we need 


(42) 


1 
(¢o| H1| ¢o)= --f o(mym2mym2), (43) 
mymge 


where the sum is over those states m that are occupied 
in ¢go. For large N we obtain 
(go! Ai! ¢o)=NI($—2/r°), (44) 


so that 


(go! H| go)= —NI[4+ (2/)+ (2/2*) ] 


=—1,3393 JN. (45) 





LINEAR 
We observe that the value obtained in (45) lies between 
the two approximations exhibited by Hulthén.°® 


III. PERTURBATION ANALYSIS 


A perturbation theory analysis for a Hamiltonian of 
the form (30) has been given in detail by Hugenholtz.° 
The procedure consists in obtaining the function 


D(z)= (¢o| R(2)| go) 


of the complex energy parameter z. R(z) is the resolvent 
operator 


(46) 


R(z)= (H—z)71. (47) 
The quantity D(z) can be written in the form of a 
series expansion of matrix elements of operators 
containing integral powers of H; and (Ho—z)~'. These 
matrix elements can be expressed in terms of contribu- 
tions arising from different types of diagrams. In such 
diagrams each creation or destruction operator is 
represented by a line, while each interaction H, appears 
as a vertex to which four lines converge. The contribu- 
tions to D(z) coming from connected diagrams (i.e., 
diagrams which cannot be divided into two or more 
sub-diagrams without cutting any lines) are proportional 
to N, whereas the contributions due to disconnected 
diagrams vary as higher powers of .V. It is possible to 
express the sum of the contributions of disconnected 
diagrams in terms of those arising from connected 
diagrams alone. We shall not give a description of the 
procedure but merely quote the results useful for our 
purpose. The ground-state energy is 


Ey= €o+ (¢o| [H,- Hy(Ho — €) Ty +- H,(Ho- €0) i 


XA (Ao- €0) W,— +++ |, £0), (48) 
where the subindex c means that only those contribu- 
tions arising from connected diagrams are to be con- 


sidered. The ground-state wave functions is 


Yo= Noll 1— (Ho— €0) 1H + (Ho—€0) 


« H\(Ho— €0) 1,\—--+ |r} go). (49) 


The subindex ZL indicates that only contributions that 
come from diagrams in which each intermediate state 
and the final state are different from go are to be taken 
into account. The quantity Vo! is the normalization 
factor. Equations (48) and (49) were derived, for the 
first time, by Goldstone.” 


9N. H. Hugenholtz, Physica 23, 481 (1957). 
10 J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957); 
see also C. Bloch, Nuclear Phys. 7, 451 (1958). 
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As an example, we give the second order correction to 
the ground-state energy 


- (¢o| [Ai (Ho— €0) 1H; j.| ¢o) 


NJ 
ene 2. J eedtamam, 


Tv 


sin’ (ki— ke)/2 | sin’ (m;— my) /2 | 
pi snenaertaninnntansatitethitine a eee a eae stnclebiaciiale 


cosk;+cosk2— cosm,— cosm» 


K5(Ri+ko—m—mot+2rr). (50) 


The integrations over k are performed in the range of 
states which are empty in ¢p (i.e., over the intervals 
OS kg w/2 and 37/2<k< 2x) while the integrations 
over m are calculated in the interval 7/2<m< 3m/2. 


IV. CONCLUDING REMARKS 


Teller! has shown that, in the ferromagnetic case 
(J <0), the ground state of the system is |0) and that 
the corresponding eigenvalue is zero. This ground state 
is degenerate, the degree of degeneracy being V+1. 
To each eigenvalue of 5°; 5; there corresponds an 
eigenstate of H and the total z component of spin, which 
is degenerate with |0). We now look at this statement 
from the point of view of our Fermi gas. We have an 
energy band defined by (32) (with J<0) that is full 
when it contains V fermions. The ground state of the 
the system containing an arbitrary number r (O¢ r<.V) 
of particles in the band has always a zero energy. The 
Hamiltonian (30) provides us with an example of a 
many body system in which the ground state energy is 
known exactly. Thus, (30) may be used as a test for 
the accuracy of approximate techniques for obtaining 
the ground-state energy of a many fermion system. 

The state ¢o is a good approximation to the antiferro- 
magnetic ground state only for the isotropic Heisenberg 
Hamiltonian. It is in the case of an anisotropic coupling 
that the virtues of the solution given by Kasteleijn 
become apparent. The question of what is the long 
range order of the ground state and how does it vary 
with the anisotropy of the coupling (as defined, for 
example, by Orbach) cannot be answered in a simple 
way by the present work. 
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Dependence of the Forbidden Gap and Luminescence Ground-State 
Energies of (ZnCd)S:Ag on the Concentration of CdSt 


Gorpon E. Gross 
Midwest Research Institute, Kansas City, Missouri 
(Received July 6, 1959) 


A series of (ZnCd)S: Ag: Cl phosphors have been studied to determine the effect of increased CdS content 
on the forbidden gap and on the energy of the ground states associated with luminescence. This work is 
correlated with that of other workers to confirm the presence of two separate ground states and to show 
that the luminescence of this material may be adequately explained by the Klasens model. Also the uniform 
translation of the spectral peaks (while retaining their shape) emphasizes the long-range order aspects of 


these phosphors. 


INTRODUCTION 


HE dependence of the forbidden energy gap on 

the composition of a semiconductor has been 
reported for solid solutions of CdS-CdSe' and ZnS-ZnSe? 
and for the mixed phosphors of ZnS-CdS activated 
with silver** and copper.’ In the works dealing with 
phosphors, the luminescence emission is most frequently 
considered to result from the capture of an electron 
from the conduction band (or from an excited state 
near this band) by a hole in an energy level near the 
valence band. This model (due to Klassen®) is illus- 
trated in Fig. 1.7 This picture must be complicated 
somewhat in order to explain the double maximum 
found in the ZnS, CdS:Ag phosphors particularly at 
low temperatures (196°K).** Here one must consider 
two different luminescence centers; namely, the usual 
impurity ion center credited with the long-wavelength 


CONDUCTION BAND 


Fic. 1. Energy 
level diagram for 
ZnS: Ag: Cl phosphor 
after Klasens.® 


~ EMISSION 


— "GROUND" STATE OF 
LUMINESCENCE CENTER 
Lee eee oF FOP 
VALENCE BAND 

+ This work was supported by U. S. Army Engineer Research 
and Development Laboratories. 

' Khansevarov, Ryvkin, and Ageeva, Zhur. Tekh. Fiz. 28, 480 
(1958) (translation: Soviet Phys. (Tech. Phys.) 3, 453 (1958) ]. 

? Larach, Shrader, and Stocker, Phys. Rev. 108, 587 (1957). 

’Tehv, Friedman, Studer, and Fonda, J. Opt. Soc. Am. 42, 
917 (1952). 

*W. V. Gool, Semiconductors and Phosphors (Interscience 
Publishers, New York, 1958), p. 602. 

5G. F. J. Garlich and A. F. Gibson, J. Opt. Soc. Am. 39, 935 
(1949) 

6 J. Klasens, Electrochem. Soc. 100, 72 (1953). 

7A model proposed by J. Lambe and C. C. Klick [Phys. Rev 
98, 909-914 (1955) ] ascribes the luminescence of CdS: Ag to the 
capture of holes by states near the conduction band. The author 
feels that, while the Lambe and Klick model offers a simpler 
description of the photoconductivity and luminescence in the 
sulfides, the Klasens model is adequate for the present discussion 
and is more commonly used and understood. 


peak and another center described below to account 
for the short-wave peak. 

For the short-wavelength emission from ZnS: Cu: Cl 
Kroger and co-workers** have proposed a luminescent 
consisting of a substitutional Cu ion associated with an 
interstitial Cu atom. They credit the blue emission 
occurring with excessive copper to this type of center. 
That a similar situation exists for ZnS: Ag: Cl is shown 
by Gool* in that the short-wavelength emissions for 
ZnS:Ag and mixed ZnS, CdS:Ag occur significantly 
only when excessive Ag doping is used and particularly 
when the coactivator content (in many cases Cl) is 
exceeded by the Ag. This latter condition limits the 
amount of Ag+ which can be incorporated in the lattice 
and results in the inclusion of some silver Ag® atoms. 
One must, therefore, consider two ground states: 

Ag’. 


AgtAg® and 


rhe present work shows the variation in the location 
of the latter of these two silver bands with the concen- 
tration of CdS for mixtures of ZnS and CdS, whereas 
most previous measurements have applied only to pure 
ZnS or CdS hosts. 


DISCUSSION 


The location of the ground states associated with the 
two emission bands influences the temperature de- 
pendence of luminescence band” efficiency of each band 
according to the expression : 


L 1 


Ly 1+A exp(—AE/RT) 


where ZL is the intensity of luminescence at temperature 
T, Lo that at a low temperature (80°K), and AE the 
energy gap between the ground state for the emission 
in question and the valence band. A is a constant for 
the material involved and & is Boltzmann’s constant. 
By plotting (for the long- and short-wave bands 


* Kroger, Hellingman, and Smit, Physica 15, 990 (1949). 

’ F. A. Kroger and N. W. Smit, Physica 16, 317 (1950). 

"H. A. Klasens and M. E. Wise, J. Opt. Soc. Am. 38, 226 
(1948). 
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FORBIDDEN GAP AND 
separately) 


Inf (Lo/L)—1] vs 1/7, 


one obtains values for AE for each emission band. 
Values of AE obtained in the present work are shown 
in Table I along with values obtained by other workers. 
Also shown are values of the appropriate luminescence 
transition energies (E,7r) and total band gaps (Eg). 
Measurements of the energy of these ground states 
(relative to the valence band) have been made for a 
series of mixed ZnS; CdS: Ag: Cl phosphors. The results 
obtained are compared with published values for the 
pure ZnS:Ag and CdS:Ag phosphors. The energy 
differences between the various states associated with 
luminescence processes in this class of phosphors are 
shown to decrease monotonically as the forbidden band 
gap is decreased (with increased CdS concentration). 


TaBLeE I. Energy levels and transition energies in (ZnCd)S: Ag 
phosphors for various proportions of CdS. (See Fig. 3 for clarifi 
cation of terms.) 


Atom parts AE (Ag*) Exvr (AgtAg®) Exr (Agt) 
CdS 2V 


(ev) (ev) 


0 ).55 3.2° 2. Ra.b.« 
0.22 


0.30 0.51 


0.46 0.46 


0.63 0.46 


0.72 


1.00 


0.43° 


(1953). 


® R. Bube, Phys. Rev. 90, 70-80 
» This article. 

© See reference 4. 

4 See reference 1. 


PREPARATION 


The phosphors used in this study were prepared from 
luminescent pure ZnS and CdS (RCA), NaCl, and 
Ag»NO;. The proportions used were: 


10 g ZnS (or mixed ZnS-CdS), 
2 g NaCl, 
0.016 g AgNOs. 


The materials were wet-mixed using triply distilled 
water, air dried at ~ 120°C, then fired in air in covered 
(not sealed) Vycor crucibles for 10 minutes at 780°C 
in,a preheated furnace. Only the core of each sample 
was used in this study as the outer layers were contami- 
nated (presumably by Oz since they showed a long 
time phosphorescence). The specimens thus prepared 
were painted onto the sample holder with a solution of 
10% Duco cement in ethyl acetate. 


LUMINESCENCE OF 


VnCd)S :Ag 


a od ne ee we | ~~ ee T T Z 


. Ln(42-1) vs it 
4 oCdS:Ag:Cl 
OE 


a4 L 
\ \ 
L \ \ 
\ 
< SLOPE = "e 


© ZnS:Ag:Cl 
\ % 


4(.5Zn.5Cd)S:Ag:Cl 
° a 








SS a : 


10° x T 
1] vs T— for 


Fic. 2. Graph showing typical values of [ (Lo/L)- 


three (ZnCd)S: Ag: Cl type phosphors 


EXPERIMENTAL ARRANGEMENT 


The emission spectra from the phosphors were 
measured with a simple prism spectrometer using a 
1P21 multiplier phototube as a detector. The spectral 
response of the 1P21 is such that the long-wave peak 
of the ZnS, CdS:Ag emission was emphasized for 
mixtures containing up to 50% CdS, while the short- 
wave peak was prominent in the data for 75% and 
100% CdS:Ag. This selection also is apparent in the 
efficiency data where those materials with less than 
75% and 100% CdS snow activation energies char- 


4 eal ea aie) Se ee eee ee ce ee ae ee 


ENERGY LEVELS IN (ZnCd)S:Ag 


FOR VARIOUS AMOUNTS OF Cds | 
DATA FROM TABLE I 


& 


LUMINESCENCE TRANSITION 
ENERGY MEASURED FROM GROUND 
STATE FOR LONG WAVE (6) AND 
SHORT WAVE (*) BANDS 


SS eo 
20 40 
AT. %CdS 


Fic. 3. Graph showing levels of conduction band and ‘ground 
states’ of luminescence transitions for mixed ZnS-CdS_ based 
phosphors 
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acteristic of the long-wavelength emission peak and 
those for 75% and 100% CdS show activation energies 
typical of the short-wavelength peak. 

The energy gap between the valence band and the 
luminescence “‘ground”’ states was determined through 
measurement of the luminescence versus temperature. 
The slope of the log[ (Lo/L)—1] vs 1/T curves (Fig. 2) 
for T above the breakpoint yields the activation energy 
for thermal quenching. The activation energies thus 
determined are subject to about 10% error as they 
depend upon the measurement of a slope in the semilog 
graphs and this slope is quite sensitive to small errors 
in L particularly for values of L near Lo. (1.0 was chosen 
as the value for Z at 80°K.) 

The chamber used in observation of the phosphors 
consisted of a specially constructed Dewar flask which 
held the specimen on a brass block which could be 
heated as needed. Temperatures were measured by a 
Cu-Constantan thermocouple calibrated at 78°K, 
196°K, and 293°K. Cooling was achieved by filling the 
inner container of the Dewar (where the specimen was 
held) with liquid nitrogen. 


CONCLUSION 


The present paper assembles the results of several 


other workers and supplies additional experimental 
evidence to show that the band gap, the luminescent 
transition energies, and the activation energies (for 
thermal quenching) of the ZnCdS:Ag phosphors may 
be continuously and uniformly varied by changing the 
CdS content of the host material. 

From the graph, Fig. 3, one may see that the starting 
points for both the long-wave and short-wave transitions 


. 


GROSS 


lie within the same distance (~0.4 ev) of the conduction 
band (Eg). Thus the difference in energies of the two 
transitions may be explained by the difference in the 
two ground-state energies. The difference between the 
energy absorbed and energy emitted for each band may 
be credited to the Stokes shift associated with lattice 
rearrangement following both excitation and emission. 
Measurements of the activation energy for quenching 
of the Ag* emission bands have been reported for both 
“pure” ZnS:Ag:Cl and ‘“‘pure”’ CdS: Ag: Cl. However, 
the present work extends the measurements to include 
solid solutions of the two materials and shows that the 
activation energy is uniformly decreased as the CdS 
content increases throughout a range from 0 to 100% 
CdS. This uniform shift in activation energy along with 
the steady shift in wavelength of the emission peaks is 
indicative that the characteristics of the luminescent 
centers are results of long-range effects in the crystals 
at least beyond nearest neighbors. If short-range order 
were the predominant factor, one would expect separate 
emission bands to occur for each component; viz., 


CdS:Ag:Cl and ZnS: Ag: Cl. 
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Containing Manganese and Iron 
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The dilemma of whether [Fet*Mn*?] or [Fe*#Mn**] are the stably coexisting species on the octa 
hedrally ligated sites of the spinel structure has been resolved by the application of a crystallographic, 
rather than a magnetic criterion. The solid solution systems (Zn[Mnoe ]O,)1_.- (Zno.sGeo.sl FeMn JO,4)2 and 
(Zn[FeMn ]O,), + (Zno.sGeo.slMn2]O4):-. were synthesized, and their lattice constants were determined. 
The compositions in these systems for which cooperative tetragonal distortion occurs, due to the Jahn-Teller 
effect for Mn**, depend on whether [Fe**Mn*?] or [Fe*#Mn**] are stably coexisting species. The crystal 
lographic findings are in complete agreement with the latter valence assignment. Furthermore, the axial 
ratios are found to be in quantitative agreement with the theory of cooperative distortions advanced by 
Wojtowicz, provided that the valence assignment [Fet*?Mn**] is assumed. The valence behavior observed 
in the systems studied probably obtains for most other spinels in which iron and manganese coexist on the 
octahedrally ligated sites. 

Unlike magnetic criteria which have been proposed to clarify the valence assignment, the method re- 
ported is not subject to ambiguities such as the existence or nonexistence of complex ferrimagnetic coupling 


schemes (e.g., Yafet-Kittel angular coupling) and “‘spin quenching.” 


T is sometimes impossible to assign, on the basis 
of stoichiometry, unambiguous valences to the vari- 
ous cations in transition metal compounds. For example, 
the spinel CuMn2O, may have the valence distribution 
Cut*?Mn,+80,4, Cut?Mnt?Mn*4O,, or some distribution 
intermediate to these. The known oxidation-reduction 
equilibria in aqueous solutions are generally used as the 
basis for valence assignments in oxidic compounds, 
since the crystal field stabilization and other factors 
influencing the thermodynamic properties are usually 
nearly the same for both oxides and hydrated ions. A 
possible exception to this rule has been proposed for the 
case of manganese ferrite, MnFe,Q,.' In order to explain 
the O°K saturation moment? of 4.6 rather than 5.0 ya, 
it is postulated that all of the manganese on the octa- 
hedrally ligated spinel sites (hereafter designated as B 
sites) exists as Mn**, and that an equivalent amount of 
octahedrally ligated iron exists as Fet*. (In aqueous 
solutions Fe*? and Mn** cannot coexist in appreciable 
concentrations.) Baltzer’ has pointed out that such a 
reversal in oxidation-reduction equilibrium may be due 
to a larger value of the crystal field parameter Dg for 
ions on the B sites than for hydrated ions. This explana- 
tion is reasonable, since the observed moment and ionic 
distribution data for MnFe2O, require that the reversal 
does not take place on the tetrahedrally ligated sites at 
room temperature, or on the B sites at temperatures 
greater than about 1000°K. In each of these cases the 
value of Dg is lower than what is expected for B sites 
at room temperature. 

The occurrence of reduced moments in ferrimagnetic 
compounds cannot be used as the sole criterion for the 
assignment of valence states. Extremely high aniso- 
tropy fields which prevent saturation, and departures 

1 Harrison, Osmond, and ‘Teale, Phys. Rev. 106, 865 (1957) 


2 J. M. Hastings and L. M. Corliss, Phys. Rev. 104, 329 (1956). 
3 P. K. Baltzer (private communication, 1957). 


from the simple Néel coupling scheme, including Yafet- 
Kittel angular coupling, could also lower the moment 
from the usual value. If the Curie constants of para- 
magnetic compounds containing iron and manganese 
ions with an average valence of 2.5 are found to corre- 
spond to 4, rather than 5 ws per paramagnetic ion, then 
the aforementioned vagaries in ferrimagnetic behavior 
can be ruled out as causes of the low moment. However, 
such measurements still cannot be regarded as un- 
equivocal evidence for the coexistence of Fet? and 
Mn?**, since the result could be explained by the quench- 
ing of spins of some of the Fe** and/or Mn*? ions to 
the doublet state. 

The results reported here use a crystallographic, 
rather than a magnetic criterion to establish the valence 
states, so that the ambiguities mentioned above do not 
enter. Of the ionic species that can be present in the 
systems considered, Mn** is unique in that it possesses 
a Jahn-Teller effect large enough to cause cooperative 
tetragonal distortions in spinels. Investigations of 
numerous systems* show that at room temperature, 
tetragonal distortions from cubic symmetry are ob- 
served in spinels when more than about 60% of the B 
sites are occupied by Mn**. For appropriately selected 
solid solutions having the spinel structure the elemental 
composition corresponding to 60% occupancy of the B 
sites by Mnt* ions will depend on whether Fet* and 
Mnt? (Model I) or Fet? and Mnt* (Model II) are the 
stably coexisting valence states. Thus, in the system 
(Zn[_Mne |O4)i-2° (Zno.sGeo.s FeMn JOy), (where the 
brackets enclose ions occupying the B sites), a tetrago- 
nal region in the phase diagram is expected to persist 
to «=0.4 if the coexisting valence states are predomi- 
nantly Fet* and Mn*?*; to x=0.8 if the valence states 
are predominantly Fet? and Mn**, and to a value inter- 


*D. G. Wickham and W. J Solids 7, 


351 (1958). 


Croft, J. Phys. Chem 
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Fic. 1. Calculated and observed c/a ratios in the 
(Zn[Mne JO4);-2- (Zno. sGeo s| FeMn JO,), system 


mediate between 0.4 and 0.8 if all four ionic species can 
coexist in appreciable concentrations. 

Representative compounds in this system were pre- 
pared by mixing appropriate amounts of ZnO, GeO», 
FeeO3, and Mn.Q; in an agate “buzz mill,” pressing the 
mixtures into pellets, and firing them for 90 minutes in 
air at 1150°C on a single-crystal MgO plate. The 
lattice parameters of these preparations are shown in 
Table I, along with the valence distribution on the B 
sites consistent with each of the aforementioned models. 
The occurrence of tetragonal distortion at x=0.8 sug- 
gests strongly that the ions coexist almost wholly as 
et? and Mnt* (Model IT). 

The c/a ratios in spinels have been correlated with 
the amount of Mnt* on the B sites by a theoretical 
treatment of cooperative distortions.®:* Figure 1 shows 
a plot of the observed c/a ratios versus x, with theo- 
retical curves, I and II, calculated by Wojtowicz for 
each of the aforementioned models. His calculations 
assume that at room temperature cooperative distor- 
tion occurs when there is 60% or greater occupancy of 
the B sites by Mn**, and the c/a ratio for a spinel 
whose B sites are completely occupied by Mn** is 
about 1.144 (which has also been observed in numerous 
spinel systems). The agreement of the observed values 
of c/a with the shape of the calculated curve is decisive 
evidence for the correctness of the second of the al- 


ternative models. 


>P. J. Wojtowicz, J. Appl. Phys. 30, 30S (1959). 
®P. J. Wojtowicz, Phys. Rev. 116, 32 (1959), 


MILLER 


TaBLE I. Lattice parameters and valence states in the system 


(Zn[Mng JO,4);_2- (Zno,sGeo, sl FeMn ]O,):. 





Valence distribution of ions on B sites 
x Model I Model II 


Mn,*8 
Feo a?Mn, Pa 
Feo s*?Mn,; Pid 
Feo. s*?Mn, 2* 
Fet?Mn* 


ao (A) 
8.076 9.225 1.142 
8.20 912 1.11 

8.238 8.965 1.088 
8.37 8.724 1.042 
8.470 1.000 


co (A) c/a 


Mn,*3 
Feo a?Mno a?Mn, ” Yaad 
0.5 Feo.5*8Mno 5*?Mn* 
0.8 Feo st*Mno.st?Mno 47? 
1.0 Fet®Mn*? 


0.08 
0.4 


® The crystallographic data for Zn[Mn2jO, are taken from B. Mason, 


Am. Mineralogist 32, 426 (1947). 


Another series of compounds currently being investi- 
gated is the system 


(Zn[ FeMn JO,),- (Zno,sGeo.s Mne JO4) 1-2. 


The end points x=0 and 1, which should have their 
B sites 50% occupied by Mn** regardless of which 
valence assignment is correct, are found to be cubic 
spinels with do=8.494 and 8.37 A, respectively. If 
Model I were correct, the B sites would be 50% 
occupied by Mn** throughout the entire system, and 
all compositions would be cubic spinels. If Model II 
were correct, the fraction of Mn** on the B sites would 
reach a maximum of 75% at x=0.5, and the system 
would show the unique behavior of having a tetragonal 
phase domain surrounded by two cubic phase domains. 
Tetragonality within this system has already been estab- 
lished, since its midpoint is identical to the midpoint of 
the (Zn[Mnp ]O,),- (Zno.sGeo.s FeMn JO,);_, system, 
with a c/a ratio of 1.088. Further studies of this system 
should reveal whether the ion pair [Fet?Mn**] is more 
stable than [Fe**Mn** ]. 

It can be concluded that in the spinel systems studied, 
and probably in most other oxidic spinels, Fet? and 
Mn**, rather than Fe*® and Mn*?, are the stably co- 
existing species on the B sites at room temperatures. If 
the equilibrium is reversed at higher temperatures, there 
should be a maximum in the conductivity at an inter- 
mediate temperature where all four ionic species coexist. 
Such measurements are intended at these laboratories. 
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Faraday Effect in Cerium Phosphate Glasses at Low Temperatures 


Perry B. ALERS 
United States Naval Research Laboratory, Washington, D. C. 


(Received July 27, 1959) 


The Faraday effect in glass specimens containing cerium metaphosphate in various concentrations has been 
measured at 4.2°K and 1.8°K, using 5461 A light, in magnetic fields ranging to 70 kilogauss. The curves of 
rotation vs H/T were fitted to the Brillouin function for J =}, yielding values of g=1.75 and 8 =0.874 Bohr 
magneton. The observed rotations were quite large; for the glass containing the highest concentration of 
cerium, the rotation approached a saturation value of 4.767 radians/mm. 


HE Faraday effect exhibited by a group of cerium 
phosphate glasses at helium temperatures has 
been measured in magnetic fields ranging to 60 kilogauss. 
The optical rotations observed were quite large and 
were proportional to the amount of cerous ion present in 
each specimen. The data were analyzed in terms of the 
theory of paramagnetism and a value of g was calculated. 
The glass specimens were kindly furnished by Dr. N. 
J. Kreidl of the Bausch and Lomb Optical Company. 
They were composed of a mixture of cerous metaphos- 
phate, Ce(POs;)3 and a barium phosphate, expressed as 
Ba(POs3)2. Four samples were used in this work; they 
contained, respectively, 20%, 50%, 80%, and 100% 
cerous metaphosphate by weight. The rotations were 
measured at two temperatures, 4.2°K and 1.8°K, and 
the 5461-A line of mercury was used for illumination. 
The magnetic fields were provided by a water-cooled 
solenoid. 
The experimental results are shown in Fig. 1. The 
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Fic. 1. Faraday ro 
tations produced by 
specimens of cerous 
metaphosphate glass 1.0 
mm thick. The points 
marked by (a) were 
taken at 4.2°K; those 
marked by (@) were 
taken at 1.8°K. Percent- 

20 ages shown refer to 
nominal cerium content. 
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data have been plotted to show the rotation experienced 
by the plane of polarization of the incident light upon 
traversing 1.0 mm of glass. 

Following a method of analysis due to J. Becquerel 
and recently reviewed by van den Handel,' the rotation, 
6, was fitted to an equation of the form 


6=A tanh(uH/kT)+ BH, (1) 


1 J. van den Handel, Encyclopedia of Physics (Springer-Verlag, 
Berlin, 1956), Vol. 15, p. 1 


where A and B are constants, u is a magnetic moment, 
and the other symbols have their usual meanings. The 
value of « was found to be the same for all specimens, 
and had the value 


u=0.874 Bohr magneton. 


The values of A were nearly proportional to the 
nominal percentages of cerous metaphosphate given for 
each sample. The 100% specimen showed the largest 
departure from strict proportionality, being about 5% 
low. This can be attributed to oxidation of some of the 
cerous (Ce*+) ion to ceric (Ce*+) during the manufacture 
of the glass. 

For the 100% sample, the constants were 


A=4.767 radians, 
B=1.29X10~* radian/gauss. 


As can be seen, the contribution of the B term remained 
very small even at 60 kilogauss. 

If we consider the optical rotation observed in a given 
specimen to be proportional to its magnetization, we can 
identify the tanh term in Eq. (1) with the Brillouin 
function, By(g/BH/kT), which reduces to the hyperbolic 
tangent for /=}. If 8 is taken to be the Bohr magneton, 
then the value of » quoted above allows us to calculate 
a value of g. For the glasses investigated here, g has the 
value 


g=1./5. 


Since g remains the same over a wide range of compo- 
sitions, we may conclude that the cerium ions remain 
relatively independent of each other. This conclusion is 
strengthened by the fact that the rotations observed at 
4.2°K fall on the same curve as those observed at 1.8°K, 
when the data are plotted as a function of H/T. 

Because of this apparent absence of interactions in 
the liquid helium range, it is possible that the glasses 
would be useful for magnetic cooling experiments. In 
addition, their high sensitivity suggests application to 
studies of the structure of the intermediate state in 


superconductors. 
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Electron Scattering by Noble Gases in the Limit of Zero Energy 


BENNETT KIVEL 
AVCO-Everett Research Laboratory, Everett, Massachusetts 


(Received July 22, 1959) 


The elastic scattering at zero energy by argon depends strongly on the polarization tail, since the con- 
tribution to the scattering length by forces inside the atom cancel. Assuming this is true for all noble gases, 
one can approximate their zero-energy elastic cross section by 3.52 10~!*(p/ro)? cm?, where both p, the 
polarizability, and ro, the size of the atom, are in atomic units. Using published values of the polarizability 
and scaling ro as the cube root of the atomic number from ro=8 for argon, we find that this expression is 
consistent with existing experimental data. It is conjectured that the success of this approximation is a 


result of the Pauli exclusion principle. 


N a recent calculation! it was noted that the polari- 

zation tail is the dominant factor in determining 
the elastic scattering of low-energy electrons by argon. 
The contributions to the scattering by forces within 
the atom canceled because of a seemingly fortuitous 
periodicity of the wave function. That is, the zero- 
energy cross section would have vanished if we had 
neglected the forces at larger radii than about 8 atomic 
units, which is effectively the outer edge of the atomic 
charge distribution. The attractive polarization force 
outside the atom by itself leads in the case of argon to 
a zero-energy cross section of 7.5X10~'® cm? in agree- 
ment with measurements by Ramsauer and Kollath,’ 
and Pack and Phelps.* 

Since the polarization tail determines the cross 
section, it is possible to estimate this elastic scattering 
by a perturbation technique. The difficult problem of 
determining the forces on the electron inside the atom 
does not have to be solved. It is only necessary to 
assume that the forces inside the atom do not contribute 


——RAMSAVER AND 
KOLLATH 


a 


ESTIMATE 
BASED ON 
POLARIZATION 
TAIL 


Fic. 1. Elastic 
scattering cross sec- 
tion of electrons by 
noble gas atoms as a 
function of energy. 
The solid lines cor- 
respond to the meas- 
urements by Rams- 
auer and Kollath; 
the circles at zero 
energy are given in 
Table I of this note. 


CROSS SECTION (cm2) x10! 


1.5 
ENERGY (ev) 


* Sponsored by the Ballistic Missile Division of the U. S. Air 
Force. 

1B. Kivel, Phys. Rev. 116, 926 (1959). 

2'V. C. Ramsauer and R. Kollath, Ann. Physik 3, 536 (1929). 

3 J. L. Pack and A. V. Phelps, Bull. Am. Phys. Soc. Ser. II, 4, 
317 (1959). 


to the cross section. Then the perturbation method 
yields a simple expression in terms of the size of the 
atom and its polarizability. Using the atomic size 
determined in the detailed argon calculation, one can 
scale to the other noble gases and readily predict their 
zero energy elastic scattering cross sections. 

The cross section (Q) for elastic scattering in the 
limit of zero energy can be expressed in terms of the 
logarithmic derivative (Go’/Go) of the zero order partial 
wave solution of the Schrédinger equation (Go) as* 


QO/4arac?=lim [(Go/Go'),—r ? 


ats | (Go/Go')ro— ro+Lp/ (Go’)*ro ] 


x 3 


x Gir dr} (1) 
= (Pp, ry)” , 


where do is the Bohr radius (0.529 10-8 cm), p is the 
polarizability in atomic units (a.u.), and ro (a.u.) is 
the effective radius of the atomic charge distribution 
(see Table I). We have first used the approximation 
that the wave function outside the atom is not changed 
appreciably by the polarization tail, and second, the 
assumption that the cross section resulting from forces 
inside the atom is zero so that (Go);=r(Go')ro outside 
the atom for zero energy. The perturbation result 
[Eq. (1) ] fits the argon numerical integration solution 
using the values p=11 a.u. and ro=8 a.u. 

To apply this equation to other noble gases, one 
needs only their polarizability and atomic size. Using 


TABLE I. Zero energy elastic scattering cross sections 
for noble gases. * 


atom pa p 


He 2 
Ne 10 
A 18 
Kr 36 
Xe 54 


a.u.) ro (a.u.) 


3.8 0.44 

6.6 0.57 

8.0 6.6 
9.6 
19 


Q (cm?) X10'6 


ss bt 
DS i 


*Z=atomic number, p =polarizability, ro=effective atomic radius, 
( =cross section for elastic scattering. 

4B. Kivel, Research Note 129, AVCO-Everett Research Labo- 
ratory, Everett, Massachusetts, 1959 (unpublished). 
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known polarizabilities® and scaling the atomic size 
according to the Thomas-Fermi model of the atom as 
the cube root of the atomic number (ro« Z!), we find 
the zero energy cross sections given in Table I. Because 
of a faster increase of polarizability than atomic size 
the zero energy cross section increases with atomic 
number. 

In Fig. 1 the cross section values from Table I are 
compared with the experimental results of Ramsauer 
and Kollath. With the exception of He, our values are 
seen to fit smoothly to their measurements. In the case 
of He a low value is substantiated by swarm measure- 
ments of Townsend and Bailey,® which indicate a 
strong decrease.in cross section as the mean electron 
energy approaches zero. 

5 J. H. Van Vleck, Electric and Magnetic Susceplibilities (Oxford 
University Press, London, 1932), p. 225. 

6H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 


Impact. Phenomena (Oxford University Press, London, 1952), 
p. 28. 
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The conclusion drawn from this agreement is that 
the polarization force does indeed determine the elastic 
scattering of electrons in the neighborhood of zero 
energy. As a corollary electrons in the limit of zero 
energy are not scattered within the closed shells of the 
noble gas atoms. This is viewed as a consequence of 
the Pauli exclusion principle. It appears then that the 
occurrence of the Ramsauer-Townsend minimum for 
the noble gas atoms is not fortuitous but rather a result 
of their closed shells. 

Note added in proof. 


tions are contradicted by measurements of spectral line 


The predicted elastic cross sec- 


shifts. The line shift depends on the interaction between 
the bound electron and a neighbor atom. This work, 
which is summarized by Massey and Burhop,® on page 
178, was brought to our attention by A. V. Phelps. The 
cross section for argon is in agreement with our calcula- 
tion using conventional methods.! 
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Radiative Proton Capture by O' 


J. W. ButLer AND H. D. HOLMGREN 
Nucleonics Division, United States Naval Research Laboratory, Washington, D. C. 
(Received July 20, 1959) 


A search for gamma-emitting levels in I between 8.3 and 9.8 Mev of excitation energy has been made 
by bombarding a NiO target (39°% O'*) with protons over the energy range 360 to 1960 kev. Resonances 
in the gamma-ray yield were observed with the use of a 3-in. diam X3-in. sodium iodide crystal and a 20 
channel pulse-height analyzer. The results are as follows: 


Resonance width (kev) 
2.6+1.0 
40+5 


Resonance energy (kev) 
630+2 
849+ 3 
1169+2 <0.9 
1399+5 
1685+5 
1769+2 
1931+2 


<15 

<15 
4.0+1.0 
1.5+1.0 


y-ray energies (Mev) 
8.5 +0.2 

8.5 +0.3, 7.2+0.2, 4.8+0.2, 

4.3 +0.2(?), 2.4+0.2(?) 

8.8 +0.2, 7.7+0.2, 6.27+0.05, 
3.67+0.05, 2.59+0.05, 1.24+0.05 


4 


9.4 +0.3 
9.8 +0.2, 8.45+0.10 


The angular distribution of the 6.27-Mev gamma ray from the 1169-kev resonance was measured, and the 
results are listed in tabular form. The results of the present experiment are compared with other experi 
ments using the O'8(p,y)F'9, O'8(p,a)N", and the O'8(d,n)F reactions. 


I, INTRODUCTION 


HE region of excitation in IF" from about 6 Mev 

to about 10 Mev is conveniently accessible only 

by means of nuclear reactions on the target nuclide, O'*. 
Accordingly, a program was begun at this laboratory 
to investigate this region from about 6 Mev to about 9 
Mev by means of the O'*(d,ny)F" reaction, and the 
region from about 8 Mev to about 10 Mev by means of 
the O'8(p,y)F" reaction. The results of the experiments 
using the O'%(d,wvy)F" reaction have been reported in 


abstract! and final?’ form. The results of the O''(p,y)F" 
reaction have been reported as an abstract account* 
and are herein presented in complete form. 

In the region of interest to the present experiment, 
two states are known from previous experiments with 


'H. D. Holmgren and J. W. Butler, Phys. Rev. 99, 655(A) 
(1955). 

2 J. W. Butler and H. D. Holmgren, Phys. Rev. 112, 461 (1958). 

5 Butler, Fagg, and Holmgren, Phys. Rev. 113, 268 (1959) 

‘J. W. Butler and H. D. Holmgren, Phys. Rev. 99, 1649(A) 


(1955). 
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the O'*(p,a)N" reaction. They are the 8.56- and 8.76- 
Mev states, corresponding to resonances at bombarding 
energies of 640 and 850 kev, observed by Cohen® and 
Seed,® their bombarding energy ranges being 430-890 
and 490-960 kev, respectively. Mileikowsky and Pauli’ 
had previously found the lower resonance using the 
same reaction and a bombarding energy range from 400 
to 750 kev. Between the preliminary report and final 
report of the present experiment, the excitation curve 
for the O'*(p,a)N" reaction has been measured to higher 
energies, 800-3500 kev, by Hill and Blair,*® indicating 
more energy levels in the region of interest to the present 
experiment. The results from the O'*(p,a)N'* reaction 
and previous measurements by Hudspeth et al.® with 
the O'*(p,7)F™ reaction will be discussed along with 
the results of the present experiment. 


II. EXPERIMENTAL PROCEDURE 


The experimental techniques and procedure were 
similar to those described previously.?:"” Targets of O'8 
were prepared from the enriched gas" by oxidation of 
thin nickel foils’® of various thicknesses. Most of the 
data were taken with 5-microinch thick foils. The 
protons were supplied by the NRL Nucleonics Division 
2-Mv Van de Graaff accelerator, whose beam-analyzing 
magnet was controlled by proton magnetic moment 
apparatus and calibrated by the 993.3-kev resonance in 
the Al??(p,y)Si** reaction. The gamma-ray spectrometer 
consisted of a 3-in. diamX3-in. NalI(Tl) crystal, a 
DuMont K 1197 3-in. multiplier phototube, a 20- 
channel differential pulse-height analyzer, and associ- 
ated electronic equipment. 

A liquid-nitrogen trap was placed about one foot 
from the target, between the target and the magnetic 
beam analyzer, in order to deter the formation of carbon 
films or other contaminants on the target. (This trap 
was not nearly so effective as later adaptations," but 
did help considerably in keeping target contamination 
to a reasonably low value.) 

In order to determine with certainty that an observed 
resonance was actually due to O'%, a similar target of 
NiO made from normal oxygen and the enriched O'* 
target were bombarded alternately. A number of reso- 
nances were observed to be common to both targets. 
Some of these were later identified as being due to the 
nickel of the foil'® and others were determined to be due 
to a small fluorine contamination on the target. The 


5 A. V. Cohen, Phil. Mag. 44, 583 (1953). 
6 J. Seed, Phil. Mag. 42, 566 (1951). 


7C. Mileikowsky and R. T. Pauli, Nature 166, 602 (1950); 
Arkiv Fysik 4, 299 (1952). 

*H. A. Hill and J. M. Blair, Phys. Rev. 104, 198 (1956). 

® Hudspeth, Morgan, and Peoples, Phys. Rev. 99, 643(A 
(1955); and E. L. Hudspeth (private communication). 

10 J. W. Butler and C. R. Gossett, Phys. Rev. 108, 1473 (1957). 

4 The enriched O'* gas was kindly supplied by Professor A. O. C. 
Nier. The isotopic composition was as follows: O'%, 59.8%; O17, 
0.89% ; O'8, 39.3%. 

2 Holmgren, Blair, Famularo, Stratton, and Stuart, Rev. Sci. 
Instr. 25, 1026 (1954). 


AND 
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net O'* yield was determined by taking the difference 
between the O'* and normal oxygen targets. Thus the 
‘‘background”’ due to the Ni, F'’, and O'* was subtracted 
out along with room background. 


III. RESULTS AND DISCUSSION 


The gamma-ray counting rates (in arbitrary units) 
as a function of bombarding energy are shown in Figs. 1 
and 2. Figure 1 covers the proton energy range from 360 
to 1250 kev, and Fig. 2 covers the range from 1210 to 
1960 kev. The counts corresponding to energy losses in 
the crystal between 7.7 and 9.3 Mev are represented 
by the dots in Fig. 1; the crosses represent energy 
losses between 5.3 and 6.5 Mev. The dots in Fig. 2 give 
the gamma-ray counting rate for energy losses from 
8.4 to 9.6 Mev. 

Seven resonances were observed, and are listed in 
Table I, along with the measurements of resonance 
widths, gamma-ray energies, and the energies of excita- 
tion of the compound states in F!’. The values of the 
energies of excitation were calculated using the mass 
table of Wapstra.'* Estimated uncertainties in the meas- 
ured values are also listed in Table I. The stated un- 
certainty in the value of the energy of excitation in- 
cludes the uncertainties in mass values given by 
Wapstra. 

The resonances will be individually discussed below 
in order of increasing proton energy. 


560 Kev 


There are several reports indicating a level in F" at 
about 8.49 Mev, corresponding to a resonance in the 
O'*(p,a) and O!8(p,y) reactions at a bombarding energy 
of 560 kev. Mileikowsky and Pauli’ observed an 
“anomaly” in the O'’(p,@) reaction at 600 kev. Their 
energy scale was 40 kev higher than that of other experi- 
menters; thus their ‘‘anomaly” was at 560 kev on the 
present energy scale. Cohen® confirmed the existence of 
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Fic. 1. Yield of gamma rays from the O'8(p,7)F!* reaction as a 
function of proton bombarding energy from 360 kev to 1250 kev. 
Yield is in arbitrary units. The dots represent the counts corre- 
sponding to energy losses in the crystal between 7.7 and 9.3 Mev. 
The crosses represent the counts corresponding to energy losses 
in the crystal between 5.3 and 6.5 Mev. 


18 A. H. Wapstra, Physica 21, 367 (1955). 
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TABLE I. Resonances observed in the O'8(p,7)F" reaction. The 
uncertainties in the values of the energies of excitation include 
the uncertainties in the mass values given by Wapstra. 


Observed 
Gamma-ray in 
energies O'8(p,a) N15 
(Mev) reaction ? 


Energy of 

Resonance excitation 
width in Fs 
(kev) (Mev) 

2.6+1.0 8.561 +0.011 8. 

4045 8.768 +0.011 


Proton 
energy 
(kev) 
5 +0.2, others Yes 
5 +0.3, 7.2+0.2, Yes 

8 +0.2, 4.3240.2(?), 

4 +0.2(?) 
8 
2 
5 


630 +2 
849 +3 


8. 
4. 
ae 
8. 


+0.2, 7.7+0.2, 
7+0.05, 3.67 +0.05, 
2+0.05, 1.24+0.05 


1169+2 9.071 +0.011 


1399 +5 
1685 +5 
1769 +2 
1931 +2 


9.289 +0.012 
9.560 +0.012 
9.639 +0.011 
9.793 +0.011 


9.4 +0.3, others 
9.8 +0.2, 
8.45 +0.10, others 


the anomaly, or probable resonance, at 560 kev; and 
Harlow et al.'4 detected a neutron threshold in the 
O'8(d,n)F™ reaction at 3.0540.02 Mev, corresponding 
to a resonance in the (p,7) or (p,q) reactions at 560 kev. 

The data of Fig. 1 give no indication of such a reso- 
nance in the (p,y) reaction, at least as far as ground- 
state gamma-ray transitions are concerned. An exami- 
nation of the counting rates in other energy channels 
likewise gave essentially no indication of such a reso- 
nance. The evidence against such a resonance, or state, 
comes (in addition to the present experiment) from the 
work of Seed,® who did not observe the (p,a) anomaly 
or resonance at 560 kev, and from Butler e/ al.’ who did 
not observe a gamma-ray threshold in the O'8(d,ny)F" 
reaction corresponding to a resonance at 560 kev, but 
did observe a gamma-ray threshold corresponding to 
the 630-kev resonance. 


630 Kev 


The lowest-energy resonance observed in the present 
experiment was at 630+2 kev, width 2.6+1.0 kev, cor- 
responding to a state in F’ at 8.561+0.011 Mev. This 
state is the same as the alpha-emitting state observed 
by Seed,® and Cohen? in the O'8(p,a)N™ reaction. Their 
measurements of the resonance bombarding energy 
were both 640 kev, and Cohen’s measurement of the 
resonance width was 15 kev. The small discrepancy in 
the resonance energy between the present experiment 
and those of Seed® and Cohen® can be explained by the 
nature of the alpha-yield curve. The 640-kev resonance 
in the (~,a) experiments was superimposed on a steeply 
rising yield (as suggested by Cohen,’ probably due to 
a very wide resonance overlapping the two resonances 
at 640 and 850 kev). This steeply rising “‘background”’ 
could make the resonance peak appear at somewhat 
higher energy, and cause the width measurement to be 
unreliable. 

The gamma-ray spectrum from the 630-kev resonance 
is complex, but includes a reasonably strong gamma ray 
of 8.5+0.2 Mev, which is a transition to the ground- 


44 Harlow, Marion, Chapman, and Bonner, Phys. Rev. 101, 214 
(1956). 
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state “triplet,” probably the ground state itself, since 
the measured energy of the gamma ray is essentially the 
same as the total excitation energy of the compound 
state. However, since the uncertainty in measurement 
includes transitions to the other two states of the 
ground-state “triplet,” these transitions cannot be ex- 
cluded by the present data. 


849 Kev 


The next resonance observed, 849+3 kev, corre- 
sponds to the resonance observed by Seed® at 850 kev, 
by Cohen? at 850 kev, by Hudspeth ef al.® at 850 kev, 
and by Hill and Blair® at 838+6 kev. Cohen® measured 
the width to be about 45 kev, in good agreement with 
the present value of 40-5 kev. 

The gamma-ray spectrum from the 849-kev resonance 
indicates the existence of gamma rays of the following 
energies: 8.5+0.3, 7.2+0.2, 4.8+0.2, 4.340.2(?), and 
2.4+0.2(?) Mev. The 8.5-Mev gamma ray has a low 
intensity, and corresponds to a transition to the ground- 
state triplet, probably the 0.198-Mev state, based on 
the energy measurement, since the energy of the excited 
state is 8.768+0.011 Mev. The 7.2-Mev gamma ray is 
relatively strong, and corresponds to a transition to the 
“triplet” at about 1.5 Mev, probably the 1.56-Mev 
state. The 4.8-Mev gamma ray is also relatively strong 
and probably corresponds to a transition to one of the 
levels at about 4 Mev. The total-capture peak of a pos- 
sible 4.3-Mev gamma ray occupies the same energy 
channels as the single-escape peak of the 4.8-Mev 
gamma ray, and therefore the existence of the 4.3-Mev 
gamma ray is somewhat uncertain. There is also evi- 
dence for a possible 2.4-Mev gamma ray. 

No special significance is attached to the small 
anomaly above the 849-kev resonance. The reason for 
the yield curve not returning to about zero above this 
resonance is not quite clear; but the method of directly 
subtracting the yield of the normal NiO target from the 
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Fic. 2. Yield of gamma rays from the O!8(p,7)F® reaction asa 
function of proton bombarding energy from 1210 kev to 1960 
kev. Yield is in arbitrary units. The energy window used was from 
8.4 to 9.6 Mev. The numbers represented by the crosses have been 
reduced by a factor of three to keep them from going off scale. 
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NiO" target was probably not a precisely quantitative 
way of removing background effects because of the un- 
known degree of oxidation of the two different targets, 
possible small differences in the nickel foil thicknesses, 
and the fact that O'* was contained in different amounts 
in boch targets, etc. In addition, the relative amounts 
of other contaminants, such as fluorine, may have been 
different in the two targets. Therefore, again no special 
significance is attached to the absolute level of the exci- 
tation curve in the vicinity of 1 Mev. 


1169 Kev 


At 1169+-2 kev, another resonance was observed, 
having a width of <0.9 kev and corresponding to an 
excited state of 9.071+0.011 Mev in F'’. This resonance 
was observed to decay predominantly to the 2.78-Mev 
state and only very slightly to the ground-state triplet ; 
therefore it appears in the crosses of Fig. 1 rather than 
in the dots (the energy region represented by the crosses 
includes the energy of a transition to the 2.78-Mev 
state). 

Since the isobaric spin of O'* is one, and that of the 
proton is 4, it is possible to form isobaric spin quartet 
(or T=3/2) states in the O'*(p,y)F" reaction. If one 
calculates empirically the energy of excitation in F™ 
corresponding to the ground state of O", the value ob- 
tained is about 7.56 Mev. (This calculation is based on 
the difference in masses between O” and F’, and the 
beta-decay energy of F'’.) The state ink’ corresponding 
to the 1.47-Mev state in O” should therefore be about 
9.03 Mev. This suggests the possibility that the com- 
pound state responsible for the 1169-kev resonance 
(9.071 Mev of excitation) is the analog of the 1.47-Mev 
state in O". 

Since alpha-emitting compound states usually have 
relatively large widths (usually much larger than 1 kev 
if several Mev are available), the narrowness of the 
1169-kev resonance implies that a selection rule forbids 
the emission of alpha particles. Approximately 5 Mev 
of energy are available for breakup of the compound 
state into an alpha particle and N" in the ground state. 
On the basis of simple application of the isobaric-spin 
selection rules, a T=3/2 state in F"” could not emit 
alpha particles to the ground state of N' because the 
isobaric spin of N'®, 5, and that of an alpha particle, 
zero, cannot add up to 3/2. Hill and Blair* searched the 
region about the 1169-kev resonance, and found no evi- 
dence for an alpha-particle resonance in the O'*(p,a)N! 
reaction, thus confirming that this state does indeed 
have a negligible partial alpha-particle width. It does 
not seem likely that spin or parity could forbid alpha- 
particle emission because of the energy available to the 
alpha particle and the fact that the state was formed 
by approximately 1-Mev protons impinging on O'%. 
(That is, one would expect that the outgoing alpha par- 
ticle could take away as much, or more, angular mo- 
mentum as was brought in by the incoming proton.) 
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Fig. 3. The detailed spectrum of gamma rays from the 1169-kev 
resonance. Six sets of spectra were made over successive channel 
intervals with the 20-channel pulse-height analyzer in order to 
obtain the data for this spectrum. Background was subtracted by 
taking the difference between ‘‘on resonance”’ and “‘off resonance” 
spectra, the difference between the two bombarding energies being 
5 kev. Representative standard statistical deviations are shown on 
the datum points. The assignments of the various gamma rays 
are discussed in the text. 


Because the 1169-kev resonance appeared to be in- 
trinsically more interesting than the other resonances, 
the spectrum of emitted gamma rays was determined 
in more detail than for the other resonances. The results 
are shown in Fig. 3. Six successive (in energy) spectra 
were made with a 20-channel pulse-height analyzer in 
order to obtain the spectrum of Fig. 3. The weak 8.8+ 
0.2 Mev gamma ray corresponds to a transition to the 
ground-state triplet, probably the 0.198-Mev state. The 
weak indication for a 7.7+0.2 Mev gamma ray is con- 
sistent with a transition to the triplet at about 1.5 Mev, 
probably the 1.35-Mev state. The strong 6.27+0.05 
Mev gamma ray corresponds to a transition to the 
2.78-Mev state. It is not clear where the 3.67-Mev 
gamma ray fits into the decay scheme, but it probably 
represents a double stop-over transition involving the 
1.35-Mev state, since the 7.7-Mev gamma ray is too low 
in intensity to account completely for the relatively 
strong 1.24-Mev peak. One possible assignment for the 
3.67-Mev gamma ray is to the transition from the 9.07- 
Mev resonant state to the 5.46-Mev state, which then 
cascades through the 2.78- and 1.35-Mev states. 
Figure 4 illustrates the decay scheme from the 1169-kev 
resonance state, including the placement of the two 
lower energy gamma rays, 2.59 and 1.24 Mev. 

Since the 1.47-Mev state! in O” is $+, the angular 
distribution of the gamma radiation from its analog 
state in F!® would have to be isotropic, regardless of the 
spin and parity of the final state. A measurement of the 
angular distribution of the gamma rays from the 1169- 
kev resonance was therefore made to check the hypoth- 


15 Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 
(1955). 
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TABLE II. Angular distribution of gamma-ray counts between 
5 and 7 Mev for the 1169-kev resonance. 


Angle Relative counting rate 


o” 6343 
30° 77+4 
60° 86+5 

102+5 


esis that these two states are members of the same iso- 
baric spin quartet. 

The experimental procedure was similar to that de- 
scribed in a previous communication.” The energy 
window used for the angular distribution was 5-7 Mev. 
The results are given in Table II. Since the gamma 
radiation was not isotropic (the yield at 0° being 38+ 
6% less than at 90°), the 9.07-Mev state does not have 
a spin of $ and therefore probably does not correspond 
to the 1.47-Mev state in O'%, but could possibly corre- 
spond to another state in O". Since the primary gamma 
ray from the 1169-kev resonance represented a transi- 
tion to the 2.78-Mev state, whose spin is not known, it 
is not possible to determine the spin of the state corre- 
sponding to the 1169-kev resonance from the angular 
distribution. Furthermore, angular intervals were 
chosen rather large (30°) since the primary purpose of 
the distribution measurement was to determine whether 
or not the distribution was isotropic. 

The dimensionless reduced proton width of the 1169- 
kev resonance has been calculated in a manner pre- 
viously described,’ assuming that all of the observed 
width is due to protons, and that the width of the state 
is near the upper limit indicated by the measurements. 
Under these conditions, the dimensionless reduced pro- 
ton width, 6, is 0.001. This value appears rather small 
for the proton to correspond to the last neutron in a 
low-lying state of O’, since one would expect a relatively 
large dimensionless reduced neutron width for such low- 
lying states. (This is because the low-lying levels of such 
a nucleus, a doubly-closed shell plus three nucleons, are 
expected, on the basis of the shell model, to involve re- 
arrangement of the extra-core nucleons with the core 
remaining intact. This implies fairly similar configura- 
tions and fairly large fractional parentage coefficients 
between the ground state and such low-lying states.) 
However, this generalization is not always valid, as 
demonstrated by the negative-parity state in F™ at 
0.110 Mev. So it is not completely unreasonable that 
a T= 3/2 state in F* could exhibit a fairly small reduced 
proton width. 

1399 and 1685 Kev 

The next two resonances, 1399+5 and 1685-5 kev, 
corresponding to excited states of 9.289+0.012 and 
9.560+0.012 Mev, respectively, were very weak, but 
repeatable. They were therefore reported with all the 
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Fic. 4. De-excitation cascade 
scheme for the 1169-kev resonance: 
Another gamma ray, of 3.67 Mev, 
was observed, but it is not clear 
where it fits into the cascade 
scheme. Possible assignments are 
discussed in the text. For the sake 
of clarity, only those states of F' ; 
which enter into the decay scheme 3E 
are shown. 








70,198 


£/-2.10 














other resonances in the abstract account! of the present 
experiment. They were later confirmed as alpha- 
emitting resonances in the O'8(p,a)N!® reaction by Hill 
and Blair,* whose measured resonance bombarding 
energies were 1406+4 and 1688+4 kev, respectively. 
Because of the weakness of gamma-ray emission from 
these resonances, it was not feasible to measure the 
gamma-ray energies. The resonance widths could like- 
wise not be measured, but an upper limit was deter- 
mined to be 15 kev in both cases. 


1769 Kev 


The 1769+ 2 kev resonance corresponds to the 1767- 
kev resonance reported by Hudspeth ef al. for the same 
reaction. This excited state has also been observed as 
an alpha-emitting resonance by Hill and Blair® at 
1761+4 kev. The gamma-ray spectrum from this reso- 
nance was fairly flat (and therefore somewhat complex) 
out to a cutoff point in the vicinity of 9.5 Mev. There 
was evidence of a gamma ray of about 9.4+0.3 Mev 
and also others. The resonance width was measured to 
be 4.0+1.0 kev and the corresponding excited state in 
19 is 9.639+-0.011 Mev. 


1931 Kev 


The highest-energy resonance observed was at 1931+ 
2 kev. It is the same as the gamma-ray resonance ob- 
served by Hudspeth ef al.° at 1927 kev. Hill and Blair*® 
observed both alpha particles and gamma rays from 
this resonance, whose energy they measured as 1934+4 
kev. The gamma-ray energies measured in the present 
experiment for this resonance were 9.8+0.2 and 8.454 
0.10 Mev, corresponding to a transition to a member of 
the ground-state triplet, probably the ground state 
itself, and a transition to the 1.5-Mev triplet, probably 
the 1.35-Mev state. The 1931-kev resonance was the 
second narrowest observed in the excitation function, 
being 1.5+1.0 kev in width, and corresponds to a state 
in F® at 9.79340.011 Mev. 
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Reaction C”(d,n)Nt} 


A. E_twyn,* J. V. Kane, S. Orer,t ann D. H. Witkrxson§ 
Brookhaven National Laboratory, Upton, New York 
(Received July 30, 1959) 


The reaction C"*(d,n)N" has Q=—0.28 Mev and so is expected to show strong direct interaction effects 
even at low energies of the bombarding deuterons. We have made an extensive study of this reaction at 14 
values of the deuteron energy between Ea=1.45 Mev and Ey=2.95 Mev. At each deuteron energy the 
differential cross section was measured at about 20 angles between 0° and 165°. Neutron time-of-flight 
techniques were used and each point on each angular distribution represents the detection of at least 10° 
neutrons. Direct interaction effects are seen at all bombarding energies in the backward as well as in the 
forward hemisphere. The differential cross section at 0° shows very pronounced ‘‘resonance”’ structure but 
this largely disappears in the integrated cross section and is due chiefly to interference between the direct 
interaction term and the probably quite small compound nucleus contribution. A rough method for elimi- 
nating the interference terms between the two mechanisms in the differential cross section is proposed and 
applied. The tesultant “purified” angular distribution is remarkably close, in the forward hemisphere, to 
that predicted by simple stripping theory. A backward maximum, much lower than the forward peak, is 


also present but not accounted for. 


INTRODUCTION 


T is well known that the angular distributions of the 

outgoing particles in (d,p) and (d,n) reactions 
leading to definite final states show strong peaking in 
the forward hemisphere for moderate deuteron bom- 
barding energies. Butler and others! have shown how 
to interpret these distributions in terms of the angular 
momentum /, carried into the target nucleus by the 


captured particle. The original formulations of the 
theory made drastic approximations and, even in the 
most favorable cases, were not able to explain the 
experimental shapes in all their details. Modifications 


which have taken into account the Coulomb and 
nuclear interactions of the particles involved have 
improved the fit with experiment especially in the 
angular regions away from the primary maximum in 
the distribution. At incident energies the 
theoretical patterns are especially sensitive to the 
particular model chosen for the nuclear interaction? 
At the present time there is no consistent method 
of including the contribution to the differential cross 
section from compound nucleus formation. Such con- 
tributions exist even at incident energies above the 
Coulomb barrier of the target nucleus. As the incident 
energy is made equal to or less than the barrier height, 
compound nucleus effects tend to become more im- 


lower 


portant, and in many cases may dominate over the 
stripping contributions, smearing out the strong 
asymmetries in the angular distributions. The initial- 
and final-state interactions, both nuclear and Coulomb, 
however, have a similar effect and it is impossible to 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Permanent address: Argonne National Laboratory, Lemont, 
Illinois. 

t On leave from The Hebrew University, Jerusalem, Israel. 

§ Permanent address: Clarendon Laboratory, Oxford, England. 

1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1952); 
Bhatia, Huang, Huby, and Newins, Phil. Mag. 43, 485 (1952); 
P. B. Daitch and J. B. French Phys. Rev. 87, 900 (1952). 

2 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 


assess the relative contribution of compound nucleus 
formation merely by inspection of the angular distribu- 
tion. Even if the pure distributions (stripping and 
compound nucleus) were well-known, interference 
between them would jrvalidate any simple subtraction 
procedure at one bombarding energy. There have been 
various attempts, all more-or-less unsatisfactory, to 
assess the importance of compound nuclear effects in 
deuteron induced reactions at low energies. 

It has been pointed out recently® that (d,p) and (d,n) 
reactions initiated by low-energy deuterons, leading 
to residual nuclear states of low Q-value (+2 Mev), 
may actually show stripping patterns superior to 
those seen at higher energies and higher Q-values. 
Qualitatively, a low Q-value reaction means low 
binding energy of the captured nucleon in the residual 
nucleus. Thus, the ingoing particle need not be closer 
than a few fermis (1 fermi=10~-" cm) to the nuclear 
surface when captured. Furthermore, the outgoing 
particle needs only a small momentum transfer (owing 
to low incident deuteron energy and low Q-value) 
which it can get from the internal deuteron wave 
function even though the neutron and proton may be 
widely separated at the time of stripping. The’ out- 
going particle, therefore, never gets close to the nuclear 
surface and need never feel the effects of the nuclear 
interaction. Thus we satisfy one of the basic approxi- 
mations of the primitive stripping theories. This 
picture can explain the well-developed stripping 
patterns which are observed at low deuteron energies. 
The effects mentioned above should be more marked 
for (d,p) than for (d,z) reactions at low energy in all 
but the lightest nuclei owing to Coulomb barrier effects.® 
“3 See, for example: McEllistrem, Jones, Chiba, Douglas, 
Herring, and Silverstein, Phys. Rev. 104, 1008 (1956); M. T. 
McEllistrem, Phys. Rev. 111, 596 (1958); J. B. Marion and G. 
Weber, Phys. Rev. 102, 1355 (1956); G. C. Phillips, Phys. Rev. 
80, 164 (1950). 

4 Bonner, Eisinger, Kraus, and Marion, Phys. Rev. 101, 209 


(1956). 
5D. H. Wilkinson, Phil. Mag. 3, 1185 (1958). 
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REACTION C!2(d,n2)N!?#3 


The C?(d,n)N" ground-state reaction has a Q-value 
of —0.281 Mev,® so that for low deuteron energies, 
according to the above discussion, well-developed 
stripping patterns might be expected to result. This 
paper presents the results of a study of the angular 
distributions of the neutrons in this reaction over a 
range of incident energies from 1.45 to 2.95 Mev in an 
attempt to study the importance to the cross section 
of stripping and compound nuclear contributions, and 
to observe the interference effects between the two 
mechanisms. 

In addition to this particular consideration the 
effects of direct interactions of other types (e.g., 
heavy-particle stripping and surface reflection) formed 
a secondary objective of this work because it is well 
known that severe disagreement exists between experi- 
ment and usual stripping theory at backward angles. 

Peaks apparently corresponding to levels in the 
compound nucleus N" have been observed in the C®+d 
reactions in the energy range 700 kev to 5 Mev*4 and 
in the B'+a reactions® at the same excitation in N"™. 
Thus, compound nucleus formation is known to occur 
in deuteron-induced reactions on carbon. The ground- 
state (g.s.) spin and parity of N" is 3~, and since the 
spin-parity assignment of C” is 0+, angular momentum 
conservation would predict that, if the reaction pro- 
ceeded predominantly by stripping, the angular 
momentum of the captured proton would be /,=1. 
The angular distributions of the outgoing neutrons in 
the C®(djn)N® (g.s.) reaction at various energies!” 
have shown that such is the case, and thus that stripping 
does indeed occur. 

In order to study the interference between compound 
nucleus formation and direct interaction, one takes 
advantage-of the nature of these processes by realizing 
that effects contributed by the compound state are 
very sensitive to the energy of excitation (and hence 
to the bombarding energy), whereas those contributed 
by direct interaction processes should be relatively 
slowly varying functions of the bombarding energy. 
On this basis it is desirable to make measurements of 
the angular distribution at energy intervals whose 
spacing is small compared with the observed level 
spacings. A corollary of these remarks is that, where 
two such mechanisms are competing, an excitation 
function taken at a single angle, will not, in general, 
give a reliable indication of their relative intensities. 
Further difficulties arise in the location of energy 
levels in the compound system by observation of 
maxima in the differential cross section at one angle. 
This procedure may give rise to apparant differences 
in energy of identical levels which are observed through 
different example, the differential 


reactions. For 


cross-section maxima observed, say, in C?(d,p)C", 


6 F, Ajzenberg and IT’. Lauritsen, Revs. Modern Phys, 27, 77 
(1955). 
7 Middleton et al., Proc. Phys. Soc. (London) A66, 95 (1953) ; 


Benenson, Jones, and McEllistrem, Phys. Rev. 101, 308 (1956). 
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Fic. 1, Target and detector arrangement employed in the 
measurement of the reaction C!2(d,n)N", 


C¥(dn)N", and B'"(a,p)C' may appear to correspond 
to different sets of “levels” in N'4.8 

The present study of a (d,n) reaction, in which the 
angular distributions are examined over a wide range 
of incident energies, is made possible because of the 
extension and improvement of time-of-flight spectros- 
copy to the fast neutron region. The use of millimicro- 
second pulsing techniques in conjunction with Van de 
Graaff accelerators® has already shown the broad utility 
of the method for fast-neutron spectroscopy. 


EXPERIMENTAL CONSIDERATIONS 


The Brookhaven National Laboratory Van de Graaff 
accelerator has been fitted with a pair of electrostatic 
deflection plates in order to produce pulses of charged 
particles. These plates have been placed at a point 
directly after the ions emerge from the probe and 
preaccelerator electrodes in the high voltage terminal 
of the machine. The technique and apparatus have 
been described by Turner and Bloom.” By applying 
an rf voltage of 7.6 Mc/sec to the plates, and by use 
of two pairs of electrostatic refractor plates, it is 
possible in the present setup to accelerate bursts of 
deuterons of 2 to 3 millimicrosecond (mysec) duration 
so that one burst per period of the rf voltage (about 
130 myusec) with an average current of about 0.2 ya 
can be made to impinge upon targets placed at the end 
of a suitable length of beam pipe. 

Figure 1 presents a schematic diagram of the experi- 
mental setup. A thin carbon target was prepared by 
smoking a clean tantalum blank in a benzene flame. 
The thickness of the target was measured by weighing 
and determined to be approximately 0.3 milligram/cm*. 
Neutrons from the (d,z) reaction in the target pass 
down a known flight path inside a suitable shield," 
which could be pivoted from a point beneath the 


5See Figs. 8 and 9 of McEllistrem, Jones, Chiba, Douglas, 
Herring, and Silverstein, Phys. Rev. 104, 1008 (1956). 

9L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 

1 C. M. Turner and S. D. Bloom, Rev. Sci. Instr. 29, 480 
(1958). The actual timing system employed in the present 
experiment has been modified from that described in this reference 
(see text). 

The design of the shield is described in Landon, Elwyn, 
Glasoe, and Oleksa, Phys. Rev. 112, 1192 (1958) 
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Fic. 2, Block diagram of millimicrosecond timing apparatus. 


target, and were detected by a 1}-in. diameter by 2-in. 
long plastic scintillator’ mounted on an RCA type 
6810A photomultiplier tube. In these measurements 
the flight path is about 100 cm. The timing of the 
neutrons is accomplished by referring a “fast” signal 
from the anode and dynode No. 13 of the phototube 
to a beam phase signal obtained electrically when the 
deuterons enter the target,’ in a special time-to-pulse 
height converter. The converter is based on an rf 
vernier technique" suitably modified" for the present 
purpose. The output of the converter was displayed 
on a 100-channel analyzer which was gated by a “‘slow”’ 
signal from a pulse-height discriminator. This signal 
was obtained from dynode No. 10 of the phototube 
and provided a means of pulse-height selection of the 
signals displayed on the 100-channel analyzer. The 
discriminator bias on the slow side was _ suitably 
adjusted so that neutrons corresponding to N® in its 
ground state were detected with close to 100% electronic 
efficiency for the range of deuteron bombarding 
energies used. 

For neutron energies above ~1.5 Mev no difficulty 
was experienced with discriminator settings which 
were set at a few percent of the maximum pulse height 


observed for neutrons of this energy. At neutron 


2 Type Pilot B, Pilot Chemical Corporation, Boston, 
Massachusetts. 

18 J. V. Kane, Rev. Sci. Instr. (to be published). 
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energies below this value, however, too high a discrimin- 
ator setting could result in an appreciably reduced 
neutron efficiency and too low a discriminator setting 
could produce an undesirably large continuous back- 
ground. This effect was investigated by plotting the 
neutron group counts with background subtracted as 
a function of discriminator setting. It was possible 
(with the exception of the backward angles at the 
lowest bombarding energy) to set the discriminator 
low enough so that for most of the data presented 
herein, at least, 98% of the neutrons detected in the 
plastic scintillator were registered properly. At Ez= 1.45 
Mev and 6=150° this effect did not exceed 5%. A 
block diagram of. the electronic circuits employed is 
shown in Fig. 2. 

A typical time-of-flight spectrum is shown in Fig. 3. 
The ordinate gives the total number of counts for a 
given number of coulombs of integrated beam current; 
the abscissa is channel number on the 100-channel 
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Fic. 3. Typical time-of-flight spectrum obtained with the 
apparatus described in this paper. (Note: Time increases from 
left to right ; time zero is inferred from the position of the gamma- 
ray peak; see text). 


display. In this curve time runs from left to right, and, 
as can be seen, about 75 channels correspond to the 
period of the rf voltage (about 130 mysec). Since the 
detector is sensitive to gamma rays as well as neutrons, 
a peak appears on the time scale corresponding to 
y-rays arising in the target. For a flight path of about 
100 cm these arrive at the detector about 3.3 mysec 
after the deuterons hit the target. The peak marked n 
corresponds to the neutrons obtained in the C?(d,n)N™ 
(g.s.) reaction. No other neutron group is seen as the 
incident energy was too low to excite the first excited 
state in N'. The flat portion of the spectrum represents 
a background due to radioactivity in the target, 
radioactivity in the room, and other sources of time 
uncorrelated radiation. The linearity of the time dis- 
play was periodically checked throughout the experi- 
ment by use of a radioactive source as a source of 
random pulses and an rf. generator; the time spectrum 


so obtained was flat within +10%. 





REACTION 


Deuteron bombarding energies quoted in this report 
are those energies as read on a generating voltmeter. 
The actual bombarding energies were possibly higher 
by about 40 kev if the meter was accurate because of 
the additional energy given to the particles by the 
focusing electrodes in the high-voltage terminal. 
However, because of possible uncertainties of +20 kev 
in the voltmeter readings, and because of energy losses 
of the deuterons in the carbon target, it was felt that 
the energies reported represent reasonably correct 
values for the energies of the deuterons producing the 
reaction. 

The yield curve of neutrons in the C"(d,n)N® 
reaction leading to the N ground state was obtained 
with the shielded detector set at an angle of 0° to the 
incident deuteron beam. The bombarding energy was 
varied in 25-kev steps from 1.40 to 3.125 Mev, and a 
complete time spectrum obtained at each energy; each 
run was normalized to the same number of coulombs. 
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Fic. 4. Total cross-section points (triangles) and 0° yield curve 
of the reaction C!#(d,n)N® as a function of deuteron bombarding 
energy. 


The raw data consisting of the total number of counts 
in the neutron peaks minus appropriate backgrounds 
obtained from the flat portions of the spectra were 
corrected for dead time loses in the 100-channel 
analyzer (which were never greater than about 20%) 
buildup of carbon on the target, and for the efficiency 
of the plastic phosphor. This efficiency as a function 
of neutron energy was calculated approximately by a 
method described in the Appendix. Figure 4 shows the 
yield as a function of deuteron bombarding energy at 
0° in the laboratory. No absolute cross sections are 
given. The curve is in good agreement with previous 
investigations.!® 

Angular distributions of the neutrons were obtained 
at deuteron bombarding energies of 1.45, 1.6, 1.7, 1.8, 
1.9, 20, 2.15, 2.3, 2.45, 2.5, 2.6, 2.75, 2.85, and 2.95 
Mev by pivoting the shielded detector underneath the 

18N. Jarmie and J. D. Seagrave, Los Alamos Scientific Labor 


atory Report LA-2014, 1957 (unpublished); Bailey, Freier, and 
Williams, Phys. Rev. 73, 274 (1948). 
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Fic. 5. Differential cross section of the reaction C!2(d,n)N"® in 
arbitrary units as a function of center-of-mass angle at bombarding 
energies indicated. 


target, and obtaining a time spectrum at each of about 
20 angles at each bombarding energy. In addition to 
the corrections mentioned above, it was necessary to 
correct the raw data for neutron absorption in the 
material around the target area, the amount of which 
differed from angle to angle. It was found that for the 
range of neutron energies covered, the total neutron 
loss for the materials involved varied by 15% or less." 
Included in these corrections was the effect of a 3-mm 
aluminum absorber whose purpose was to absorb the 
N" positrons emitted by the target. Using average 
total and measured amounts of the 
substances involved, approximate neutron transmis- 
sions were calculated at each angle. In order to check 
these results a measurement of the D(d,n)He’ cross 
section at a particular energy, using a AlxO;-XD.O 
target, was compared to the known d-D cross section"? 
in the backward angles where the neutron absorption 
is greatest; thus, experimental neutron transmissions 
were obtained. Agreement between these measurements 


cross sections 





Fic. 6. Differential cross section of the reaction C!?(d,n)N* in 
arbitrary units as a function of center-of-mass angle at bombarding 
energies indicated. 

16 Neutron Cross Sections, compiled by D. J. Hughes and R. 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), second edition. 

17 J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 
103 (1956). 
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Fic. 7. Differential cross section of the reaction C(d,n)N® in 
arbitrary units as a function of center-of-mass angle at bombarding 
energies indicated. 


and the calculated transmissions were used to correct 
the data at each angle. Figures 5, 6, and 7 show the 
angular distributions in the center-of-mass system.!* 

Total cross sections in the C!(d,n)N® reaction were 
obtained at each bombarding energy for which an 
angular distribution was obtained by multiplying each 
point on the angular distribution in the laboratory 
system by sin@, and integrating the resulting curve. 
rhese points are shown as the triangles in Fig. 4. Also 
included in Fig. 4 are points at 180° in the laboratory 
system obtained by extrapolating the angular distribu- 
tions to the backward direction. 


DISCUSSION 


Each angular distribution was fitted by the elemen- 
tary Butler theory formulation using the tables of 


Fic. 8. Butler fit to differential cross section 
at 1.45, 1.60, 1.70, 1.80, Mev (see text). 
‘8 J. B. Marion and A. S. Ginzberg, Atomic Energy Commission 
Report NP-6241, 1957 (unpublished). 
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Lubitz” for a value of /,=1. The “radius,” r, of this 
theory was treated as an adjustable parameter; the 
value chosen so that the peak of the theoretical dis- 
tribution fits the experimental distributions. Figures 
8-13 show the Butler fits to the angular distributions. 
There is of course no merit in this quite arbitrary 
procedure other than the general demonstration that 
such fits can be forced for values of the effective 
stripping radius that are physically reasonable. It is, 
however, very remarkable that the experimental 
angular distributions so closely resemble the most 
primitive theoretical predictions. It is particularly 
noteworthy that the ratio of cross sections at the 
peak and at 0° should so closely tally with the simple 
prediction and the agreement as to the rate of fall of 
cross section beyond the peak towards 90° is also 
remarkable. At only one of our bombarding energies 
(1.80 Mev) does the forward peak not appear at an 
angle consistent with /,=1. It is clear that although 
from the 0° excitation function (Fig. 4) resonances 
appear to be very important, yet in fact the course of 
the angular distribution is guided chiefly by direct 
interaction at all or almost all bombarding energies. 
The rapid variations of the 0° cross section are due 
chiefly to interference between the underlying direct 
interaction mechanism and the effects of individual 
levels, and we obviously cannot interpret their ampli- 
tude as a representation of the relative importance of 
compound nucleus formation. This is emphasized by 
comparing the integrated cross section with the 0° 
differential cross section (Fig. 4). As can be seen, the 
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Fic. 9. Butler fit to differential cross section 
at 1.9, 2.0, 2.15 Mev. 


CC. R. Lubitz, Atomic Energy Commission Report AECU- 
3990, 1957 (unpublished). 
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Fic. 10. Butler fit at 2.3 and 2.45 Mev. 


integrated cross section is very different in its structure 
from the differential 0° cross section and shows none 
of the sharp and pronounced ‘resonances’ though i 
is in the total cross section that compound nucleus 
effects must appear if they truly represent a major 
contribution to the reaction mechanism. A similarly 
interesting comparison is between the 0° and extra- 
polated 180° differential cross sections. It is seen that 
the correlation is poor and there is an 
anticorrelation. This is indeed what we should expect 
if the bulk of the “resonance” structure is due to 
interference effects between the two mechanisms. The 
clear conclusion of this study is that although such 
maxima and minima at a given angle indicate the 
presence of compound nucleus resonances whose spacing 
in excitation is of the order of the spacing of the struc- 
ture in the O° differential cross section,? we cannot 
say more than this and in particular cannot conclude 
that a resonance level exists at excitation corresponding 
to a maximum in the differential cross section taken 
at any arbitrarily chosen angle. 

Equally persistent with the forward maximum, 
though not so well-marked, is the backward maximum 
at less than 180° seen at almost all bombarding energies 
(the two energies where it is not clear, A,=2.30 and 
2.45 Mev, have strikingly different behavior near 180° 
and this is obviously another demonstration of the 
importance of interference effects). Since this back- 
ward peaking at a finite angle carries through the 


sometimes 


whole range of bombarding energy (Fig. 14), it must 


equally be a direct interaction phenomenon though 


* The level spacing alternatively might be rather less than this 
and we see the result of interference with the fluctuations of the 
compound nucleus level density. 





Fic. 11. Butler fit at 2.50 and 2.60 Mev. 


not one predicted by the simplest stripping model. 
This might emerge from a more refined calculation of 
ordinary stripping as a distorted wave effect. It might 
alternatively represent some additional direct inter- 
action mechanism such as heavy-particle stripping.*! 
This latter we should expect to be relatively un- 
important here because of the very high binding energy 
(18.7 Mev) of a neutron in C™. As a check we have 
plotted some of the observed cross sections as a function 
of the magnitude of the heavy-particle momentum 
transfer vector (Fig. 15). No correlation is observed 
between the backward peak and any single heavy- 
particle effective radius of stripping. It is concluded 


Fic. 12. Butler fit at 2.75 and 2.85 Mev 


21G, E. Owen and L. Madansky, Phys. Rev. 99, 1608 (1955). 
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Fic. 13. Butler fit at 2.95 Mev. 


that the heavy-particle stripping concept is not very 
helpful in understanding the backward peaking ob- 
served in this reaction. For comparison purposes Fig. 16 
shows a plot of some of the cross sections as a function 
of the ordinary stripping momentum transfer vector gq. 
(The factor rk? is given in the tables of Lubitz’® but 
is unimportant for the purposes of this discussion.) It 
can be seen that peaks are observed in the range 
g(10" cm~) =0.20 to 0.26 which are consistent with 
the conceptual nature of the radius parameter in 
ordinary stripping. Butler, Austern, and Pearson” 
suggest that surface reflection might be the mechanism 
responsible for the backward peaking. As explained 
earlier, the low Q-value of this reaction will favor 
simple stripping and we may anticipate that a fuller 
treatment of that process should explain the behavior 
in the backward as well as the forward hemisphere. 
Further evidence for interference effects comes from 
the variation with deuteron energy of the stripping 
radius that gives the best fit in the simple theory. 
These radii are shown in Fig. 17; Fig. 17 shows their 
with deuteron energy. The interference 
effects distort the direct interaction pattern and this 


variation 


is reflected in the change of apparent stripping radius. 
Note in particular that in the region of E,=2.2 Mev 
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1227 (1958). 


* Butler, Austern, and Pearson, Phys. Rev. 11 
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where the total integrated cross section shows a broad 
maximum (Fig. 4), the ratio of 0° to 180° differential 
cross sections has a maximum value (approximate 
equality would be expected if a single true resonance 
dominated) and also the apparent stripping radius 
passes through a minimum. 

It would be very valuable if we could subtract from 
our results the effects of compound nucleus formation 
and reveal the underlying direct interaction distribution 
for comparison with the detailed predictions of a more 
realistic model of the direct interaction. As we have 
emphasized, the interference effects that show up very 
clearly in our work make meaningless any simple sub- 
traction procedure such as removing an “isotropic 
background” to represent compound nucleus formation. 
We might still advance tentatively in the following way. 


+b 


Fic. 15. Normalized yield, as a function of heavy-particle 
momentum transfer magnitude g, for a number of bombarding 
energies. (Other values of the energy are omitted for clarity). 


Even if compound nucleus formation is a minor con- 
tributor to the total cross section it will still, through 
its interference with the direct process, strongly affect 
the angular distribution; the processes are coherent. 
The interference terms themselves, however, will 
depend sharply on the bombarding deuteron energy 
since the phase of the compound nucleus contribution 
changes quickly by 180° as we pass across any one 
level while that of the direct process changes smoothly 
and slowly. If then we had angular distributions 
available at finely-spaced bombarding energies, they 
could be appropriately averaged over an energy range 
greater than the estimated level spacing in a manner 
that would remove the interference terms without 
determining them. In this way we could make the 
processes effectively incoherent. Our present results 
are numerous and enable us to make a first approxi- 
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mation of this plan without, however, having very 
great confidence in the outcome. We have chosen a 
procedure that enables us to allow to some degree for 
the expected change with bombarding energy of the 
direct interaction pattern itself.2* We have seen that 
in the forward hemisphere the correspondence with 
the simple stripping pattern is good. We therefore, at 
each deuteron energy and for angles forward of 90°, 
refer our experimental results to our best fit to the 
simple stripping theory arbitrarily normalized at the 
peak of the angular distribution (see Figs. 8 through 13). 
These experimental to theoretical cross section ratios 
are then themselves suitably averaged and then used 
to reconstruct an average experimental cross section 
referred to a particular arbitrarily chosen deuteron 
energy (we have taken E,=2.85 Mev). In the back- 
ward hemisphere we have no such theoretical pattern 
to guide us and so have simply averaged the experi- 
mental results, suitably fitted at 90° to those resulting 
from the earlier procedure in the forward hemisphere. 
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Fic. 16. Stripping momentum transfer. Normalized yield, 
Ne.m.(0)/rka*, as a function of the ordinary stripping momentum 
transfer magnitude g for a number of bombarding energies. 


This is encouraged by the fact that the angle at which 
the backward maximum is found varies only very 
slightly and unsystematically with deuteron energy. 
The resultant averaged distribution is given in Fig. 18, 
together with the simple stripping pattern. We believe 
that to a crude approximation we have eliminated 
the direct interaction-compound nucleus interference 
terms and that what we have revealed is the direct 
interaction pattern plus a presumably more-or-less 
isotropic compound nucleus contribution. It seems 
that the latter term is probably quite small and 
perhaps very small. The closeness of the fit in the 
forward hemisphere between experiment and _ the 
simplest theory is astonishing. (In the averaging 
procedure we employed the fitted theoretical Butler 
angular distributions but we would like to emphasize 


3 The obvious way to introduce the effective incoherence is to 
use a target thick compared with the spacing between compound 
nucleus levels. This procedure is adequate, however, only if the 
direct interaction pattern itself is constant in this energy range. 
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I'iG. 17. Radius chosen for “best fit” to Butler theory as a 
function of dueteron bombarding energy. 


that the described procedure is not essential to the 
method. Good agreement is obtained between experi- 
ment and the Butler theory even if other averaging 
processes are used [see Fig. 19].) We can offer no 
explanation for the excellent agreement between 
experiment and the simple theory until a realistic 
computation using distorted waves has been carried 
out. It will be of the greatest interest to see whether 
this calculation can account for the systematic behavior 
backwards of 90° for which the simple theory fails 
completely. 
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Fic. 18. Angular distribution (2.85 Mev, r=4 fermis) with 
interferences removed. Dashed curve: Butler pattern for r=4.0 
X10~ cm and Ey=2.85 Mev. Full curve: composite experimental 
curve for Eg=2.85 Mev. (In the forward hemisphere at each Eg 
the experimental angular distribution has been expressed in 
terms of its best Butler fit for E,>1.9 Mev. The logarithms of 
the ratios to Butler for all Hy at each angle have been added and 
their mean taken as a measure of departure from Butler averaged 
over the whole range of deuteron energies considered. In the 
backward direction the experimental results have been averaged 
and a fit made at 90°). 
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Fic. 19. Average of angular distributions in the regions of 1.6 
Mev-2 Mev, 2 Mev-—2.45 Mev, and 2.45 Mev-2.85 Mev. The 
dots in each of the 3 curves represent the arithmetic mean of the 
measured yields at each angle in the corresponding regions 
Solid curves represent the Butler fits calculated for energies in 
the middle of the averaging regions. 
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APPENDIX. EFFICIENCY OF THE 
PLASTIC DETECTOR 


The detector is a cylinder of diameter / and length L 
uniformly irradiated by monoenergetic neutrons in- 
cident along its axis. The respective densities of 
hydrogen and carbon atoms are my and ne and the 
respective nuclear neutron cross sections are on and ac. 
Define o:= (nn/Nc)out+ac. The probability of a neutron 
interacting with hydrogen is 

(Wy/Nc)OH O1—-9C ' 
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the fraction of incident neutrons that are absorbed is 
1—exp[— (nnon+ncoc)L |= 1—exp(—ncorl.) 


and the probability that the initial collision will be 
with a proton is 


pi=AL1—exp(—nco1L,) |. 


Some of the neutrons scattered by carbon in the 
plastic will subsequently interact with a proton. The 
relative probability of an interaction with a carbon is 


oc o1—(ny/nc)on 


Ct Ot 


We call the probability that a neutron interacts with 
a proton after scattering from a carbon po». 
Then the efficiency € is 


e= pill+ po(1—A) + p2?(1—A*) + - ++ J, 
c= pi/[1— (1—A) po J. 


To calculate po, (a) we neglect the attenuation of the 
neutrons passing through the scintillator, (b) we 
assume that the carbon scattering is isotropic, and (c) 
we make the approximation that the neutron scattered 
from the carbon sees a spherical scintillator of the 
same volume as the cylinder, i.e., 


37k =frk?L, 
2R= (3/°L)'. 


The differential probability of a neutron seeing a 
length 7 of scintillator is 


3 43 
dp(l)=- 1-( ) dl; 
4R 2R 


each of these lengths / has an absorption for neutrons 
given by 
T(l)=1—exp(nco}/), 


So 
2R 


p= | T(d)dp(i). 


Integration gives 


where «= 2Rnco, or x= (3/°L) incor. 
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Directional and Polarization Correlation Measurements on Eu'*’” 


G. T. Woop* 
Institute for Theoretical Physics, University of Copenhagen, Copenhagen, Denmark 
(Received July 31, 1959) 


The spins and parities of the 1511-kev level in Sm! and the 1315-kev level in Gd'® are discussed on the 
basis of directional correlation and polarization-direction correlation measurements on the 1389-122 kev 
and 970-344 kev gamma-gamma cascades, following the decay of 9-hour Eu'?". Both levels have been 
assigned spin and parity 1~. In order to check the apparatus on cascades known on the basis of previous 
measurements, directional and polarization-direction correlation measurements have also been made on 
the 842-122 kev (from 9-hour Eu'®”) and 1409-122 kev (from 12-year Eu'®) cascades in Sm!®. 


INTRODUCTION 


UROPIUM-152 decays by electron capture to 

levels in the deformed nucleus Sm!” and by 6 
decay to levels in Gd! which has a spherical equilibrium 
shape in the ground state.'~® The study of this radio- 
activity, therefore, offers the possibility of making a 
direct comparison between two nuclei with very 
different structures. Of particular interest is the 
occurrence in both nuclei of odd-parity states which 
possibly may be interpreted as octupole vibrational 
states. This has tentatively been suggested for the 
963-kev, 1- state of Sm'* and for the 1124-kev, 3> state 
state of Gd'® (see Fig. 1 for the pertinent parts of the 
decay scheme, constructed on the basis of other 
work!?4.5.7, and the results of this investigation). 
These two states appear to be the lowest odd-parity 
excitations occurring in the two nuclei. According to 
the theory® the second member of the vibrational 
spectrum associated with the 3~ state in Gd! should be 
a 1~ state. This is consistent with what is known 
about the 1315-kev level in Gd'® although there was 
no direct experimental evidence to support this at the 
time the present work was initiated. 

This communication is concerned with a study of the 
1511-kev level in Sm'® and the 1315-kev level in Gd'™ 
using angular correlation techniques involving measure- 
ments of directional and polarization-direction correla- 
tions of y—vy cascades following the decay of 9.2-hr 
Eu!" 

As is well known,’ a directional correlation measure- 
ment gives information which restricts the possible 
choice of spin values which can be assigned to the 
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nuclear energy levels involved in the y—vy cascade but 
it is not sensitive to the parities of the nuclear levels. 
On the other hand a polarization-direction correlation® 
is sensitive to the electric or magnetic character of the 
y ray whose polarization is detected. In addition, the 
polarization-direction correlation depends on the spin 
values of the nuclear levels and in cases where the 
y ray whose polarization is measured is possibly 
mixed,* additional restriction on the possible choice 
of spin values can be inferred over that given by the 
directional correlation alone. In this way it may be 
possible to give a unique interpretation to the spins 
and parities of the levels studied. 


DIRECTIONAL CORRELATION MEASUREMENTS 


The directional correlation measurements were 
performed with two 1}-in.X1}-in. Nal scintillation 
crystals and a fast-slow coincidence circuit with resolv- 
ing time set at 2r=1.4X10~-* sec. The measurements 
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Fic. 1. Partial decay scheme of Eu'®” constructed on the basis 
of references 1, 2, 4, and 7 and the results of this investigation. 
Pertinent parts of the decay scheme of 12-year Eu!® are indicated 
with dotted lines.® 
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were performed for three angles between the counters, 
90°, 135°, and 180°, and were fitted by an expansion in 
Legendre polynomials, 1+ A 2P2(cos#@)+ 4 4P4(cos#). The 
directional correlation coefficients, A» and A4, were 
adjusted to fit the measured distribution and are given 
in Table I for the four cascades measured. For all four 
cascades a }-mm thick Cd absorber was used before 
the counter detecting the lower energy photon in 
order to reduce K-capture x-rays. A 3-mm Pb absorber 
was used before the counter detecting the higher energy 
photon to absorb 122-kev photons in addition to the 
x-rays. In the case of the 970-340 kev cascade a lead 
shield was positioned between the counters to reduce 
spurious coincidences due to Compton scattering. 
Corrections were applied for source decay, for random 
background counts, for coincidences due to 12-year 
Eu'®, and for the finite angular resolution of the 
counters. The 842-122 kev cascade has been previously 
studied by Grodzins.' The present results are consistent 
with his assignment of spins 1—2—0 to the levels 
involved in this cascade. The 1415-122 kev cascade 
in the 12-year Eu'® was measured in order to further 
check the apparatus and the results agree with Ofer’s 
measurements" and are consistent with his assignment 
of spins 2—2—0 to the levels in this cascade. 
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Fic. 2. The directional correlation coefficients Az and A, are 
plotted for various choices of spin J for y—~y cascades having the 
spin sequence J —2—0. The possibility of mixtures is considered 
for J =2, 3, and 4 and the curves for these spin values are paramet- 
ric in the quadrupole to dipole mixing ratio 6. Markers are placed 
along the curves to indicate the points for 5=0, +0.1, +0.2, 
+0.5, +1, +2, +5, +10, and ~ but only the values 0, +1, 
and are labeled. A rectangle is plotted to show the experimental 
limits on the measurement of Cascade C (see Table I). The 
corresponding rectangle for Cascade D lies within the rectangle 
plotted for Cascade C. 


14S. Ofer, Nuclear Phys. 4, 477 (1957). 
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Taste I. The results of directional correlation measurements on 
cascades following the decay of 12-year Eu'!® (Cascade A) and 
9-hour Eu'®™ (Cascades B, C, D). The results are given in terms 
of Az and A,,the coefficients of expansion in Legendre polynomials. 
The errors quoted are standard deviations and do not account 
for possible systematic errors. 


Cascade Ag 


—0.009+-0.032 
+0.004+0.018 
+-0.006+0.028 
+0.009+0.021 


+0.250+0.017 
—0.231+0.013 
—0,221+0.019 
—0.226+0.014 


Sm! = 1409-122 kev 
Sm! = 842-122 kev 
Sm! 1389-122 kev 
Gd'® 970-344 kev 


The measured directional correlation functions for 
the three Cascades B, C, D are all identical within the 
experimental limits. The measured directional correla- 
tion coefficients for the unknown Cascades C and D 
are compared in Fig. 2 with the theoretical values for 
different spin choices J—2—0 (J=0, 1, 2, 3, 4) to 
the levels involved in these cascades. The use of this 
form of .representation was discussed previously in 
references 10, 12, and 13. The curves are parametric 
in 6, the ratio of the quadrupole to dipole reduced 
matrix elements.* The experimental limits on A2 and 
A, for Cascade C are indicated by the rectangle on Fig. 2. 
The corresponding rectangle for Cascade D is omitted 
for the sake of clarity, but lies within the rectangle for 
Cascade C. It is seen that the measurements are con- 
sistent with the spin values 1 or 3 for the initial states 
but not with spin 0, 2, or 4. If in either case the spin 
of the initial state is 1, the first transition of this 
cascade must proceed by an almost pure dipole radiation 
with 6’, the ratio of the quadrupole to dipole transition 
probabilities, less than 0.001. However, the slight 
deviation of the experimental results from the theoret- 
ical value A2= —0.25 for a pure dipole transition may 
also be explained by small extranuclear attenuation 
effects.“ If the spin of the initial state is 3, the first 
transition proceeds by a mixed dipole-quadrupole 
radiation with the mixing ratio 6?=0.035+0.005. 


POLARIZATION-DIRECTION CORRELATION 
MEASUREMENTS 


The polarization-direction correlation apparatus con- 
sisted of four scintillation counters using NalI(T]l) 
crystals mounted on RCA-6342 photomultiplier tubes 


arranged as shown in Fig. 3. The direction of one 
y ray in the cascade is determined by the “‘direction 
detector,” Counter 1. Both polarization and direction 
are determined for the other y ray by the “polarization 


3, and 4. Here, 
sensitive 


detector” consisting of Counters 2, 
Compton scattering is the polarization 
process. The scattering occurs in the scintillation 
crystal of Counter 2 and the scattered y ray may be 
detected in either Counters 3 or 4. Counters 3 and 4 
can rotate together about the axis of Counter 2 but 
are fixed relative to each other so that the planes defined 
by Counters 2—3 and 2—4 are perpendicular. The 
polarization sensitivity of Compton scattering to a 
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y ray initially plane polarized and having a given energy 
and angle of scattering is characterized by the ‘“asym- 
metry ratio,” R, which for point detectors is defined 
as the ratio of the Klein-Nishina differential cross 
sections for scattering in planes perpendicular to 
parallel, respectively, to the initial plane of polarization. 
In the actual apparatus the asymmetry ratio can be 
defined as the ratio of coincidence rates 2—4 to 2—3 
for a beam of y rays incident on Counter 2 with plane 
of polarization in the plane of Counters 2—3. The 
asymmetry ratio of the apparatus is, of course, reduced 
over the ideal case due to the finite angular resolution of 
the counters and the fact that the y rays may scatter 
more than once in the scatterer crystal. Nal was 
employed for the scatterer crystal since it gives approxi- 
mately three times greater Compton scattering cross 
section than organic crystals such as anthracene. It is 
possible to use NaI in the experiments reported here 
since the photons whose polarizations are detected are 
of sufficiently high energy (842 to 1409 kev) that they 
are not strongly absorbed by photoelectric effect in 
the crystal. NaI is also more convenient since the 
photopeaks can be used for pulse-height calibration. 
As seen in Fig. 3 the angle between the direction and 
polarization detectors is fixed at 90° since this angle 
gives the maximum polarization effect for the y—7¥ 
cascades investigated in this work. 

A block diagram of the fast-slow coincidence arrange- 
ment is shown in Fig. 4. The last three dynode voltages 
of each photomultiplier are stabilized against high 
counting rates by replacing the last three resistances in 
the photomultiplier voltage divider by 150-volt neon 
tubes.!° Fast pulses are taken directly from each 
photomultiplier collector through RG 114 cable into a 
Hewlett Packard Wide Band Amplifier 460 A. In the 
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Fic. 3. A diagram of the counter arrangement used in the 
polarization-direction correlation experiments. Counter 1 is the 
direction detector. Counters 2, 3, and 4 make up the polarization 
detector with Compton scattering taking place in Counter 2. The 
axis of Counters 3 and 4 which detect the scattered y rays are 
shown lying in planes parallel and perpendicular, respectively, 
to the plane defined by the axes of Counters 1 and 2. Counters 3 
and 4 can be rotated together through 90° to the point where 
Counter 4 has the position shown by Counter 3 in the diagram. 
All four counters employed NalI( Tl) scintillation crystals in these 
experiments. P.M.: Photomultiplier. 
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fast coincidence circuit input, pulses are shaped and 
added and coincidences are selected with a biased 
germanium diode in a conventional manner. The slow 
pulses on each counter come from the last dynode of the 
photomultiplier through a cathode follower and are 
coupled directly without amplification to pulse-height 
selectors. Pulses from Counters 2, 3, and 4 are added in 
pairs 2+3 and 2+4. The sum spectra give iull energy 
peaks having pulse height and width equal to the 
corresponding photopeaks in Counter 2.!° Then energy 
selection is obtained in the polarization detector by 
picking out the appropriate full energy peak with a 
pulse-height selector. The pulses from Counters 3 and 
4 trigger integral discriminators biased low. In addition, 
pulses from Counter 2 are pulse-height selected with a 
relatively wide window. Thus, limits on the distribution 
of scattering angles in the scatterer crystal are defined 
for a given photon energy. Also with pulse-height 
selection on Counter 2, one can eliminate spurious 
scattering of photons from Counters 3 and 4 to Counter 
2. As shown in Fig. 4 the outputs of the fast coincidence 
circuits, F 234 and F 12, and the pulse-height selectors 
S1, §2, $3, S4, §2+3, $2+4 are combined in slow 
coincidence circuits (27~0.4 usec) giving fast-slow 
coincidences 1—2, 2—3, 2—4, 1—2—3, and 1—2—4. 

For one of the runs an antipile-up circuit'® was 
added to the system. Pile-up events are first detected 
in the mixed train of pulses from Counters 1 and 2. 
A pile-up event may be due to two pulses originating 
in the same counter (either 1 or 2) or to single pulses 
from the two counters piling up when mixed. Should 
there be a fast-slow coincidence 1—2 associated with 
one of the pulses in the pile-up event, it will be rejected 
by an anticoincidence circuit. The pile-up detection is 
accomplished in the following way. Pulses from the 
fast outputs of Counters 1 and 2 are differentiated, 
mixed by addition, amplified, and limited. A single pulse 
at the limiter output consists of a positive spike of 0.1 
microsecond duration followed by a negative under- 
shoot. A Schmidt trigger circuit is turned on by the 
first pulse in a pile-up event and is turned off at the 
time when the slow outputs of Counters 1 and 2 become 
cleared of pulses. Finally the Schmidt trigger output 
is delayed by 0.1 microsecond and pile-up events are 
detected as coincidences between these delayed pulses 
and the fast limiter output. Thereby, most of those 
events which would otherwise be incorrectly counted as 
to pulse height are eliminated. This is of value partic- 
ularly in polarization-direction correlation experiments 
where it is often necessary to use high counting rates 
(~100 000/sec total counting rate per channel) in 
order to achieve reasonable triple coincidence « ounting 
rates. 

In order to make the measurement of a polarization- 


direction correlation, the numbers of coincidence counts 


16The author is indebted to Dr. R. E. Bell for the idea of 
developing an antipile-up circuit, and for its basic design. 
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4-2-3 


Nos, Neos, Nis, and Ny are recorded on scalers for 
runs involving two positions of the Counters 3 and 4. 
In the first position the planes defined by Counters 
2—3 and 1—2 are parallel and in the second position 
these planes are perpendicular. For the first position 
we compute the ratio of normalized triple coincidence 
counting rates S(1)= (.V423/N23)/(Nie4/N24) and for 
the second the ratio $(2)= (.Vy04/No4)/(N123/No3). In 
first order the ratios S(1) and S$(2) should be indepen- 
dent of variation of counter efficiency associated with 
electronic drift and should be equal provided the 
pulse-height selection is approximately the same for the 
2—3 and 2—4 coincidence combinations. However, 
should there be a small difference between the ratios 
Ni23/No3 and Nyo4/No4 (apart from statistical varia- 
tions) when measured in runs in which 
Counters 3 and 4 have the same position, then this 
asymmetry will cancel in the geometric mean quantity 
S=(S(1)S(2)]!. If there is no polarization effect, 
S=1. This procedure described here using two counters 
instead of one to detect the scattered radiation has 
the advantage of giving greater stability against 
electronic drift in addition to doubling the rate of 


successive 


Fic. 4. A block diagram of the 
polarization-direction correlation 
electronics. FC: fast coincidence 
circuit, SC: slow coincidence 
circuit, PHS: pulse-height selector, 
D: discriminator, PUB: pile-up 
detector, A: anticoincidence input, 
FO: fast output, SO: slow output. 
In the upper right-hand corner of 
the figure the numbers 6 and 1.5 
should be reversed; i.e., the upper 
term should read 1.5X10-® sec, 
and the lower term should read 
6X 10-8 sec. 


SCALAR 
1-2-6 


data taking. Moreover, the results are independent of 
source decay during the runs. 

The measured quantity S is to be compared with the 
corresponding theoretical value obtained from the 
relation S=(p+R)/(pR+1), where p is the ratio of 
probabilities of polarization parallel to perpendicular 
with respect to the plane of the two radiations for the 
gamma-ray detected in the polarization detector and 
R is the asymmetry ratio of the polarization detector. 
The quantity p can be calculated from the formula 
and tables of Rose*® for various assignments of spin to 
the levels involved in the cascasde. 

In order to compare theory with experiment it is 
necessary to know the asymmetry ratio, R of the 
apparatus for the photon energies involved. Although 
R can be calculated from the Klein-Nishina formula for 
Compton scattering, the calculation is made difficult 
due to the finite sizes of the detectors and the effect of 
double or higher order scattering. In these experiments 
R was determined experimentally by measuring the 
polarization-direction correlations of two known cas- 
cades, the 1409-122 kev cascade in the 12-year decay 
of Eu'® and the 842-122 kev cascade in the 9-hour 
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decay of Eu'™, The levels involved in these cascades 
have been studied previously from directional correla- 
tions and internal conversion measurements and have 
been assigned spins and parities 2~(£1)2+(£2)0*,42 
and 1~(£1)2+(£2)0*,' respectively. From the polariza- 
tion-direction correlations of these cascades, R was 
determined for the photon energies 1409 and 
842 kev. An interpolation with respect to energy is 
used to determine R for other photon energies inter- 
mediate to the above. The _polarization-direction 
correlation results for the known and unknown cascades 
are presented in Table IT. 

From the measured values of S, the quantity p is 
calculated for the unknown Cascades C and D. The 
quantity p, so determined, is compared with the 
theoretical possibilities in Fig. 3. Here, p is plotted 
versus the directional correlation coefficient A," for 
the various possibilities of spin sequence J —2—0 where 
J=0, 1, 2, 3, and 4. The curves are parametric in the 
quadrupole to dipole mixing ratio 6. For p>1, 1/p is 
plotted versus A» instead of p. From the comparison of 
theory with the  polarization-direction correlation 
results in Fig. 5, it is possible to rule out some of the 
possibilities consistent with the directional correlation 
measurements alone. From Fig. 2 it was seen that the 
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Fic. 5. The polarization-direction correlation function, /p, is 
plotted for an angle of 90° between the cascade photons versus the 
directional correlation coefficient, A», for gamma-gamma cascades 
having the spin sequence J —2—0. The possibility of mixtures is 
considered for J=2, 3, and 4 and the curves are parametric in 
the quadrupole to dipole mixing ratio 6. Markers are placed along 
the curves to indicate the points for 5=0, +0.1, +0.2, +0.5, +1, 
+2, +5, +10, and ~, but only the values 0, +1, and ~ are label- 
ed. Rectangles are plotted to show the experimental limits of the 
measurements of p and A» for the Cascades C and D (see Table I). 
The rectangles labeled C’ and D’ are the mirror images about the 
p=1 axis (i.e., p-=1/p-') of the rectangles C and D, respectively. 
By comparing the rectangles C’ and D’ with the theoretical 
curves it is possible to consider the cascades in which the first 
transition has the opposite parity change from the one indicated 
by the label on each curve. 
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TABLE II. Polarization-direction correlation results for cascades 
in 12-year Eu'® (Cascade A) and 9-hour Eu!@™" (Cascades B, C, 
and D). The polarization and direction detectors subtend an 
angle of 90° on the source. For Cascades A and B, R is calculated 
from S which is measured and p which is calculated from the 
known spin values. In Cascades C and D, R is obtained by inter- 
polation in photon energy of the values determined from Cascades 
A and B for energies 1409 and 842 kev, respectively. Then 1/p is 
calculated from the measured S and the computed R. These 
experiments were performed with a $-mm Cd absorber before 
Counter 1 in order to reduce K-capture x-rays and a 3-mm Pb 
absorber before Counter 2 to absorb both the 122-kev photons 
and the x-rays. 


p Ss \/p 
(theory) (experiment) R 


Cascade (calculated) 


A. Pol. 1409-Dir. 122 kev 0.4 
B. Pol. 842-Dir.122 kev 2 
C. Pol. 1389-Dir. 122 kev 
D. Pol. 970-Dir. 344 kev 


ta 
2.19 
1.74 
2.07 


1.26+0.03 
0.78+0.01 
0.79+0.04* 
0.84+0.04 


0.40+0.13 
0.60+0.10 


® For this measurement of Cascade C an antipile-up circuit was used in 
order to reject pile-up events which were present due to high coynting 
rates. Two measurements made without the use of the antipile-up circuit 
gave S =0.90+0.04 and S =0.91 +0.04, 


directional correlation measurements could be fitted 
if spins and parities 1+—2+—O*t or 3+—2+t—Ot are 
assigned to the levels involved in the 1389-122 kev 
and 970-344 kev cascades. For both of these cascades 
only the spin and parity assignment 1~(£1)2+(42)0* 
gives a reasonable fit to the polarization-direction 
correlation results as is seen in Fig. 5. Consequently, 
we are led to assign spin 1~ to both the 1511-kev level 
in Sm!” and the 1315-kev level in Gd'® and £1 to the 
1389- and 970-kev transitions emitted from these states. 


DISCUSSION 


Wood and Nathan* searched for the 1315- and 
1389-kev K internal conversion lines in the Copenhagen 
six-gap “orange” type 6-ray spectrometer set to an 
energy resolution of 1%. Only weak indications of 
these lines were found above the continuous #-ray 
background of the source. As shown in Table III, 
these measurements suggested /1 for the 1315-kev 
transition and M1 for the 1389-kev transition although 
the possibility of £1 in the later case was not excluded. 
Marklund ef al.4 have measured both the internal and 
external conversion lines for the 970-, 1315-, and 
1389-kev transition in the Uppsala double focussing 
iron yoke spectrometer used at energy resolutions of 


TABLE III. Measurements of A internal conversion coefficients of 
transitions following the decay of Eu!®”. 
ak X108 
Marklund Sliv and Bande 


Wood anc 
: et al.» El E2 


rransition Nathan® 


970-kev Gd! 
1315-kev Gd! 
1389-kev Sm!” 


1.0+0.5 0.9 
> + 0.5+0.2 0.6 
0.4+0.2 0.5 


<0.7 
1.5+0.6 


8 See reference 3 

> See reference 4 

eL. A. Sliv and I. M. Band, Leningrad Physico-Technical Institute 
Report, 1956 [translation: Reprt 57 ICCK1, issued by Physics Department, 
University of Illinois, Urbana, Illinois (unpublished) }. 
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0.3-0.4%. As seen in Table IIT their results are consist- 
ent with an assignment of £1 to all three transitions in 
agreement with the present angular correlation work. 

The assignment of spin 1~ to the 1511-kev level in 
Sm!” raises the problem why no transition is observed 
between this level and the ground state. If we consider 
this state to be described by a pure quantum number 
K=1 then the theory® governing branching to levels 
in a rotational band predicts that the intensities of the 
1389-kev and 1511-kev gamma rays should be in the 
ratio of 0.39 to 1. However, examination of the gamma- 
ray spectrum both on a scintillation spectrometer® 
and by external conversion in a double focussing 
spectrometer’? indicate that the intensity of the 
1511-kev crossover gamma-ray is less than 1% of the 
1389-kev gamma-ray intensity. There is the possibil- 
ity that this effect is caused by a mixing interaction 
between two K-bands. It is presumed that the two 1- 
levels at 1511 kev and 963 kev are the lowest energy 
levels, respectively, of two rotational bands having 
K=1 and K=0. Then the 963- and 1511-kev levels 
which we call @ and 8, respectively, can be described 
by mixed wave functions: 


] 
Vo= du Kav 1+ by uw .Kel 
and 


Vs= ay ,K- ro — bbw kK a 


where a and 8 are treated as adjustable parameters. 
We define the “mixing parameter” x=)/a and the 
ratio of matrix elements between the initial and final 
intrinsic states x' and x/, as 


v2 Xx |M(F1)|Xx 1) 
Vy ” ° 
(Xx! | M(E1)|XK~0') 


The v2 factor in the expression for y comes about as the 
result of symmetrization of the wave function 


Yu,Ke'=. 


17 J, Marklund, Nuclear Phys. 9, 83 (1958). 


WOOD 


The following expressions are deduced!* for the branch- 
ing of the a and 8 states to the ground state and first 
excited states in terms of ratios of reduced transition 
probabillties : 

BLF1, a — I;=2, K;=0] 


B[E1,a— I,=0, K;=0] 


and 


BLE1, 8 > I,=2, K;=0] 
B[E1,8— 1,=0, K;=0] | 


The observed y-ray intensities can be fitted if one sets 
x=—y=+0.27. However, to support or reject this 
result more experimental information is needed. One 
possibility would be to measure the ratio of the lifetimes 
of the two 1~ levels. Using the values of x and y found 
above, the ratio of these lifetimes can be predicted to 
have the value 7g/7t~=2.5. In addition it would be 
illuminating to determine the energies of the rotational 
levels built on the two 1~ levels in order to compare 
with the predicted distortion of the level spacings in 
rotational bands due to K-band mixing. 
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Nuclear Reactions in Stars. IV. Buildup from Carbon* 
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Reaction leading to the formation of C, O, and Ne at tempera- 
tures T of about 108 °K, in the core of red giant stars, had been 
studied previously. The nuclear reactions and resulting nucleo- 
genesis are now studied for a gas consisting of C!*, O'*, and Ne” 
at 6X10* to 10X10* °K and densities around 10‘ g/cc. The basic 
reaction rates are calculated and a set of simultaneous differential 
equations for various abundances as a function of time is solved 
numerically. 

The C is destroyed by compound nucleus formation from 
C+C collisions in about 10° and 1 years, respectively, at 6108 
and 8.5X10® °K. The net result is the production of some addi- 
tional amounts of O'* and Ne”; appreciable amounts of Na* and 


1. INTRODUCTION 


HIS paper is a continuation of a series entitled 
“Nuclear Reactions in Stars.” The first three 
papers,'~* hereafter referred to as I, I, III, followed 
the history of a hypothetical star (originally consisting 
of pure hydrogen) up to the point where its core, 
composed mainly of helium, carbon, oxygen, and neon, 
is the seat of reactions of the (a,y) type, by which the 
helium concentration is slowly being exhausted. At 
least for stars of about 1.5 solar mass, the evolutionary 
stage at which this helium burning takes place is 
reasonably well known—the “tip of the red giant 
branch’”’—and the situation is probably rather similar for 
more massive stars. In the cores of these stars, the helium 
is effectively processed at temperatures of about 1.5 108 
°K. The main constituents are then C”, O'8, and Ne”, 
but the relative abundances of these three species are 
somewhat uncertain and depend on the temperature 
and density at which the hydrogen burning takes place. 
Unless the densities become extremely high, the 
temperature has to be raised by a considerable factor 
about 5—before any further nuclear reactions can 
proceed at an appreciable rate. The first such reaction 
to take place involves the collision between two C® 
nuclei. The main object of the present paper is to 
analyze the nuclear aspects of this reaction.‘> The 
C—C collisions release a particles and protons which 
can take part in a complicated network of reactions, 
including the production and absorption of neutrons. 
The details of these reactions depend on the time scale 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at Physics Department, Université de 
Montreal, Canada. 

1 E. E. Salpeter, Phys. Rev. 88, 547 (1952). 

2E. E. Salpeter, Phys. Rev. 97, 1237 (1955). 

3E. E. Salpeter, Phys. Rev. 107, 547 (1957). 

4 A preliminary report of this work has been given by H. Reeves 
and E. E. Salpeter, Bull. Am, Phys. Soc. Ser. I, 3, 227 (1958). 

5 Similar work, from slightly different points of view, has been 
done by: C. Hayashi et al., Progr. Theoret. Phys. (Kyoto) 20, 110 
(1958); A. G. W. Cameron, Astrophys. J. (to be published). 
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the three stable magnesium isotopes (mainly Mg™) and decreasing 
amounts of Al*’, Si, etc. The ratio of Na*® to Mg™ produced is 
almost 4, appreciably larger than the “cosmic” ratio. 

During the carbon burning, protons and alphas are released. 
At temperatures below 7X10* °K, neutrons are produced very 
copiously through the sequence C"(p,y)N¥; N®8—>C; 
C3(a,n)O"*. If small amounts of metals in the Fe-region (up to 
about one metal nucleus per 1000 C™ nuclei) were present 
originally, each metal nucleus will absorb about 30 neutrons. At 
temperatures above 8X 108 °K, N* is photodisintegrated and the 
neutron production is appreciably less. 


of the original C—C reactions (controlled by the 
temperature), especially on whether the reaction times 
are long or short compared with beta-decay times. 
There probably exists a wide variety of stars in which 
temperatures are high enough for C—C reactions to 
proceed, although at the moment we have no direct 
astrophysical information on any of them. In super- 
novae, the time scale of the reactions is likely to be very 
short. We shall not discuss such cases, but restrict 
ourselves to reaction times of about 1 to 10° years, all 
long compared with most times. The 
corresponding range of temperatures is about 6X 108 
to 9X 108 °K. 

In Sec. 2, we summarize the approximations and 
techniques used in evaluating rates for various capture 
and photodisintegration reactions. In Sec. 3, we 
calculate rates for the key reaction involving the 


beta-decay 


collision of two C nuclei which can result in Ne*”-+a, 
Na*+p, Mg*-++n, or Mg*4+-y. The rates at which the 
a, p, n thereby produced will react with the con- 
stituents of the stellar gas is discussed in Sec. 4, and the 
variation with time of isotopic abundances, caused by 
this network of reactions, in Sec. 5. During the course 
of these reactions, neutrons are produced rather 
copiously, and we also discuss in these sections the 
buildup of heavy elements by neutron absorption if 
some metals were present in the original gas. 

In Sec. 6 we consider briefly the sequence of events 
in the stellar core, if the temperature keeps on increasing 
slowly. In Sec. 7 we compare the isotopic abundances at 
the end of the carbon burning with the cosmic abund- 
ances, and we draw some tentative conclusions of 
astrophysical interest. 


2a. REACTIONS INVOLVING CHARGED PARTICLES 


The formalism for computation of reaction rates 
involving protons and alphas has been developed in 
I, II, and III. We shall use it here with the same 
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notation.* However, because of the somewhat higher 
temperatures involved in this work, it will be necessary 
to introduce some modifications, as follows: 

The first type of modification concerns the compu- 
tation of Coulomb barrier penetration probability. In 
the series expansion of G;*, the irregular Coulomb‘ 
wave function for charged particles evaluated at a 
nuclear interaction radius R we shall need to keep one 
more term in the exponent than in I, I, and III, 
namely : 

Go ?=2(n/y') exp[4y!—2xn— y!/6n? J, 
4yi= 1.054[Z,Z.MR }}, 

2xn= 0.989 Z°Z2M/E }', 
y!/6n?=0.1227MR°E/Z,Z, |}; 


M is the reduced mass. 

We obtain the G;-? for nonzero values of the orbital 
quantum number with the help of the recursion relations 
given in the same reference. To take into account the 
effect of these modifications in the rates, we shall 
redefine (and prime) some of the expressions used 
previously. First, we want to extract from some of the 
“constants” the energy dependence afflicted on them 
by the higher temperature involved. We define 


£,"2= £? exp(y!/6m?) = (Ge?/G?) (2y4) exp(4y), (2) 
(3) 


Then &, and S’ are almost energy-independent, and 
oJ 


S’= S$ exp(y!/6n*) =o E exp(2xn+ y!/6n?). 


we have 


l= y* exp(—2xn— y!/6n*)é,, (4) 


where I’, is the width for a charged particle and 
y*=~7°/R is the reduced width in energy units. 

Such changes will effect the resonant rate only 
through the reduction to I’, in Eq. (4), compared with 
the approximation used in reference 3. On the non- 
resonant rate, they are tantamount to a rescaling of the 
temperature; the modified rate at T equals the non- 
modified rate at an effective temperature 7” defined by 


T’=T(1—6) =T7[1—10(MR'T?/Z,Z:)*], (5) 


where ¢ is defined by Eq. (5). Consequently the Gamow 
peak E,, (the energy from which the contribution to 
the nonresonant rate is a maximum) will be shifted 
towards the origin: 


E,’ = E,,(1—2¢/3) 


2.63 X 10-*(Z7Z2?M T?)'(1—2¢/3), (6) 


and its full width at half-maximum, I,,, becomes 
(7) 


| Wr, 
m 


2.88 X 10°-?(T°Z °Z.?M )/8(1—5€/6). 


6 All through the present work, unless otherwise noted, energies 
resonances, widths, etc.) will be in units of Mev; temperatures 
in 10° °K; radii in fermis [1 fermi (f) =10~ cm], cross sections in 
barns, reaction probabilities in sec™!; masses in atomic mass units. 
We are always in the center-of-mass system 


‘H. Feshbach et al., Atomic Energy Commission Report 


NYO-3077 (unpublished). 
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Finally, the exponent 7 is transformed into 
7’ =9.152(Z°Z°M, T)5(1+€/3), 
and the nonresonant rate py.r. is 


Pn <= [px A mI 1 /MZ;Z>) 


x 7'2(e-7')434.X 1086S’ (9) 


We recall that p~! is the mean lifetime of a nucleus of 
species 2 in a gas of density p, fractional density «; of 
particles of species 1 (by mass). S’ is in Mev barns, in 
the center-of-mass system. 

We shall find it useful to use the reaction probability 
per pair of particles @: 


P= (p/N) (A 1/px1) 


(N is Avogadro’s number), and to express these rates 
under the form of logarithm to the base 10: 


(sec). 


(10) 


log Pn.r.= —15.14—log(MZ,Z2)+logs’ 

+2 logr’—0.434r’. (11) 
To give an idea of the magnitude of these corrections, 
we take for example, the case of the carbon-carbon 
collision at T= 6X 108 °K. In this case the Gamow peak 
is reduced from 1.7 Mev to 1.6 Mev, and the reaction 
rate is reduced by a factor of 7. 

The second kind of revision needed here involves the 
nuclear part of the reaction. Cases for which the 
Breit-Wigner single-level formula for the cross section 
is a good approximation are treated as in III with 
appropriate modifications. The factor Sp.w.’ becomes 


Sp.w.’= (0.647/M)é,” 
X (wy*Pout/[ (Em’— Er)? +1?/4)). 


Here w is a statistical factor: w=(2jc.n.+1)/ 
(2j:+1)(2jo+1); ji is the spjn of particle 1, 72 is the 
spin of particle 2, jc.n. is the spin of the state of the 
compound nucleus formed in the process. Tout is the 
partial width of the exit channel, and £, is the resonant 
energy. 

The nonresonant rate is found by substitution of 
Eq. (12) in Eq. (11). The resonant rate is given by 


(12) 


log®?,= — 11.09+ logw(I'cl'our/T) 


—3 logM—3 logT—5S0.4E,/T. (13) 


When many resonances are expected to be found 
within the Gamow peak, but little is known about 
their individual characteristics, the following approxi- 
mation becomes useful: We assume that at every 
temperature considered, there is a resonance exactly 
in the center of the Gamow peak. We compute the 
corresponding rate and multiply by the number of 
resonances to be found within the Gamow width. This 
prescription overestimates the rate only slightly. 

Finally, in some of the cases considered here, it will 
be convenient to abandon the Breit-Wigner approxi- 
mation to the cross section, and to go to the other 
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extreme, namely to the picture of the nucleus as 
“black.” We shall use this picture especially for the 
C—C reaction. Such a picture assumes that so many 
channels are open for the compound nucleus to decay 
that the chances for an exit through the entrance 
channel are negligible. This is represented in the 
formalism by taking the logarithmic derivative of the 
wave function as being purely imaginary at the surface 
of the nucleus. 

The reaction cross section o;(£) for an incident 
particle of relative energy E, angular momentum / is 
then given by 


o(E)=wri’T)(E). (14) 


In the energy range considered here 7)(£), the trans- 
mission coefficient, can be written as: 


T(E) =4(k/K)Gr2. (15) 


Here, & is the wave number far away from the nucleus, 
and K is an average wave number inside the nucleus 
(K~1 f). 

If the nucleus is fully “black” an incident particle 
with any energy and angular momentum can find an 
open channel to penetrate the nucleus. In this case, 
we compute the rate contributed by each partial wave 
and sum over all partial waves. If the levels of the 
compound nucleus do not overlap completely we get 
a simple approximation by multiplying the “black- 
nucleus” rate by , the ratio of the average level width 
to the average spacing between levels of the same spin 
and parity. For collisions between two spinless nuclei 
only levels of the type 0+, 1-, 2+, 3-, etc. (which we 
shall call “active” levels) contribute. 

Our “black-nucleus” approximation for the cross- 
section factor S,’ is then: 


Sy! =0.70(Z;22/M R)'Hn exp(4y?), 


H= & (21+1)G02/G?. 


l=0 


The reaction rate is found by substituting Eq. (16) 


into Eq. (11). 
2b. REACTIONS INVOLVING NEUTRONS 


We can again break the reaction rate into a resonant 
and a nonresonant contribution. For /=0 neutrons, the 
nonresonant rate is likely to be important because of 
the well-known (1/v) behavior of the cross section at 
low energy. Then 


(17) 
This is valid for all energies where the 1/z law holds. It 


is enough to know the cross section o(£) at any one 
energy (£) to obtain ®,.,.: 


Par. =1.39X 10-8 (E) (E1/M!), 
o in barns, Z in Mev. 


0, .,,.=ov= constant. 


(18) 
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If the thermal cross section is known, 


Pn.r.=2.17K10-?(o4,/M?). (19) 


Even a smooth departure from the 1/v law can be 
handled this way by a proper adjustment of the 
computed rate.® 

If a resonance occurs at an energy E<10kT, then 
the resonant rate may be more important. In such a 
case, we use Eq. (13), taking the neutron width as the 
incident width. 

The temperature dependence of neutron capture 
rates is far less important than the temperature of 
charged particle rates. 


2c. PHOTODISINTEGRATION RATES 


The probability @*'* that an excited nucleus will be 
photodisintegrated can be equated to the relative 
probability p(£*) that the nucleus will be found 
excited at an energy £*, times the probability 
l'gis(E*)/h that the nucleus will be photodisintegrated, 
given that it has an excitation energy E*. 

If the nucleus has an excited state at E*, above but 
close to the separation energy of the constituent parts, 
most of the photodisintegration rate will be contributed 
by this state. In a gas in thermal equilibrium with its 
radiation, p(£*) is then the product of a statistical 
factor, times a Maxwellian factor, times a factor which 
takes into account the relative depopulation of that 
state due to the possibility of photodisintegration : 


p(E*) =[(2/+1)/(27+1) ][exp(— E*/kT) ] 
be ie (T,+Tuis(E,) ]}, 


E, is the energy gap between the resonance E* and the 
separation energy Q, J and J are, respectively, the 
spins of the excited state and of the ground state. 
I',(£,) is the probability of de-excitation through 
gamma emission, and Tyis(Z,) is the probability of 
photodisintegration. We recall that T'yis(#,) is identical 
with '¢(Z,), the partial width for capture of these 
constituents. 

The resonant photodisintegration rate P,“'* becomes 


log? ,4'*= 21.15+log{[(2/+1)/(27+1) } 
X [P,P e/(Py+T c) J} -50.4E*/T, 


with I and E* in Mev. Here E*= £,+-0. 

If no level is sufficiently close to the separation energy 
(and above it), we must also consider the nonresonant 
rate. Because of the energy width assigned to each 
level, each interval dE* of the excitation energy range 
obtains from the neighboring resonances (£,) a popu- 


(20) 


(21) 


lation of 
p(E*)dE*=([(2J-+1)/(2/-+1) J, exp(— E*/KT)dE 
{T?/4+[E*—(E,4+Q) P}. (22) 


Integrating over a resonance, we would get back 


Eq. (20). 


§ M. Burbidge ef al., Revs. Modern Phys. 29, 581 (1957). 
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rasie I. Possible outcomes of the carbon-carbon reaction 
at stellar energies, with their respective Q values (in Mev). 


O'%+2a@ 


Ne®+a O!+Be# 


4.619 


Outcome Mg*+y7 Na%+p Mg +n 


0 13.846 


2.230 —2.603 0.206 —0.111 


The nonresonant rate @,.,.“'* is then given by 


(23) 


Pail fecearra. E*)/h. 


It is best to express it in terms of the probability of the 
photocapture @*?; we have 


logP™? + 32.28+ (3) logT 
— log[ ( 2/+ 1 ) (271+ 1 )( 2s n 1 
+ (3) logA —50.40/T, 


log(pa's 


(24) 


QO is the energy released during the photocapture. 
The qualitative arguments given here have a simple 


statistical mechanical justification ; Eq. (24) is merely a 
statement of the law of mass action. 


3. REACTION C"®—C” 


The possible outcomes of the collision of two carbons 
at stellar energies are given in Table I. The first four 
processes are expected to go via compound nucleus 
formation the last two involve the so-called 
exchange reactions. For both kinds of reactions, 
computations of reaction rates is difficult because of 


while 


uncertainties in selecting the correct effective radius of 
interaction. 

We consider first 
nucleus C*. If A, B, C, D are light nuclei and e is a 
proton, neutron, or alpha particle, then the compound 
nucleus formalism asserts that the cross section for the 
> D+e is 


the reactions via a compound 


reaction A+ B- 


c0(A+B— D+e o(A+B— C*)P(C*— D-+e), 


where the first factor on the right-hand side is the cross 
section for formation of the compound nucleus C* and 
the second factor P is the branching ratio for the decay 
of the compound nucleus into the particular channel 
D-+e. For calculating o(A+B-—> C*) we shall use the 
“black-nucleus” picture discussed in Sec. 2a, so the 
only unknown parameter is the effective interaction 
radius R. This cross section has a “knee” at kinetic 
energies close to the Coulomb barrier for this radius 
and well below this knee the cross section decreases 
very rapidly with decreasing energy and depends 
extremely sensitively on the numerical value of R. 
For our C®+C" reaction the relevant kinetic energies 
are about 1 or 2 Mev, very far below the knee indeed. 

Since no direct experiments on our reaction are 
available, we attempt to obtain values for R from cross- 
section measurements for other reactions A+ B— D+e 


® The possible importance of this kind of reaction was pointed 
out to us by A. G. W. Cameron (private communication). 
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via a compound nuclei C* close in mass to Mg*. Two 
methods are available in principle: (1) If the cross 
section has been measured at incident energies ap- 
preciably below the Coulomb barrier, the calculated 
value for o(4+B-—>C*) depends strongly on the 
assumed value for R. If we can estimate the branching 
ratio P(C*—» D+e) we can then find the value of R 
for which the calculated cross section ¢(A+B— C+D) 
agrees with the experimental one. (2) The energy 
position of the “knee” of the cross-section curve and 
its logarithmic derivative depend on the value of R. The 
branching ratios P should be much less energy sensitive 
than the cross section below the knee and one can 
compare the logarithmic derivatives of the theoretical 
o(4+B-—>C*) for various assumed values of R with 
that of the experimental o(A+B-— D-+e) at energies 
below and near the knee. This should give another 
estimate for R independent of any value assumed for P 
(except for assuming it to be constant). 

Unfortunately the experiments available to date do 
not extend to adequately low energies. We nevertheless 
have carried out rough analyses of this type on three 
different experiments. The first one,"® on Li®+Li’— p 
+B”, was rather hard to interpret along these lines. 
However, it favored a rather large R (at least 8 fermis). 
The second one, B''+N"“-— p+Na*, yielded a radius 
of about 8.6 fermis."! Such a radius gives fairly similar 
curvatures to the logarithmic derivatives, as can be 
seen in Fig. 1. Because in this case proton emission has 
to compete very unfavorably with neutron and alpha 
emission, its branching ratio is expected to be small 
and hard to determine: The radius chosen here implies a 
proton branching ratio of less than 1%, probably an 
underestimate. 

The third” reaction is C?+N'— Na”-++-a. Here the 
low-energy data are missing, and we are almost above 











1 1 
2 3 4 
Kinetic Energy of N in the lab system 





ié 
(Mev) 


Fic. 1. B is the experimental cross section for the reaction 
N“+B" — Na*+p, multiplied by one hundred. A and C are 
theoretical estimates of the cross section for the reaction 
N+ B" — Mg**, using a radius of interaction of 8.6 and 6.7 
fermis, respectively. A logarithmic scale is used to allow direct 
comparison of the logarithmic derivatives. 


” E. Norbeck, Jr., and C. S. Littlejohn, Phys. Rev. 108, 754 
(1957). 

11H. L. Reynolds eé al., Phys. Rev. 102, 237 (1956). 

2H. L. Reynolds et al., Phys. Rev. 96, 1615 (1954). 
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the “knee” of the Coulomb curve. The absolute value 
of the cross section and the logarithmic derivatives are 
pretty well in agreement and give a radius of roughly 6.4. 

Two remarks about these radii. First, they are 
surprisingly large. The usual formula R= 1.25(A,!+A,') 
would not have predicted radii bigger than 6 fermis. A 
different approach used by Hayashi e/ af. and by 
Cameron? had yielded equally large radii. Second, the 
radii seem to vary rather strongly for neighboring 
nuclei. However, comparing B'+N" with C?-+N%, it 
is probably reasonable, in view of the compactness of 
C” compared to B", to find for this last pair a smaller 
radius of interaction. 

To use these results in our work, we have assumed 
that the radius is independent of the incident energy. 
Allowing for the uncertainties and the observed 
variations, we use 


Re=1.25(A,!+A,!)+0.8 (fermis), (lower limit) 
Ry =1.25(A;'+A,!)+2.9 (fermis), upper limit) 


where A; and A» are the masses of the two colliding 
nuclei. 

For the C?+C"” reaction, this formula assigns a 
smaller radius (Re) of 6.5 fermis, and a larger radius 
(Rs) of 8.6 fermis. These values should give a lower 
and an upper limit to the rate. However, because of the 
compactness of the carbon nuclei, the smaller radius 
is probably more nearly correct. 

The “black” nucleus formalism was used for the 
computation of the rate. The factor n [see Eq. (16) ] 
was estimated to be about 0.05. We obtain S,<’=5.5 
X10"? ev barns and S,;’= 2.110” ev barns. The rates 
are given by 


G-= (3.0X 10*)[10 (78.74/74) (142.410 *T)1] Tt. 


. es sila Faas ial (26) 
P= (1.1 10°)[10 [(78.74/T 3) (143.610 rT) | 


In Table II and in Fig. 2, the rate and the lifetime of 
C” as a function of the temperature are given for a 
density of 104 g/cc. 

We want now to discuss the decay of the compound 
nucleus (C.N.), i.e., evaluate the branching ratios of 
various possible outcomes. 

The neutron emission is treated first. An upper limit 
to the branching ratio (C.N.) can be obtained by 
assuming that every collision which involves more than 


TABLE II. Reaction rates (@) for the heavy-ion processes (in 
cm* sec!), The @< and @, are lower and upper limits, respectively. 
Also given are the mean life in years of one of these ions when the 
density is 104 g/cc. 


T 


—logioP<(C+C) 
logioPs (C+C) 
logiote (C+C) 
logoty (C+C) 
+logiot-(O+0) 
+ logiot? (O+0O) 
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_ 


ro) 
GJ 


ba 


Life Time in Yeors for p=io* g/cc 








4 i n 


A. i 
10 15 20 
Temperature in Units of 108° 





Fic. 2. The curves (C+C) are, respectively, an upper and a 
lower limit to the mean life of a C nucleus in a gas of C®, with 
p=10* g/cc. The curves (O+O) are the equivalent limits for the 
case of O'*. The shorter curves are the mean life of various nuclei 


20 


against photodisintegration. Ne(A) is the correct one for Ne”, 
if the 5.631-Mev level is ‘“‘active’’ (see text). If not, Ne(B) is the 


correct one. 


the threshold energy (Z;) will result in neutron emission. 
This upper limit to the branching ratio, obtained 
numerically as the integral of the reaction rate from 
E, to ~ divided by the integral from 0 to ©, is 2X10~, 
10-*, and 5X10-?, respectively, for T=6, 8, and 10. 
In reality the neutron partial widths are very small 
except for C.N. states leading to s-wave neutrons 
(about one third of all states) and even for s-waves 
they are small and proportional to £,' for neutron 
energies EF, less than about 0.1 Mev. A numerical 
calculation gave, as a more reasonable estimate" for the 
neutron branching ratios : 3X 10~5, 2K 10-*, and 1 107, 
respectively, for T= 6, 8, and 10. 

For emission of protons, alpha particles and Gamma 
rays, we could in principle use the experimental" 
evidence on Na®+ p. Baumann e/ al." have studied this 
reaction in an energy range from 12 to 13 Mev excitation 
energy. From analysis of their work, we can, by extra- 


polation, obtain the following rough information: at 
15 Mev the proton branching ratios are about 0.75, 


0:25, 0.01 
respec tively. 
However, Friedman and Weisskopf'® point out that 


and for protons, alphas, and gammas, 


'8Qur branching ratio at 7=6 is considerably smaller than 
that estimated by F. Hoyle, Suppl. Astrophys. J. 1, 121 (1954). 
his discrepancy is largely due to a change in the Q-values 
brought about by more recent and accurate measurements. The 
neutron lies about 0.95 Mev above the Gamow peak, compared 
with Hoyle’s estimate of 0.65 Mev. 

44 N. P. Baumann el al., Phys. Rev. 104, 376 (1956). 

16, L. Friedman and V. F. Weisskopf, Niels Bohr and the 
Development of Physics (Pergamon Press, London, 1955), p. 134. 
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in the region of excitation energy of the C.N. where the 
levels just start to overlap, the assumption that the 
decay of the C.N. is independent of its mode of forma- 
tion is no longer realistic. There is a tendency for the 
proton emission branching ratio to be enhanced if the 
reaction is initiated by protons. Coulomb barrier 
penetration factors and the simple C.N. picture would 
predict. slightly more alpha emission than proton 
emission. For our work we shall adopt branching ratios 
of about 0.5, 0.5, and 0.01, respectively, for alpha, 
proton, and photon emission. 

The two next reactions on our list are believed not to 
involve the formation of a C.N. They can be pictured 
as a mere rearrangement of the constituents of the 
nucleus, and such a rearrangement can occur at larger 
intercenter distance than is needed for a C.N. However, 
we have estimated that interaction radii of about 12 f 
or more would be required for these transfer reactions 
to compete with the first four C.N. reactions. It is 
unlikely that transfer reactions occur at such large 


distances and we shall neglect these reactions.!® 7 


4. SUBSEQUENT REACTIONS 


As discussed in Sec. 1, we shall restrict ourselves to 
a temperature range of 6X 10° to 9X 10° °K for which 
there action times for the C—C collision range from 
about 10° years to 1 year. 

From the steady output of protons and alphas 
resulting from the carbon reaction, a complicated series 
of nuclear reactions will be generated. These particles 
will first interact with the initial assembly of carbon, 


oxygen, and neon, and later will start interacting with 
sodium and various other nuclei generated by these 
reactions. The final distribution of isotopic abundances 
will depend very strongly on the temperature involved, 
1.€., on the time allowed for each reaction. This reaction- 
time dependence is brought in by the fact that the 


nucleus N" will in our range of temperature pass by a 
point where its life against photodisintegration is equal 
to its life against beta decay; at T=6X10° °K, the 
nucleus will beta decay, while at 8X 108 °K, it will be 
16 This estimate was obtained in the following way: The 
expression for the general element of the scattering matrix 
between two different states [see for instance D. C. Peaslee, 
Annual Review of Nuclear Science (Annual Reviews, Inc., Palo 
Alto, 1955), Vol. 5, p. 103, Eq. (3)] contains the product of the 
penetration factors (P) pertaining to the two states. These 
factors are highly radius dependent. Equating the rate of two 
processes (C.N. and transfer processes), we obtain the radii 
quoted. 

17 Jn the previous discussion we have neglected entirely the 
electron screening effect on the rate of the C?+C® reaction. For 
not too high densities the screening is accounted for by ascribing 
an additional potential Uy at the center of the nucleus, and by 
multiplying the reaction rate by exp[—UokT] LE. E. Salpeter, 
Australian J. Phys. 7, 373 (1954) ]. For densities less then 4X 10° 
g/cc the term (—U kT) is less than 0.50, hence the effect is not 
very important. At p=10° and 10", (—U /kT) is about 3.0 and 
13.0. At higher densities —l’) becomes larger than the Gamow 
energy and the approximations used in the above-mentioned 
paper break down. This case has been considered by A. G. W. 
Cameron (unpublished work). 
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photodisintegrated. In the low-7 case, a large flux of 
neutrons is generated through the reaction C¥(a,n)O"®, 
while in the second case a smaller flux of neutrons 
will come from C?®+C”?— Mg*-+-n, and from 
Ne?! (a,n) Mg*4. 

The analysis of the situation 
the various reaction rates of 
neutrons in the gas constituents. The three following 
subsections will be devoted to computations of these 
rates. 


requires knowledge of 
alphas, protons, and 


TABLE III. The reaction rates per unit pair of particles (P) are 
listed under the form of (—logioP), for various temperatures. 
The units of @ are cm’ sec”; the units of temperature are 108 °K. 
For the meaning of (A), (B), and (C) see Sec. 4. 


8 
C®+¢ 
C8+a4 
N'+a 
N+a 
O''+-a 


O'6+a 


30.9 
24.1 
26.7 
26.7 
27.9 
32.9 
32.9 
26.2 
26.2 
26.3 
26.3 
27.0 
27.9 
27.9 
27.9 
28.3 
30.4 
32.1 
33.7 
35.3 
36.8 
21.3 
20.8 
22.0 
17.6 
19.4 
18.8 
23.9 
24.8 
20.1 
21.3 
21.5 
21.7 
20.6 
20.6 
20.7 
20.7 
22.6 


O'%+4 
>O'’-+n 
’ F'18+ Y 
> FY + 7 
» Ne®+4 
> Ne®+4 

O'6+-a — Ne®+74 

O"+a — Ne®+n 

O8+a— Ne!-+n 
Ne®+a — Mg**+ 
Ne#! +a — Mg*4*+n 
Na3+a > Mg?6 + p 
Mg**+a — Si*5+-> 
Mg*®+a — Si**+-n 
Mg*-+-a — Si®-+-n 

AFP?+a — Si*®-+ Pp 

Si#®+a — S®+ 4 

S2 + a > A36 7 

A*+a— Ca”+ 4 
Ca®+a — Ti*+ 4 

Ti*+a > Cr*#8+ Y 

C2+ p> NB+4 

C8+ p »>N4+4 

N44 > O44 

N14 p + C2+a 

O+p > N¥+a 

O'8+ p > Nib+a 
Ne®+ p — Na*!+4 
Ne?!+ p — Na®+ 
Na®+ p — Ne®+-a 
Na*¥+ p — Mg*#+-4 
Mg**+ p — AP5+4 
Mg**+ p — AP®+, 
b.n. (see text) 
Mg?6+ p — AP?+-4 

Al?? +p > Meg" ra 

Al??+ p — Si?®+-, 

Si?*8+ p oul p2+ + 

C24” > C4, 

C84 > C4, 

N'4-+-n2 — N15+ 

N*--0 — (C¥-4-p 

N'5+-n — N!6+-, 

O'8+-n — O'+4+-4 

O'+n — C4+a 

O!8-+-n — O+-4 
Ne®+n — Ne!+ 
Nel+n — Ne®+ 
Ne”-++-n — Ne#+- 
Na™+n — Na*¥+4 
Mg*+n — Mg?5+-> 
Mg*®*+n — Mg++ 
Mg**+n — Mg??+-4 

AP?+n — AP®+4 

Si78+n — Si++ 
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The experimental parameters quoted were taken, 
when not otherwise mentioned, from Ajzenberg and 
Lauritsen'’ and Endt and Braams.'® 

The Q values were obtained with the help of the most 
recent mass determinations. '? 

Some reactions of special interest have been analyzed 
in detail. For these, the level scheme in the energy 
region of interest is given, together with the experi- 
mentally measured parameters. E* is the excitation 
energy in Mev of a resonance level in the compound 
nucleus formed; J, r denotes the spin and parity of 
the level; I',; etc. are the partial widths. For other 
reactions, we merely mention the method used. The 
results are given in Table ITI. 

(1) C?+a— O%+y¥; Q=7.148 Mev 

E* (Mev) 7.121 9.58 


Jr 
r, (ev) 


8.875 
— t= 
6X10" ™ 


fis 
6.6X 10°? 


For T less than 15 the main contribution comes from 
the upper wing of the 7.121-Mev level. Above this 
temperature, the contribution from the 9.58-Mev level 
is dominant. 


C'+a—>O"+y; Q=6.348 Mev 
C¥+a— O0''+n; Q=2.202 Mev 


6.87 7.163 


(2) 


E* (Mev) 


Jn $+ $- 
8a" 0.50 
For the lowest level we choose 6.2=0.02. The contri- 
butions of the two levels are roughly comparable in the 
lowest part of the range. 
(3) O''+a — Ne*’+y¥7; Q=4.753 Mev 
E* (Mev) 6.745 
Jn 1—(2—) 04 


ry, (ev) <5X10 
I. (Mev) 


4.969 2! 5.631 


0.024 


Because of the uncertainty in the Jz of the 4.969-Mev 
and the 5.631-Mev resonances, we have to draw three 
pictures of the situation. In the first picture (A) we 
assume that the level at 5.631 Mev is active. In the 
second picture (B) the level at 5.631 Mev is inactive 
but the level at 4.969 is active. In the third picture 
they are both inactive. As seen in Table III, rather 
different rates are predicted for these three cases. 


18 F, Ajzenberg and T. Lauritsen, Energy Levels of Light Nuclei 
VI, Z=1 to 10 (North-Holland Publishing Company, Amsterdam, 
1959); P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 
683 (1957). 

9A, H. Wapstra, Physica 21, 378 (1955); 21, 403 (1955). 
J. Mattauch et al., Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1956), Vol. 6, p. 199; T. T. Scolman 
et al., Phys. Rev. 102, 1078 (1956); K. S. Quisenberry, Phys. Rev. 
107, 1664 (1957). 

* Toppel, Bloom, and Wilkinson, Phil. Mag. 2, 57 (1957). 

"1 Recent experiments reinstall the possibility of this level 
being 2— (T. H. Kruse (private communication) ]. 

* This level is observed in the Ne®(a,a)Ne™. It is not a 0-. 
Statistical arguments make it likely to be an active level. 

*8 HH. Gove and A. Litherland (private communication). 
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For the reactions Ne*®+a, Mg*-+a, etc., up to 
Ti*+-a, and also for a few others mentioned in Table 
III, the Gamow peak always contains _ several 
resonances. We have used the method appropriate to 
that case. The experimental information assigns a levél 
density of about 10 active levels per Mev for most of 
these cases. This was assumed to be true in all cases. 
The average radiation width (times the statistical 
factor) (wI',) is about 2 ev for S® and 10 ev for Ca”. 
We choose 1 ev for Mg*, and slowly increasing values 
for higher A. We choose @,.2=0.1 all the way through. 


(4) C°+p—N¥+¥; Q=1.941 Mev 
E* (Mev) 3.507 
<teeerooaee = 
6,2 0.031 
wl", (ev) 1.39 


In the range of temperature considered here, the rate 
comes mostly from the resonance at 2.365 Mev. 

The half-life of N' against photodisintegration is 
3X10* seconds at T=6; 0.3 second at T=8, and 
3X10~ second at T=10. As we are interested here in 
the formation of C"*, the rate @(C"+ p — N') should be 
multiplied by the ratio ®(N“— C")/[@(N"— C*) 
+P(N'— C+ p)] (the half-life of N' against beta 
decay is 600 sec). 


(5) C’+p > N"“+¥; Q=7.546 Mev 


E* (Mev) 8.06 


7.962 


Jn has 
6,° 1.13 


wl, (ev) 8.6 
As seen from the table, the value of the radiation width 
of the 7.962-Mev state would decide which level is 
more important. We assume I',=0.7 ev for this level. 


(6) O*-+-p— F"+4; (7) Ne*+) — Na*+y7 


For both the nonresonant contribution dominates. We 
use the new experimental value of S=6X10™ Mev 
barn, and 6X 10~* Mev barn, respectively. 

In our range of temperature, F'’ will always be 
photodisintegrated before it has time to undergo beta 
decay; Na*! will almost always undergo beta decay 
before it has time to be photodisintegrated. 

Na”’+p — Mg**+7; Q=11.687 Mev 
Na*+p — Ne*”®+a; Q=2.38 Mev 
Because of the importance of these two reactions for 


our work, and also because of the surprisingly small 
rates obtained, we give a more detailed discussion of the 


(8) 


computations. 
Five different papers have been used and checked for 
consistency; their results are gathered here.**~** (See 


* J. Freeman and A. Baxter, Nature 162, 696 (1948). 

25 F.C. Flack et al., Proc. Phys. Soc. (London) A67, 974 (1954). 

26 P. J. Grant et al., Proc. Phys. Soc. (London) A68, 374 (1955). 

27 1). A. Hancock and F. Verdaguer, Proc. Phys. Soc. (London) 
A68, 1080 (1955). 

28 N. P. Baumann and F. Prosser, Phys. Rev. 104, 376 (1956). 
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Pas_e LV. Resonances of importance in the Na*+-p -» Mg*+-4 
reaction and their characteristics. 


E* (Mev Jn (2J +1)Ty (ev) 


11.928 <0.02? 0.005 
11.962 0.2 <0.005 
11.983 <0.02 0.4 
0.2 <0.01 
<0.05 0.01 
<0.05 0.02 
<0.05 0.2 
500 0.4 
<0.2 1.4 
2000 


(2J +1)T), (ev) 


Table IV.) Some of the (2/+1)l. and (2/+1)I', were 
obtained from references 25 and 27 by treating the 
yields in the manner given by Bethe.” Upper limits 
were found using the sensitivity of the experimental 
setup in reference 25.” The rates given in Table III 
were obtained by summing the resonant rates over all 
the levels in Table IV. From the background yields 
between resonances given in references 24 and 28, one 
can estimate an upper limit to the nonresonant rate 
of the (p,v) reaction; at T=6 this estimate gave 

22.0 for log? and the nonresonant contribution is 


T 
5 


thus unimportant. 

As mentioned before, Table II 
Na*™(p,a) are surprisingly low and only three times 
larger than the (p,7) rate. This is due to the fact that 
the measured widths are so small for the known levels 
in the most suitable energy range, E,= E*—11.68 Mev 
~0.4 Mev. For very low proton energies E,, on the 
other hand, the Wigner-Teichman upper limit for I’, 
is quite small—about 2 ev for E,=0.24 Mev—so that 
the combination (2/+1)I,Pa(p+Ta) is then small 
even if I’, is large. Thus the (p,@) rate in Table III 
would be increased by at most a factor of 20 even if 
I, were exceedingly large for the level at E*= 11.928 
(for which Ty is certain but ['z somewhat in doubt) 
or for any hypothetical level at lower energies. Similarly, 
any such hypothetical level could increase the (,7) 
rate in Table III by at most a factor of 10. 


our rates in for 


>» AP® +7; O=2.29 Mev 


2.69 


(9) Mg” tp 
ie* (Mey 2.51 
Jn + 3+ 
r, (ev) 0.01431 0.014 


Most of the contribution comes from the lowest level. 


(10) Mg’®+p — Al’*+y; Mg’*+p — AP’+y¥ 
As excellent experimental information was available 

on these experiments, a detailed calculation was made 

taking into account 13 levels in the first case and 5 


*” H. A. Bethe, Revs. Modern Phys. 9, 207 (1937). 

#® J. G. Rutherglen (private communication). 

31C, Vander Leun, thesis, University of Utrecht, 1958 (un 
published). This work also contains information about (/,7) 
reactions on Mg, Si, P, and S. 
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in the second, and the reaction rate thus obtained was 
compared with the prediction of the “black” nucleus 
formalism. Good agreement was found. 

The reactions N'+p—O%+y7, N"®+p— C"-+a, 
O"'+ p— N"+a, O'8+ p— N'-+-a, Al?’+p — Mg™+a, 
and Si?*+ p — P*+-y were all found to be resonant with 
at most one or two resonances within the Gamow 
peak. 

(11) C°+n— C+; Q=4.946 Mev 

The cross section at thermal energy is 3.3 mb. It 
decreases with energy more slowly than the typical 
1/v law. The resonant rate is negligible. Log@,... 

20.2 (all through the range 6< T< 10). 


(12) C’+n—C"+y¥7; Q=8.174 Mev 
There is one resonance at E,=0.146 Mev. We assume 
for it ',=0.3 ev and get log?,=—20.0 (6< T< 10). 
The thermal cross section is 0.7 mb; log@n.-,= — 20.9. 
N“+n—N"++¥; Q=10.842 Mev 
N'*+n— C+); Q=0.678 Mev 
E* (Mev 11.438 11.61 
ie = ‘ame 


& at 
wl’, T,/T (ev 1.2510 0.56 0.1 
wI,P,/T (ev) 460 2200 1000 


{13) 


11.299 


The (o@f,,/l) and (oI,I,/T) were obtained from 
Bartholomew e/ al.** The thermal cross section is 1.75 b 
for (n,p) and 80 mb for (n,7). 


(14) O'8§+n—- O'" +4; Q=4.146 Mev 


The thermal cross section is less than 0.2 mb. A 


resonance at £,=0.433 Mev (lab) accepts /= 1 neutrons. 
We assume that I',=0.5 ev. 
(1s O''+n—O'+y¥7; Q=8.069 Mev 
) 
O''+n— C'4+ea; Q=1.826 Mev 
The resonance at E=8.30 Mev is the main con- 
tributor: log? (n,av) = — 17.2. 
> Ne*'+7; Ne#-+n 
Ne”-+-n — Ne*+y7 


(16) Ne?°-+n > Ne”+y¥; 


The nonresonant contributions were estimated to be 
roughly — 20.5, —19.2, and — 20.2, respectively. 


~+ Na**+7; Q=6.956 Mev 
7.01 


(17) Na*-+n 
E* (Mev) 


In 1+ ;- 
I, (ev) < 0.348 


6.96 


In our range of temperatures, the nonresonant 
contribution and the resonant contributions from the 


% G. A. Bartholomew ef al., Can. J. Phys. 33, 452 (1955). 

38 Determined by Lyan, Firk, and Moxon, Nuclear Phys. 5, 
603 (1958). The authors give good reason why this upper limit 
should be close to the real value. 
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two quoted levels are roughly comparable: log? 
=—18.7(6STS10). 

The reactions Mg™%-+-n — Mg*+-7, Mg**+n — Mg’6 
+y, Al??-+n— Al’8+-y, and Si?8+n— Si®+y all get 
most of the contribution to their rates through one 
resonance. For Mg*®+-n — Mg?’+-, the nonresonant 
rate seems dominant. 

We shall also need neutron absorption cross sections 
for all the stable isotopes which can be built up by 


neutron absorptions and beta-decays on a slow time- , 


scale, starting from Fe®® These cross sections are 
needed for neutron energies of about 60 kev and have 
been estimated previously for isotope by 
Cameron.>#4 


each 


5. THE ISOTOPIC ABUNDANCES 


In Sec. 3 we have calculated the rates at which 
alpha particles, protons, and neutrons are produced and 
C® destroyed by the C—C reactions and in Sec. 4 the 
rates at which alphas, protons, and neutrons are 
absorbed by various isotopes (Table III). Using these 
rates one can set up a set of simultaneous differential 
equations which relate the time derivative of the 
concentration of each isotope to the actual concentration 
of various isotopes. These equations were solved 
numerically, partly with the help of an IBM-650 
computer at Cornell. 

The solutions depend in principle on the temperature, 
density and initial composition of the gas. Calculations 
were carried out for two different temperatures, T=6 
and 85 (X10°°K), for a density of 10* g/cc. The 
corresponding reaction times (see Table II) are of the 
order of 10° years and 10 years, respectively. The 
results at these two temperatures differ considerably 
from each other, but the variation inside each of the 
two ranges T7=5 to 7 and T=8 to 9 is relatively small 
and changes in density of a factor of 100 have little 
effect on the final abundances. Some of the calculations 
were carried out for an initial composition of equal 


TABLE V. Stellar gas composition at the end of the C?—C# 
reaction, at T=6X108 and T=8.5X 108 °K. ‘The abundances of 
the light elements (A <30) are given as a fraction of the original 
number of C” nuclei. AO'® means the increase in the abundance 
of O'* nuclei. 


iy AO's ANe”® Na% Mg* Meg* 


Mg?é Al 
0.008 
0.004 


0.003 
0.002 


6 0.12 0.14 0,08 0.17 0.024 0.010 


8.5 0.06 0.06 0.06 0.28 0.02 0.01 


4 Nole added in proof.—More recently R. Macklin et al. (un- 
published) have measured cross sections in this energy range for a 
number of elements (averaged over the naturally occurring 
isotopic abundances). In a number of cases the measured values 
are somewhat lower than the previous estimates’ and we have 
attempted to revise Cameron’s estimates® for the cross sections 
o for each individual isotope in the light of these measurements. 
We need the sum of o! for successive neutron absorptions, 
starting from Fe**, Expressed in units of (mb)! this sum up to 
Zn®, Rb*, Zr®, and Ce! is, respectively, about 1.7, 1.9, 2.6, and 
3.2. All numerical results in the remainder of this paper have 
been altered accordingly. 
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Fraction of cl? still remaining 





Fic. 3. Time variation of the abundances of various isotopes 
during the carbon burning. The concentration of C™ (relative to 
initial C? concentration) has been multiplied by 500, the concen- 
tration of Mg™ by 70. 


numbers of C”, O'®, and Ne”. We shall express the 
increase in the abundance of an isotope as number of 
nuclei per number of C” nuclei present originally. 
Expressed in this form, the results were found to be 
rather insensitive to variations in the amounts of O'® 
and Ne” present originally. Since the medium and 
heavy elements are good neutron absorbers, the results 
are sensitive to the abundance of elements in the Fe 
region present originally and calculations were carried 
out for two values of this abundance. We assume 
throughout that the ratio of alphas to protons produced 
by C+C is unity. Variations by a factor of three in 
this ratio do not alter the results very strongly. The 
results are summarized in Table V. 


(a) T=6X10°°E 


At this temperature the amount of direct neutron 
production from C+C collisions is negligible, but 
neutrons are formed indirectly as follows: A reasonable 
fraction of the protons produced are absorbed by C” 
and the resulting N® undergoes beta decay to C® with 
little competition from photodisintegration at this tem- 
perature. This is followed by C'(a,n)O"*, the alpha- 
absorption rate of C being a few thousand times larger 
per nucleus than that of any other isotope present in 
the gas. 

We consider first the case in which no metals are 
present At least at the early stages of development 
the main absorber of neutrons is C®, giving C™, followed 
again by C¥(a,n)O"*, etc. Effectively the C and the 
neutrons act merely as catalysts for the conversion of 
C” plus alphas into O'*. In spite of the large C*(a,n) 
rate, the C® concentration is surprisingly large until 
about half the original C” is exhausted. As shown in 
Fig. 3 (which also contains the time variation of Mg”), 
the C™ concentration reaches a maximum of about 


0.01 (by number, relative to the original concentration 
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of C) and then decreases very sharply to less than 
10-* when enough other neutron absorbers (e.g., 
Na™, Mg”) have been built up. 

The neutron concentration is also relatively large at 
the early stages, about 310-*', drops slowly by a 
factor of about 6 during the first half of the C” burning, 
and drops very rapidly by another factor of about 3 
when the C® concentration drops sharply. In the second 
half, the neutron concentration decreases roughly as 
the cube of the C” concentration. The alpha-particle 
concentration is relatively low (about 10-“) while C™ 
is abundant, increases sharply to about 10~” when C"* 
becomes rare and then decreases slowly in the second 
half of C® burning. The proton concentration is about 
5x 10~" in the beginning and decreases slowly, roughly 
as the square of the C” concentration. 

In principle, reaction cycles analogous to C"(p,y)- 
N®— C8, C8(a,n)O", and C"(n,y)C* are possible 
with O'* or Ne*® taking the place of C”. In practice, 
however, these cycles are much less important at 
T=6 since F" is photodisintegrated instead of under- 
going beta decay and Ne” has a small proton absorption 
cross section (also O'® and Ne” are relatively poor 
neutron absorbers). 

Ne” and Na” are built up directly in the C+C 
reaction. Mg*™ is subsequently built up and Na*® 
partially depleted by reactions such as Na*(p,y)Mg™, 
Na™(p,a)Ne™, and Ne*(a,y)Mg™. Because of the 
surprisingly small cross section for Na™(p,a) in Table 
III, the depletion of Na® is not very drastic and the 
final abundance (Table V) of Na** is not much less than 
that of Mg*. We have repeated the solutions of the 
equations assuming a rate for Na*(p,a)Ne™ ten times 
larger than that in Table III (almost an upper limit 
for this rate): The final Na* abundance was smaller 
than that in Table V by only a factor of two, the Mg” 
abundance was increased by a factor of less than 1.5 
and the other abundances in Table V were not altered 
strongly. 

The protons and neutrons present in the gas are 
partly absorbed by Mg*, then by the Mg” thus 
produced and so on. This absorption chain forms 
monotonically decreasing amounts of the stable 
isotopes of Mg, Al, Si, P, S, etc. The proton absorption 
cross section of Si?* is rather small and the final abund- 
ances of Si® and heavier nuclei are very small. The 
absorption chain is not interrupted appreciably by 
Mg**(a,) since the rate for this reaction is rather small. 
Since the concentration of alphas and the cross sections 
for Mg**(a,y) and Si*(a,y) are relatively small, the 
final abundances of Si?* and S® are not enhanced 
relative to neighboring nuclei. 

We considered next the effect of having small 
amounts of the “metals in the Fe group” (50< A < 66) 
present in the original gas mixture. If the original 
concentration (by number, relative to C™) of this 
group is less than 10~%, it has a reasonably small effect 
on the neutron concentration as a function of time, 
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and hence on the final abundances of all the elements 
lighter than these metals. On the other hand, the 
neutron concentrations are relatively large, the “Fe 
group” and the heavier elements are good neutron 
absorbers and the original nuclei in the “Fe group” 
are rapidly processed by neutron absorption into 
somewhat heavier elements. 

In this paper we do not attempt to calculate isotopic 
abundances of the heavier elements produced in any 
detail, but only the average number of neutrons 
absorber per original nucleus in the ‘Fe group.” For 
this purpose we pretend that the original ‘Fe group” 
consisted purely of Fe®® and use the “hydrodynamic” 
approximation® for describing the “flow” of nuclei 
from Fe*® to larger atomic weights A. In this approxi- 
mation the average A to which the iron is processed 
is found by requiring that the sum of the inverses of 
the neutron absorption cross sections ¢ from Fe**® to A 
be equal to the time-integrated neutron flux (in suitable 
units). Using the estimates for }° o~! described in 
Sec. 4, we find that the Fe®® should be processed to 
somewhere in the vicinity of Sr*®’, i.e., an average of 
about 30 neutrons absorbed per original Fe nucleus. 
This value of about 30 neutrons is not very accurate; 
if, for instance, the integrated neutron flux were 
lowered by 15% only about 15 neutrons would be 
absorbed. 

Throughout the whole C+C burning an average of 
about one neutron is produced for ten original C” 
nuclei. This is a rather copious supply of neutrons so 
that even if as much as one Fe-nucleus per 1000 C” 
nuclei were present*® originally, the neutron flux would 
not be depressed strongly. For this concentration we 
find, according to a very rough estimate, about 20 
neutrons absorbed per Fe-nucleus; i.e., about 20% of 
all the neutrons produced are absorbed by iron and the 
subsequent heavier elements. 


(b) T=8.5X10* °K 


The main difference between this and the 
previous one at 7=6 is due to the fact that N", formed 
by C®(p,y), is overwhelmingly photodisintegrated 
instead of undergoing beta decay, at this higher 
temperature. As a result C” is not an effective proton 
absorber and cannot act as a proton-neutron converter 
through the sequence C”(p,7)N"(8+)C¥(a,2)O" as it 
did in the previous case. 

At the early stages of the processes, with C” in- 
effective and before other proton absorbers have been 
built up, the proton concentration is relatively very 
large (7X 10~'*). Thus some Ne”! is made by Ne**(p,7), 
despite the smallness of the cross section for this 
reaction, which eventually leads to neutron production 
via Ne?!(a,n)Mg*. At this higher temperature there is 


case 


36 FE, M. Burbidge et al., Revs. Modern Phys. 29, 547 (1957). 

36 T.e., about 0.4°%% by weight of Fe or about one Fe-nucleus 
per 3X10 H-atom in the original hydrogen gas from which the 
C, O'* and Ne*® were formed at a lower temperature. 
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also a small but non-negligible amount of neutrons 
produced directly by means of C®+C?— Mg™-+-n. 
Despite these two neutron sources, the neutron pro- 
duction is much smaller at this higher temperature, 
about 0.005 neutron per original C” nucleus (compared 
with 0.12 at T=6). 

Due to the increased proton concentrations, the 
Na* produced by the C+C reaction is depleted more 
and Mg” built up more than at T=6. The abundances 
of Mg” to Si*® are not altered strongly as Table V 
shows. If the original gas contained about one Fe 
nucleus (or less) per 1000 C” nuclei, the neutron flux 
would be essentially unaltered. Only about two or three 
neutrons are absorbed by each Fe nucleus. 


6. FURTHER REACTIONS 


As mentioned in the early parts of this paper, we 
have assumed for the hypothetical star the following 
pattern of activity: the stellar core, once depleted of a 
particular element which it was up to that point using 
as a fuel, slowly increases its temperature (by gravi- 
tational contraction) up to the point where some new 
nuclear processes go on at an appreciable rate. The 
energy released from these reactions will stop the 
gravitational contraction, and hence the temperature 
stops increasing. The core will proceed to burn this 
new fuel till its exhaustion, etc. 

We have left out entirely any violent processes such 
as those occurring in supernovae. 

From the same point of view we sketch briefly the 
developments subsequent to carbon burning in this 
section. 

The rates of the (C+N), (C+0), (0+0), (O+Ne) 
reactions were calculated in a manner similar to the 
(C+C), using for the radius R the recipe given in Eq. 
(25). The rate of (O+0) is given in Table IT. 

After most of the C” has burned out (less than 0.1% 
of the original concentration remaining), the (C+N) 
and (C+O) reactions will set in to assist the exhaustion 
of the carbon. They will produce small amounts of 
magnesium. This whole process should be over when 
the star reaches 7= 10 108 °K and has little effect on 
the abundances. 

Then the Ne” will start to be photodisintegrated into 
O'*+a and will do so at a non-negligible rate (half-life 
of 10° years) around 12X10°8°K. The rate of photo- 
disintegration is plotted in Fig. 2 as a function of 7. 
Curve A is valid if the 5.631-Mev level is active, curve 
B if it is not active. The alpha particles released by the 
photodisintegration of Ne” will eventually be absorbed 
by some of the isotopes present, mainly by Ne”, Na’, 
and Mg. The net effect is the destruction of Ne” and 
the buildup of O'®, Mg, Al, and Si (plus smaller 
amounts of S®, etc.). 

Near T= 14X 108 °K the O'®+0" reactions will begin 
to be appreciable (see Fig. 2). These reactions result in 
(Si®+a), (S*+n), and (P+ ) with roughly equal 
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branching ratios. The alpha particles, protons, and 
neutrons released will undergo a complicated network 
of reactions similar to those following the C?+C” 
reaction, but resulting in somewhat heavier nuclei, 
both because Ne” and lighter elements are now depleted 
and because of the higher temperatures. Any metals 
present again act as efficient absorbers for the neutrons. 

At slightly higher temperature (7=16) the S® will 
be photodisintegrated to Si*® in analogy to the Ne* 
disintegration at lower temperature. Build-up of 
nuclei in the Fe region will become possible only at 
temperatures of about 20K108°K or higher when 
Mg* and Si*® can also be photodisintegrated to O'%, 
followed by O'*+O!* and further photodisintegrations. 
The net effect of this cycling is the complete breakup 
of these nuclei with a copius release of alphas, protons, 
and neutrons which can then build up the most stable 
nuclei near Fe. 

Details of the reactions outlined in this section will 
be given in a forthcoming paper. 


7. DISCUSSION 


The carbon-burning reactions we have discussed in 
this paper may be of interest from the point of view 
of energy production in some types of stars. The rate 
of energy production can be obtained from the lifetimes 
in Table II plus the fact that the net energy release 
from carbon burning plus the subsequent network of 
reactions is about 0.5 Mev per nucleon of the original 
C”. This compares with about 7 Mev and 1 Mev for 
hydrogen and helium burning, respectively, at lower 
temperatures. 

We conclude by discussing the significance of the 
carbon burning reactions for nucleogenesis in stars. 
Perhaps the most interesting feature is the production 
of heavy elements from the cosmically very abundant 
elements around Fe by neutron absorption on a slow 
(or intermediate) time Other sources for 
neutrons on a slow time scale operate at a lower tem- 
perature where neutron cross sections of the metals 
are even larger and should be capable of processing 
metals into much heavier isotopes. The carbon burning 
source results in the absorption of only about 30 
neutrons per “Fe nucleus” (with a great uncertainty 
in the numerical value) at temperatures below about 
7X10°°K. On the other hand it is a very copious 
neutron source in the sense that it is not quenched 
appreciably even when as much as one “Fe nucleus” 
was present originally per 1000 C nuclei. It is interest- 
ing to note that Burbidge ef a/.** concluded from cosmic 
isotopic abundances (and their Fig. VI, 3) that neutron 
sources capable of processing the iron-group metals up 
to atomic weight about 100 must have been more 
common than sources capable of producing the really 
heavy elements. 

The elements up to Ne are produced by hydrogen 


scale. 


and helium burning at temperatures below 1.5 108 °K 
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and the elements in the Fe peak need temperatures 
well above 2X 10° °K for their formation. It is reason- 
able to suppose that the elements Na to Ca are produced 
at intermediate temperatures. We have shown that 
the carbon burning reactions at temperatures between 
5X 10* and 10 10* °K produce large amounts of Na” 
and of the Mg isotopes plus decreasing amounts of 
Al? and Si, but very little of heavier nuclei. One 
striking feature of our results is the relatively large 
ratio of Na®* to Mg™ produced, 1:2 to 1:5 depending 
on temperature, compared with the Suess-Urey*’ 
“cosmic abundance’”’ ratio of 1:15. Our ratio of Mg**: Si*8 
of about 50:1 is also in contrast with the cosmic 
abundance ratio of 1:1. As outlined in Sec. 6, O'8 


7 See also A. G. W. Cameron (to be published 
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burning and Ne” photodisintegration will take place 
at slightly higher temperatures and result in the 
buildup of Si and heavier elements and, indirectly, 
in the depletion of Na®. We hope to obtain detailed 
results for these reactions soon. At the moment we 
can only conclude that carbon burning produces plenty 
of sodium and magnesium. 
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By the thermal diffusion method, using 12 meters of hot-wire columns, concentrations of the xenon isotopes 
in good quantity (about 57% Xe" in the light fraction and 27% Xe" in the heavy one) have been produced 
without recycling. A fair-sized sample of “light” krypton, analyzing better than 50% Kr*®, was available 
from earlier thermal diffusion separation with recycling by Blais and Watson. These samples together with 
the normal gases were concentrated to thicknesses of about 3.3 g/cm? in special gas target holders for use 
with the Brookhaven fast chopper. For krypton, neutron widths and isotopic identifications have been 
determined for the following levels: 27.9 ev in Kr*, 39.8 ev in Kr®, 106 ev in Kr®, 233 ev in Kr®, 519 ev in 
Kr*, 580 ev in Kr®, and 640 ev in either Kr’* or Kr®. Total widths and radiation widths have been obtained 
for the 27.9- and 106-ev levels by thick-thin area analysis. For xenon, new resonances are observed at 5.2 ev 
in Xe™, 9.5 ev in Xe, 14.1, 46.0, and 76.0 ev all in Xe", 92.0 ev in Xe, and 126 ev to be assigned to either 


the 128, 129, or 130 isotope. 


INTRODUCTION 


LTHOUGH measurements the total 
neutron cross section of xenon! and krypton? had 
already been made, it was clear that, with the combina- 
tion of the higher resolution of the Brookhaven fast 
chopper and time-of-flight apparatus and gas samples 
with good isotopic enrichments, these results could be 
improved. Since krypton has six isotopes and xenon has 
nine, it was obviously desirable to have usable amounts 
of these gases with the normal isotope abundance ratios 
sufficiently changed to make possible the isotopic 


on slow- 


* A portion of this material is contained in the dissertation of 
D. P. Mann, submitted in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy in Yale University. 

t Supported in part by the U. S. Atomic Energy Commission. 
} Present address: Centre d’Etudes Nucléaires, Saclay, France. 


§ Present address: Atomic Energy of Canada Limited, Chalk 
River, Ontario, Canada. 

|| Present address: Atomic Energy 
Harwell, England. i 

1S. P. Harris, Phys. Rev. 89, 904(A) (1953). 

2S. J. Cocking, J. Nuclear Energy 6, 113 (1957). 
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identification of each of the resonances. For this purpose 
it was only necessary to have gas samples of a few 
hundred cm’ in size and with isotope abundances 
changed by a factor of two or so. The thermal! diffusion 
method, using hot-wire columns, is the preferred way to 
accomplish such isotope enrichments in these gases. 

A difficulty to be overcome was the concentration of 
these gases into suitable holders that would go into the 
small, precisely limited, target area traversed by the 
collimated neutron beam in the Brookhaven fast 
chopper entrance stator. This was accomplished by 
freezing the gas within the proper pressure-temperature 
range into especially designed Armco iron holders to 
give sample thicknesses of about 3.3 g/cm’. 


PRODUCTION OF.THE ENRICHED XENON 
AND KRYPTON SAMPLES 


The thermal diffusion apparatus consisted of four, 
hot-wire, glass columns, each three meters in length, the 
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interconnections being a single capillary of 1.5 mm i.d. 
from the top of each column to the bottom of the one 
next in line. The glass columns were 9 mm i.d., each 
surrounded by a water jacket and carrying a tungsten 
wire heated to 1500°K well-centered along the axis of 
the column. The end volumes were each a 200 cm* 
cylindrical flask wrapped with a nichrome-wire heater. 
A timing mechanism supplied electrical power to these 
two heaters alternately for a five-minute period so that 
about 30 cm? of gas was continuously “rocked” back and 
forth through the system by the driving pressure from 
the expansion of the gas in the heated flask. Our 
experience with this “‘gasschaukel” method of operation 
first used by Clusius and Buhler* is good, and we there- 
fore recommend it rather than the scheme of inter- 
connecting columns with pairs of larger-bore convective 
couplers. 

Using xenon, the optimum gas pressure was found 
empirically to be 40 cm of Hg. With the column wires 
cold, this pressure dropped to about 3 atmos, and hence 
sach 200 cm’ end reservoir contained about 60 cm# 
of gas NTP. At or near equilibrium (7 to 10 days) we 
extracted the contents of both reservoirs and also the 
gas in the columns, recharged the system with normal 
xenon gas, and repeated the cycle. Several hundred cm* 
of both “light” and “heavy” xenon were so produced. 
A typical analysis of this product as used for the neutron 
cross-section measurements is given in Table I. 

A sufficient amount. of “light” krypton analyzing 
better than 50% Kr® to till two of the target holders 
described below to a pressure of about 2000 lb/in.? was 
available at Yale from the earlier thermal diffusion 
concentrations produced by Blais and Watson.‘ The 
important single odd isotope Kr was reduced in this 
sample from its normal abundance of 11.5% to less than 
1%. Reference 4 should be consulted for details of the 
batch-wise recycling procedure that effected this excel- 
lent concentration of the light krypton isotopes. 


GAS TARGET HOLDERS 


The two sample-container regions in the BNL fast 
chopper are just 0.385 in.+0.001 in. wide by 23 in. high 


TABLE I. Equilibrium concentrations in percent of the xenon iso 
topes from operation of 12 meters of thermal diffusion columns. 


Light/Heavy 
ratio 
>700 
>60 
25.7 
9.41 
4.11 
1.30 
0.462 
0.078 
0.008 


“Heavy” end 


: <0.008 
‘ 0.20 
6.07 
1.46 
14.8 
29.1 
21.6 
0 27.2 


Isotope 


124 
126 
128 : 
129 
130 4.1 6. 
131 21.2 19. 
132 26.9 13. 
134 10.4 ; 
136 8.9 0. 


Normal Xe_ “Light” end 


0.094 0. 
0.092 0. 
1.92 5 

26.4 Si. 


4 
( 


5 
1 
2 
) 
3 
5 
‘ 
2 


; ‘lusius and H. H. Buhler, Z. Naturforsch. 9a, 775 (1954). 
N. C. Blais and W. W. Watson, Phys. Rev. 104, 202 (1956). 
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(maximum) by 1 in. (maximum) in the neutron beam 
direction. This is more than enough to accomodate 
target samples in powder form or of metal foil, but never 
before the present work had gas samples been con- 
centrated into holders in these tiny spaces. It was clear 
from the start that to obtain xenon or krypton targets 
of maximum thickness, consistent with the amount of 
separated material available, pressures of about 100 
atmos would be necessary. Only pure aluminum or pure 
iron could be used to contain the gas, then, for only 
these of all structural materials could both provide the 
requisite strength and also have low constant neutron 
cross section in the energy range of interest. After our 
first model of aluminum ruptured on test at 1000 psi we 
adopted Armco iron for fabrication of the holders. Iron 
has a total neutron cross section nine times greater than 
that of Al, but still the transmission of one such holder 
is 65% for the 3’; in. thickness in the beam direction. 

Target holders of Armco iron were completely 
successful. The construction was accomplished by 
starting with a block 0.385 in.X1 in.X2} in., milling 
into the 1 in.X 2} in. face to form a cavity deep enough 
so that by proper insertion of a shaped plug a volume of 
thickness 0.040 in. was left. The maximum width of the 
neutron beam at the target position is 0.030 in. The 
plug was Heliarc-welded into position, and a filling line 
in the form of a Cu capillary tube of 0.024 in. i.d. was 
attached. Ten of these were fabricated, pressure tested 
at 2200 psi, and x-rayed for detection of any residual 
internal imperfections. All the holders seemed to be 
sound and regular. 

From the recent PV vs P measurements by Michels 
one calculates that at 130 atmos the density of xenon is 
1.94 g/cm’, which means for our chamber volume of 
0.590 cm’ about 1.14 g of gas or about 200 cm* NTP. 
Thus about 400 cm’ of each enriched sample was needed 
to fill two holders. When one of the holders was im- 
mersed in liquid nitrogen, however, it was found to be 
impossible to deposit more than 30 to 40 cm’ of xenon 
gas into the chamber, probably because the small 
thermal conductivity of the layer of solid xenon pre- 
vented further freezing, with the heat leaking down 
the Cu capillary balancing the evaporation from the 
frozen film. Liquefying, not freezing, the gas into the 
chamber was then the indicated procedure, and con- 
struction of a phase diagram for xenon showed that at 
about 2 atmos the temperature range for the liquid 
region is from about —111°C to —96°C. After some 
practice with ordinary xenon it was found possible by 
alternately cooling the chamber and then warming the 
filling line with a flame to condense the desired amount 
of gas into a holder. The chamber was then immersed 
completely into the liquid nitrogen to solidify the xenon, 
the Cu capillary was pressure-welded, and the cut end 
of the tubing was quickly dipped into molten solder as 
a precautionary measure. 

Weighing the holders both before and after com- 
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TaBLe II. Composition of krypton samples, in percent. 


Intermediate 
enrichment 
0.00924 K10™ 
atmos/cm? 


Light 
enrichment 
0.0102 K10™ 
atmos/cm? 


Normal krypton 
n =0.00912 X10" 
atmos/cm? 


0.13% 

3.30 
23.0 
15.5 
52.2 





0.35% 29.5% 
27 62.1 
11.6 7.88 

i 0.50 
56 0.14 
17.2 <0.05 


pletely filling them with water indicated a +5% varia- 
tion in velume around the design value of 0.590 cm‘. 
This is the dominant error since for the six holders filled 
with xenon (two each of heavy, light, and normal gas) 
the measured gas deposited in each chamber was 
185+1 cm’. The target thickness in each case, then, was 
3.3 g/cm’+5%. 

By a similar procedure six target holders were filled 
with krypton, giving target thicknesses of 1.4 g/cm’, or 
about 0.01X10*** atoms/cm’. Two of these krypton 
target holders contained the gas highly enriched in the 
light Kr isotopes, two were filled with krypton some- 
what enriched in Kr, and the remaining two with 


normal krypton. 


NEUTRON TRANSMISSION OF KRYPTON 
AND XENON 


The samples of krypton and xenon gas, prepared 
according to the above descrption, were examined with 
the Brookhaven fast-chopper facility. Neutron trans- 
missions were measured in the energy region from about 
10 ev to about 1 kev, for the various isotopic mixtures 
prepared by the Yale hot-wire thermal diffusion 
apparatus. 

The neutron velocity spectrometer consists of the 
BNL fast chopper® operating with a 20-meter flight 
path. The data are timed and recorded with the aid of 
a 1024 channel time delay analyzer utilizing an electro- 
static memory storage system, designed by M. Graham 
at Brookhaven National Laboratory. A bank consisting 
of 128 BF; counters in a common BF; atmosphere is 
used for neutron detection. The chopper is thoroughly 
described in reference 5. At the maximum rotational 
speed, 10000 rpm, a resolution of 0.07 ysec/meter is 
realized with the 20-meter flight path. 

With the gas sample inserted into the sample carrier 
in the chopper entrance stator, the neutron spectrum as 
recorded by the detector and time analyzer was 
observed and compared to the spectrum observed with 
a similar, but empty, holder in position. The trans- 
mission thus obtained, after a small (5 to 10%) back- 
ground correction, was accurate to about 2% per 
0.5-ysec channel, excluding normalization errors due to 
possible differences between the dummy and actual 
gas sample holders. 


5 F. G. P. Seidl et al., Phys. Rev. 95, 476 (1954). 
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The dips observed in the transmission, when plotted 
as a function of neutron energy, are indications of the 
excitation of compound nuclear states in the target 
nucleus plus neutron. The Breit-Wigner, Doppler- 
broadened, single-level formula is assumed to describe 
exactly the energy variation of the cross section over 
these resonance dips, 

I, R’\? 
or(E) = 4rko'g | ————_—_——_+—| +4x(1—g)R” 

(E- Eo)+:1/2 Ao 


“ae, 
EJ \(E-Eo’+(0/22-7" 
1 E'-Ey? 
oa(k)=— f o7(h’) exp| - (— ) jue 
Ar} 0 A 


where the notation is the same as in reference 5. The 
method of analysis most suitable for the resonances 
observed in krypton and xenon with the resolution 
available is the so-called “area” analysis as developed 
by Hughes and his co-workers*:’ in which the area under 
a transmission dip, 


A -f {1—exp[l—no4(E) }}dF, 


is related to some combination of the widths T’, and IT’: 
For details of the application of the “area” technique 
references 6 and 7 may be consulted. Here it is sufficient 
to note that in the limiting cases of thin (noo&1) and 
thick (noop>>1) samples, the transmission dip area is 
proportional to gl’, and (gI’,I’)', respectively. In 
practical analysis no sample completely approaches 
these asymptotic limits, and graphs giving transmission 
area as a function of sample thickness for various values 
of I are employed as described in references 6 and 7. In 
many cases a knowledge of the radiation width I’,, as 


Krypton - Normal 


TTT 


T 


a 7 





Orr 
100 1000 
E (ev) 





Fic. 1. Total neutron cross section of normal krypton with 
isotopic identification of the resonance peaks. These cross sections 
are uncorrected for resolution, Doppler effects, or isotopic 
abundances. 

6D. J. Hughes, J. Nuclear Energy 1, 237 (1955). 

7 Pilcher, Harvey, and Hughes, Phys. Rev. 103, 1342 (1956). 
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measured by other experiments, allows a determination 
of gl’, for intermediate and thick samples. 


KRYPTON 


The total neutron cross sections of normal krypton 
gas had been previously measured by Cocking,? who 
observed three resonances below about 100 ev without 
being able to make isotopic identifications. ‘Three 
samples of krypton were available for examination. 
Table II specifies the composition and thickness of 
these samples. 

Figure 1 shows the observed sample cross séctions for 
normal krypton, uncorrected for resolution or Doppler 
effects or isotopic abundances. They are obtained 
directly from transmission measurements by the relation 

o=—(1/n) InT. 


The other two enrichments give similar plots except that 
the resonance peaks are enchanced or diminished. 
Because of the relative thinness of the sample, a 
normalization error of +3 barns must be assigned to the 
cross sections of Fig. 1. From the known chopper 
resolution and the observed level spacing at low energies 
for krypton (~30 ev), it may be calculated that reso- 
nant structure observed above about 600 ev results most 
likely from the effects of several levels. Resonance 
analysis was therefore not extended above that energy. 

Table III lists the energies, isotopic identification, 
and resonance parameters for the levels seen in krypton. 
The 640-ev level could not be definitely assigned to a 
single isotope, and so two possibilities are listed in the 
table. 

For the 27.9-ev level in Kr and the 106-ev level in 
Kr®, the sample thicknesses were sufficiently dissimilar 
to permit a determination of I’ by a comparison of the 
thin sample area (proportional to gI’,,) and thick sample 
area [proportional to (gI’,I')!]. From I’, and the 
assumption g= 3, I',, the radiation width, is determined 
from 

rT —21,. 

The results, 220+ 60 millielectron volts for Kr and 
400+ 90 millielectron volts for Kr, can be compared to 
the predictions of Cameron* who devised a formula for 


TABLE III. Resonance parameters of krypton. Where I’, is given 
in parentheses, it has been assumed, not measured. The reduced 
neutron width, I,° is the neutron width evaluated at 1 ev. 
l'n°=T',/(Eo)?. 


r,® (milli- r'., (milli- 
electron volts) electron volts) 


220+60 
(200) 
400+90 
(200) 
(200) 
(200) 


Target In (milli- 
isotope electron volts) 


Eo (ev) 


27.9+0.3 
39.8+0.5 
106+2 
23346 
519+20 
580+ 20 





1342 
14+2 
3343 
19+3 
1543 
3.6+0.8 
59+ 12 
40+8 


67+10 
88+12 
336+30 
290+40 
345470 
87+20 
1500+300 


1000+ 200 (200) 


640+25 80 


8 A. G. W. Cameron, Can. J. Phys. 35, 1021 (1957). 
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Fic. 2. Total neutron cross section for normal xenon, with 
isotopic identification of the resonance peaks. The points are un 
corrected for resolution or Doppler broadening. 


radiation widths based on a modified level spacing 
formula due to Newton. The predictions of this formula 
are 220 millielectron volts for Kr* and 200 for Kr®™. 

Another parameter of interest is the neutron strength 
function, (I’,")/D, a measure of the probability of 
compound nucleus formation. The strength function is 
obtained from the ratio of the reduced neutron width to 
the level spacing per spin state. 

This ratio is predictable from the ‘‘cloudy crystal 
ball” calculations of Feshbach, Porter, and Weisskopf,° 
and those of Chase, Wilets, and Edmonds.” In krypton 
there is a paucity of levels in the energy range available 
to chopper measurements, and so one calculates (I',")/D 
averaged over all isotopes and spin states. From the 
seven levels analyzed up to 600 electron volts, a value 
for (I’,°)/D of (0.21+0.10)X10~ is obtained. This is 
somewhat lower than theory would predict in this 
range of nuclear masses. It would be desirable to extend 
resonance analysis to higher energies to improve the 
statistical accuracy of the above result, but present 
resolution does not permit this extension at Brookhaven. 


XENON 


The only previously published work on xenon is that 
of Harris! who reported the existence of prominent levels 
at 9 and 14 electron volts, observed with a resolution of 
1.0 usec/meter. Samples of xenon gas of 3.3 grams/cm? 
or 0.016 10-4 atoms/cm? thickness were examined by 
us. The isotopic enrichments for these samples are 
described in Table I. In addition to these three samples, 
a fourth sample of normal xenon, of thickness 0.056 
gram/cm? or 0.00026 10*%4 atoms/cm”, was run for the 
purpose of examining the very large level at 14.1 ev in 


9 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
Chase, Wilets, and Edmonds, Phys. Rev. 110, 1080 (1958). 
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Fic. 3. Strength func- 
tion determinations for 
krypton and xenon. 
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Xe", This level exhibited an observed peak cross section 
of 40 000+ 2000 barns, after correction for isotopic 
abundance, a rather large value at this energy. 

Figure 2 shows the uncorrected, observed, cross 
section in normal xenon as a function of energy. Be- 
cause of the more dense level structure of xenon relative 
to krypton, it was decided to limit resonance analysis 
to levels appearing below 200 ev. The two prominent 
resonances seen by Harris appear, as well as 5 others 
below 200 ev. 

Table IV lists the resonance parameters of the xenon 
levels up to 130 ev. The 126-ev level could not definitely 
be assigned to a single isotope, and two possibilities are 
listed in the table. For the resonance analysis in xenon, 
a radiation width of 90+20 millielectron volts is 
assumed. This value was obtained from a study of the 
0.082-ev level in Xe'**." 

“ Unpublished data from Oak Ridge National Laboratory as 
quoted in Neutron Cross Sections, compiled by D. J. Hughes and 
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From these parameters a plot of the cumulative sum 
> fel’ .°, where f is the isotopic abundance fraction in 
normal xenon, vs energy can be made. The slope of this 
staircase plot gives the strength function, averaged 
over isotopes and spin states, directly. Figure 3 shows 
these plots for both krypton and zenon. From this plot 
(1 ,°)/D for xenon is (1.05+0.40) X10, obtained from 
seven levels. This value is slightly lower than the pre- 
dictions of Chase, Wilets, and Edmonds for this region 
of mass number. 

The small number of levels investigated in krypton 
and xenon indicate the advisability of extending the 


las_e IV. Resonance parameters of xenon. A radiation width of 
90+20 millielectron volts is assumed. ; 


Eo (ev) 


r,® (10-*ev) 


5.16+0.06 
9.47+0.20 129 
14.1+0.4 131 
46.0+0.7 131 
76.0+1.0 131 
92.0+1.5 129 


(129 
aie sa {12 
126+3 1130 


3.340.3 
3.6+0.4 
75+11 
2.0+0.5 
1.1+0.3 
15+4 
35+11 
\1745 


11.0+1.0 
280+40 
13+3 
9.342.8 
140+40 
190+60 

\ 400+ 100 


analysis of resonances to higher energies through the 
use of higher resolving power, such as would be availa- 
ble with a longer neutron flight path. The increase in the 
number of levels would greatly increase the statistical 
accuracy of (I’,°)/D quoted for xenon and krypton. 
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The Li’(p,n)Be7 and Li*(p,n)Be® reactions were studied at E,=10.5 Mev, by the method of proton 
recoils in nuclear emulsions. The Li’(p,m) Be’ spectra at 30° and 90° show the known states of Be’ at 0, 0.43, 
and 4.53 Mev. The cross section for formation of the ground state at 90° (lab) is 3.2 mb/sterad (+30%). 
The Li®(p,n)Be® spectra at 30°, 60°, 90°, and 135° show ground-state groups with Q=—5.05+0.2 Mev. 
This leads to (M—A) for Be®=20.134+0.2 Mev. Be®(0) is thus unbound with respect to (Het+2p) by 
1.35 Mev. The cross section for formation of Be®(0) at 90° (lab) is 0.5 mb/sterad (+30%). At 90°, there 
is also indication of a sharp excited state at E,=1.50.2 Mev. The lifetimes of Be®(0) and Be ®(1.5 Mev) 
are 24X10! sec and >7X10™ sec, respectively. These results are discussed in terms of the other avail 


able information on the A =6 isobars. 


I. INTRODUCTION 


HIS is the fourth'™ in a series of papers describing 

studies of the level structure of the 7,=—1 

[T,= N—Z/2] nuclei. These nuclei are proton rich and 

are either difficult or impossible to reach with other 

than neutron producing reactions.‘ For this reason their 
level structure is usually very poorly known. 

The Li®(p,2)Be® reaction has been investigated pre- 
viously at E,=9.6+0.1 Mev by Bogdanov ef al.® This 
group used a time-of-flight method with a single-channel 
fast neutron spectrometer to obtain neutron spectra at 
several angles from targets of separated Li® and isotopic 
lithium on lead backings. Bogdanov ef al. observed the 
groups corresponding to the ground and first excited 
states of Be’ (unresolved) and to the state at 4.53 Mev.‘ 
In addition, using the enriched targets, they observed 
neutron groups corresponding to the ground state of Be®: 
Qo= —5.2+0.2 Mev; mass excess M—A=20.3+0.2 
Mev.® The ground state was found to be quite sharp, 
I'<0.3 Mev. Bogdanov and his collaborators did not 
observe any excited states of Be®, 

We decided to study the Li®(p,7)Be® reaction again 
to confirm the results of Bogdanov ef al.5 on the mass 
and life-time of the Be® ground state and to try to locate 
excited states of Be®. The Li’(p,7)Be’ reaction was 
studied at the same time, primarily to obtain informa- 
tion about the plate resolution in this experiment, the 
energy of the incident proton beam, and the general 
background. 


* Work supported by the National Science Foundation and the 
U. S. Atomic Energy Commission. 

1 C0: F, Ajzenberg and W. Franzen, Phys. Rev. 95, 1531 (1954). 

2N®: Ajzenberg-Selove, Bullock, and Almqvist, Phys. Rev. 
108, 1284 (1957). 

304; F, Ajzenberg and W. Franzen, Phys. Rev. 94, 409 (1959). 

4F. Ajzenberg-Selove and ‘T. Lauritsen, Nuclear Phys. 11 ,1 
(1959), 

5 Bogdanov, Vlasov, Kalinin, Rybakov, and Sidorov, Soviet J. 
Atomic Energy 3, 987 (1957). 

6 All masses except Be® are taken from A. H. Wapstra, Physica 
21, 367 (1955). 


II. EXPERIMENTAL PROCEDURES AND RESULTS 
A. The Exposure of the Plates 


Ihe source of the incident protons was the 60-inch 
Brookhaven National Laboratory cyclotron. The detec- 
tion of the outgoing neutrons from the Li®(p,m)Be® and 
Li’(p,m) Be’ reactions‘was by means of Ilford C-2 nu- 
clear emulsions, 400 microns thick, placed at several 
angles to the incident beam of protons. 

The neutron background in the experimental area was 
extremely high when the standard beam tube arrange- 
ment was used. It was found necessary to build an 
aluminum beam tube approximately nine feet long and 
made up of three sections. The first section 4 feet long, 
was connected to the exit port of the cyclotron at the 
shielding wall. This section contained two collimators, 
a }-inch wide carbon cylinder with a }-inch diameter 
hole followed by a 6-inch long polystyrene cylinder with 
a 2-inch hole. Carbon was used, of course, because of the 
high threshold of the C"(p,7)N” reaction (O= — 18.24 
Mev). Another carbon collimator was also placed inside 
the permanent cyclotron beam tube just before the ball 
valve located at the exit port. The second aluminum 
section, 6 inches long, contained the target holder. The 
third section, closed at one end, was connected at the 
other to the second section through a short insulated 
cylinder. The closed end was lined for a distance of 
6 inches with a carbon cylinder having an inner hole 
1 inch in diameter and 5 inches long. The proton beam 
was thus stopped about 4 feet from the target, and from 
the plates. Additional shielding was provided by slabs 
of paraffin and borax. packages blocking interstices in 
the shielding wall at the exit port. 

The first two targets used were thin Li®-oxide layers 


deposited on 5-mil platinum and 10-mil tantalum back- 


ings. The background in both cases was extremely high 
and the plates were fogged to an unmanageable degree. 
We then exposed plates to the neutrons emitted when 
the proton beam hit thin (0.1 mil to 0.25 mil) foils of 
aluminum, tantalum, and gold, in order to discover the 
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Li(p,n)Be’ 
E,+10.45 Mev 
500 Trocks 








‘ 
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ic. 1. Li?(p,n)Be? data at 30° (in the laboratory system). V 
is the corrected number of neutrons per 100-kev interval. £,, is the 
neutron energy. The calculated positions of the Be’ ground state 
and the states at 0.43 and 4.53 Mev are indicated by arrows. The 
binding energies of a proton, a He’, and an a particle in Be’ are 
also shown. 


most satisfactory type of backing material. In all three 
cases the background was high. The targets we finally 
used were self supporting foils of Li® and isotopic lithium 
which turned out to be trouble free and very simple 
to prepare. 

Thin self-supporting foils of isotopic lithium metal 
and lithium metal enriched’ to 99.3% of Li® were ob- 
tained by the use of a standard jeweler’s press equipped 
with stainless steel rollers. The rolling® of the foils, and 
their subsequent storing, both took place with copious 
quantities of mineral oil (Nujol). The thicknesses of 
both the Li® and Li’ foils were the same, 8X 10-* cm. 
Just before their use, the foils were cleaned? in a mixture 
of hexane and 10% methyl! alcohol (the latter etches 
the surfaces of the lithium foil leaving it perfectly 
silvery) and then oxidized by allowing a stream of 
oxygen to hit the foil. This last step prevents the lithium 
from absorbing nitrogen. The threshold of the O'*(p,7) F'® 
reaction is very high (O=—16.41 Mev) while that of 
the N'(p,7)O"™ reaction would give neutrons in an in- 
convenient energy range (0= —5.93 Mev). The targets 
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Fic. 2. Li’(p,n)Be? data at 90° (see also caption of Fig. 1). 

7 The enriched lithium was furnished by the Stable Isotopes 
Division of the U. S. Atomic Energy Commission, Oak Ridge, 
Tennessee. 

* J. B. Reynolds and K. Standing, Phys. Rev. 101, 158 (1956). 

* We are grateful to Professor R. I. Walter for this suggestion. 


OSGOOD, AND BAKER 
were mounted in a brass ring placed at the center of the 
second beam tube section. 

The nuclear emulsions were placed 6 inches from the 
target and at several angles to the incident beam and 
after exposure were processed and scanned in a standard 
manner.” The total exposure was 1500 microcoulombs 
for the Li® target and 500 microcoulombs for the isotopic 
lithium target as measured by a current integrator con- 
nected to the third section of the beam tube (uncertainty 
approximately 5%). 

The BNL cyclotron is not generally used for nuclear 
spectroscopic studies and there is no accurate means of 
determining the energy of the beam. It is primarily for 
this reason that we exposed plates to neutrons from the 
Li’ (p,n) Be’ reaction. Since the Q-value of this reaction is 
very accurately known (Ethresh= 1.8812+0.0009 kev"), 
the proton energy can be determined. As discussed 
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Fic. 3. Li®(p,n)Be® data at 30° (in the laboratory system). N is 
the corrected number of neutrons per 100-kev interval. £, is the 
neutron energy. The inset shows the ground-state group with 
somewhat better statistics. The scale marked /, indicates the 
excitation in Be® corresponding toa given /,,. The binding energies 
of the (He*+2p) and (Li5+/) systems in Be® are also shown. Note 
that the ground state of Li® has a width of ~1.5 Mev. 


below, we found the mean energy of the protons to be 
10.45+0.1 Mev. 


B. The Li’(~,n)Be’ Data 


Figure 1 shows the data at 30° and Fig. 2 at 90° to 
the incident beam. The ordinate represents the relative 
number of neutrons per 100-kev interval, that is the 
number of proton recoil tracks having energies in such 
an interval, corrected for geometry and variation of the 
neutron-proton scattering cross section with energy. At 
both angles the high-energy group of neutrons is due to 
the unresolved combination of the ground state of Be’ 
and the 0.43-Mev level. The peaks are asymmetric and 
the contribution of the 0.43-Mev level in both cases 
clearly appears to be less than that of the ground state. 


' Rubin, Ajzenberg-Selove, and Mark, Phys. Rev. 104, 727 
(1956). 
1 R. O. Bondelid and C. A. Kennedy, Naval Research Labora- 


tory Report—5083, 1958 (unpublished). 
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The lower energy peak, at both angles, is due to the 
Be’ state” at 4.53+-0.02 Mev. The background neutrons 
are probably primarily from the following causes: the 
breakup into (He*+ He‘) and (Li®+ ) and, at 30°, the 
1-Mev broad state at 6.35 Mev in Be’. 

These results were obtained to determine the incident 
proton energy. In computing this energy, we used the 
average neutron energy corresponding to the three 
groups. In the case of the unresolved (0) and (0.43- 
Mev) states a decomposition of the peak was necessary. 
This was not too difficult because of the asymmetry of 
the peak and the lower intensity of the 0.43-Mev group. 
The weighted mean incident proton energy was calcu- 
lated to be 10.45 Mev with a standard deviation of 0.06 
Mev. While the weighting was in favor of the ground 
state because of better statistics and a better known 
Q-value, the agreement between the computed £7, from 
all six groups at the two angles was good." The value of 
E, derived from these data and used in the next reaction 
was taken to be 10.45+0.1 Mev. This proton energy, 


Li®(p,n)Be® 


E,#10.45 Mev 150 Tracks 





hee Bes 
9 10 





ba 2s 
8 


530 Tracks 


Bicdsecteccecsl- 
c a) mW 


Enin Mev 





Lit pf 


Fic. 4. Li®(p,n)Be® data at 60° (see also caption of Fig. 3). 


the mean energy, is the full energy of the beam less half 
the energy required to cross the isotopic lithium target 
which had a thickness equivalent to an energy loss of 
150 kev for ~10-Mev protons. The full energy of the 
beam was, therefore, 10.53 Mev but we use the mean 
energy obtained above in the next section also because 
the foils of isotopic lithium and of Li® had the same 
thickness (within 10%). 


C. The Li®(p,n)Be® Data 


Figures 3-6 show the data at 30°, 60°, 90°, and 135° 
to the incident beam. In each case the high-energy group 
is due to the ground state of Be®. The insets in the first 
two figures show the ground-state group with better 

2 P. D. Miller and G. C. Phillips, Phys. Rev. 112, 2048 (1958). 

13 At both angles the 4.53-Mev group appeared at a relatively 
lower energy than expected from the positions of the other two 
states. The small difference, ~0.05 Mev, might be fortuitous or 
else might indicate a somewhat higher excitation energy than 
4.53 Mev. 
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statistics, obtained by scanning the plates, discrimina- 
ting against lower energy events. 


1. The Mass of Be® 


Assuming E,= 10.45 Mev, we find the following Q- 
values for the ground-state reaction: at 30°, O= —5.26 
Mev; at 60°, O=—5.01 Mev; at 90°, O= —5.00 Mev; 
at 135°, O= —5.07 Mev. The results at the three larger 
angles are in excellent agreement. The result at 30° 
might be fortuitous or might be due to an error in 
determining the position of the plate, or to an error in 
determining the average neutron energy of the peak 
because of its relatively poor resolution. The weighted 
(in favor of the two back angles) value of O=—5.05 
Mev with a standard deviation of 0.1 Mev. Taking into 
account the uncertainty in the proton energy, we find 
Q=—5.05+0.2 Mev in good agreement with the value 
of —5.2+0.2 Mev obtained by Bogdanov ef al.® 

The atomic mass excess of Be®, using the Wapstra 
values® for Li®, H', and x is then 20.13+0.2 Mev and 
the atomic mass of Be® is 6.02162+0.0002 amu, using 
the DuMond conversion value 931.141+0.010 Mev=1 
amu. This gives 0.44 Mev as the binding energy of 
(Li>+p) and indicates that Be*(0) is unbound with 
respect to (He'+2)) by 1.35 Mev. 


2. Excited Stales of Be® 
At 135°, only the ground state could be observed. At 
the other three angles, a scale is plotted showing the 
40 
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Fic. 6. Li®(p,n)Be® data at 135°. The position of the ground state 
of Be® is shown by an arrow (see also caption of Fig. 3). 
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excitation in Be® as a function of decreasing neutron 
energy. The 90° data are the only ones which indicate 
the possible existence of a sharp excited state of Be® 
below £,~3.3 Mev: Q0=—6.53 Mev, E,=1.5+0.2 
Mev. The data at 30° and 60° do not exclude this level 
but certainly do not support its existence. The situation 
is, of course, complicated by the fact that all" states of 
Be® are unstable with respect to decay into two bodies 
Li® and p, which increases their widths and provides a 
background of neutrons of heterogeneous energies from 
Li*+p — Li'+p+n. The small width of the Be® ground 
state, discussed below, and the low neutron background 
between the ground-state peak and the energy corre- 
sponding to Li'+p— He'+2p+m indicates that the 
three-body breakup in this reaction is inhibited, as it 
appears to_be in other similar reactions.‘ 

The 1.5-Mev excited state energetically can freely 
decay into Li'+ . The small width of this presumably 
J =2* state might be explained by the fact that p-wave 
protons would be necessary. 


3. Widths and Lifetimes 


In the Li’(p,n) Be’ data, the experimental widths of the 
neutron groups corresponding to the sharp states of Be’ 
at 0 and 0.43 Mev are estimated to be ~ 400 kev. These 
values are approximately 100 kev larger than the calcu- 
lated neutron group widths for neutrons of the various 
energies involved. The calculations take into account a 
number of factors the most important of which are range 
straggling'® which varies from 100 to 200 kev over the 
energy range, the width of the proton beam, ~ 100 kev, 
and the thickness of the target. The inhomogeneity of 
the emulsion is not taken into account, and this probably 
accounts in part for the difference between the calcu- 
lated and the experimental widths. 

Since the thicknesses of the target, the proton beams, 
and the emulsions used were the same in both exposures, 
it is possible to estimate upper limits to the true widths 
of the ground and 1.5-Mev states of Be® from the neu- 
tron group widths. At 90° and 135°(lab) the experi- 
mental ground-state neutron group widths were ~350 
kev. On the basis of the Be’ results, a width of ~ 320 kev 


is calculated for a sharp state. Therefore the width of 


Be®(0) << 150 kev, and the mean life of the ground state 
of Be®, ro, is 24X10~*! sec (ro~%/T 0). This may be 
compared with the value of r>>210-*! sec found by 
Bogdanov ef al.® 

At 90°(lab) the width of the neutron group to the 
~300 kev. On the 


basis of the type of calculation described earlier, a sharp 


1.5-Mev state is estimated to be 


state would have a neutron group width of ~ 330 kev. 
Therefore the 1.5-Mev excited state seems to be quite 


' This includes the ground state, despite the positive binding 
energy, 0.44 Mev, of Li®+ ), because of the ~1.5 Mev width of 
the Li® ground state 

A. G. Rubin, Ph.D. thesis, Boston University, 1957 (un- 
published). 
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sharp. We estimate its width at <100 kev, and therefore 
its mean life, 7), is >7X10-?! sec (71;~%/T}). 


4. Background 


As may be seen by comparing the Li® and the Li’ 
results, the general room background was extremely 
low. The neutron energies corresponding to the reac- 
tions O'8(p,n) F!8 (O= — 2.450), N“(p,n)O" (O= — 5.930 
Mev), and C(p,n)N® (OQ=—3.005 Mev) at the four 
angles were computed. There appears to be very little 
or no contributions from these reactions. 


D. Cross Sections 


The cross section for formation of the ground-+first- 
excited state of Be’ at E,=10.45 Mev was computed!® 
to be 4 mb/steradian at 90°(laboratory system) 
[99°(c.m.) ] with an uncertainty of 30%.” The contri- 
bution of the 0.43-Mev state is estimated to be (19+4%). 
This gives a cross section for the ground state alone of 
3.2 mb/steradian (+30%). 

The cross section for formation of the ground state of 
Be® at E,= 10.45 Mev was found to be 0.5 mb/steradian 
at 90°(lab) [104°(c.m.) ] with an uncertainty of 30%. 

The ratio of the cross section of the Li’(p,m) Be? (0) 
reaction to the Li®(p,7)Be*®(O) reaction at 90°(lab) is 
thus 6.4+3. 

At E,=9.6 Mev, Bogdanov e al.’ find that the cross 
section of the combined ground and first excited states 
of Be’ is approximately 7 mb/sterad at 99°(c.m.), and 
that the cross section for Be®(0) is ~0.3 mb/sterad at 
104°(c.m.). Our results are in fairly good agreement with 
these taking our quoted errors into account. 

The plates at 90° were particularly clear in both the 
Li® and Li’ exposures. At the other angles the plates 
were heavily fogged and in spots difficult to scan. We 
may have missed some tracks at those angles and for 
this reason we prefer not to quote cross sections at 
angles other than 90°. In a general way, the shape of the 
angular distribution agrees with the results of Bogdanov 
le al.» obtained at E,=9.6 Mev. We find the lowest in- 
tensity of the Be® ground-state group to be at 72°(c.m.) 
[60°(lab) |. At our energy, however, the highest inten- 
sity occurs at 104°(c.m.) [90°(lab) ], where the cross 
section is approximately three times that at 72°. The 
ratio obtained by Bogdanov ef al.° for these two angles 
is approximately 1.5. 


III. Be’ AND THE A=6 ISOBARIC TRIAD 


The first 7=1 state in the 7,=0 member of the A = 6 
triad, Li®, is located at 3.56 Mev (see Fig. 7). It has 
J=0*. The most convincing evidence!’ for T=1 stems 


16 [., Rosen, Nucleonics 11, No. 8, 38 (1953). 

‘i This uncertainty includes 10% statistical error, 10% uncer- 
tainty in the thickness of the targets, 5% uncertainty in the 
number of incident protons. The cross section value also takes into 
account attenuation of the neutrons in the emulsion. 

18 The level evidence is discussed in reference 4. 
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from the fact that this state is not observed in either the 
scattering of deuterons from He‘ or in Li®(d,d’)Li®*. The 
J* assignment is derived principally from studies of the 
Be’(p,ay)Li® reaction. From charge independence con- 
siderations, the masses of He® and Be®, corrected" for 
Coulomb effects and the »— H' mass difference, should 
also be ~ 3.6 Mev greater than the mass of Li®(0). Using 
the Wapstra® masses of He® and Li®, the atomic mass 
difference He®— Li® is 3.536 Mev, a value which is at 
most in error by 40 kev. When this mass difference is 
corrected in the manner described above, the isobaric 
mass difference is found to be 4.1 Mev, 0.5 Mev greater 
than the energy of the first T=1 level at 3.56 Mev in 
Li®. From the results discussed in this paper Be®(0) 
— Li®(0)=4.27 Mev. The isobaric mass difference is then 
3.1 Mev, a value 0.5 Mev /ess than the energy of the 
3.56-Mev level in Li®. These deviations do not need, of 
course, to reflect on the validity of the hypothesis of 
charge independence: for instance, the Coulomb calcu- 
lation was based on the crude model of a uniformly 
charged nucleus.”” However, it should be pointed out 
that this model gives more consistent results for all the 
other light nuclei.'!*? The isobaric mass difference of the 
two mirror nuclei »He® and ,Be® which should be 0, from 
charge symmetry, is thus approximately 1 Mev, the 
largest deviation in the light mirror nuclei.”! 

The second T=1 states are located at 1.71 Mev in 
He® (J=2*), probably at 5.35 Mev in Li® [Li®(5.35) 
— Li®(3.56) = 1.79 Mev | and, from the data presented 
in this paper, probably at 1.50.2 Mev in Be®. A shift 
of a couple of hundred kev in the positions of the excited 
state from He*— Be® is not surprising in view of the 
different degree of binding of the states, for instance. 

19See, for instance, T. Lauritsen and F. Ajzenberg-Selove, 
American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), Sec. 8-e. 

20 A sophisticated discussion of Coulomb energy corrections is 
given by B. C. Carlson and I. Talmi, Phys. Rev. 96, 436 (1956). 

21 With the exception of f*—Na”™, but the present value for 
the mass of Na® may be seriously in error. 
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l'1c. 7. The mass-6 isobaric triad. The data for He® and Li® 
are taken from F. Ajzenberg-Selove and T. Lauritsen, Nuclear 
Phys. 11, 1 (1959). The data for Be® is that presented in this 
paper. The levels connected by dashed lines are believed to be the 
analog isobaric states. Corrections have been made for Coulomb 
energy differences and the m-p mass difference. [See the discussion 
in the text and T. Lauritsen and F. Ajzenberg-Selove, American 
Institute of Physics Handbook (McGraw-Hill Book Company, Inc., 
New York, 1957), Sec. 8-e ] 


The evidence for higher 7=1 states in He® and Li® is 
not too good and, as discussed in this paper, we have 
not observed any states in Be®, other than the 1.5-Mev 
state, for E,<3.3 Mev. 
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Coulomb Excitation of Nuclei by Li® and Li’ Projectiles 
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In order to examine the characteristics of lithium-ion-induced Coulomb excitation, and to extend the 
cross-section ratio technique for the determination of the multipolarity of transitions, a study has been 
made of the 7 rays emitted following electric excitation of several different target nuclei by Li® and Li’ ions 
in the energy range 1.1 to 2.2 Mev. Measurements have been made of thick-target yields of the 110-kev 
(F1) and 198-kev (£2) y rays from F", the 128-kev (£2) y ray from Mn®5, and the 160-kev (£2) y ray 
from Ti*’ and compared with yields calculated from the theoretical cross sections. The yields of the y rays 
studied were observed to increase with beam energy in the manner predicted by theory for electric dipole or 
electric quadrupole excitation. The ratios of the Li® and Li’ induced yields at corresponding (equal £) energies 
for £1 and £2 transitions after correction for range effects were found to agree, within the estimated errors, 


INTRODUCTION 


XTENSIVE investigations of the Coulomb excita- 

tion of low-lying nuclear levels have been carried 
out during the past few years, particularly with protons, 
deuterons, and helium nuclei as projectiles.!:? A rela- 
tively smaller amount of work has been done to date 
with heavier projectiles,*~ and in particular no results 
at all have been reported in the literature on the 
Coulomb excitation process with lithium ions. In this 
paper we wish to present results on the lithium-induced 
Coulomb excitation of levels in several light nuclei, in 
which the de-excitation y rays from the states thus 
populated have been studied. 

As has been discussed by several authors, there are a 
number of advantages in the use of heavy ions as pro- 
jectiles in Coulomb excitation studies. These advantages 
will be expected to apply to the use of lithium ions. In 
the first place, because of the higher Coulomb barrier 
between the lithium projectile and the target nucleus, 
inelastic scattering processes compete with Coulomb 
excitation only at much higher incident energy than 
for protons and a particles. Thus there should be no 
appreciable contribution to the yield of Coulomb excita- 
tion from nuclear inelastic scattering. In particular, in 
the range of lithium bombarding energies used here, 
the Coulomb barrier effectively precludes any nuclear 
reactions.® 

In the second place the yield of background radiation 
from heavy-ion bombardment is expected to be much 


! Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956), for extensive references as well as a general 
discussion of theory and experiment. 

2N. P. Heydenburg and G. M. Temmer, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Palo Alto, 1956), Vol. 6. 

§ Proceedings of the Conference on Reactions Between Complex 
Nuclei, Gatlinburg, Tennessee, May 5-7, 1958, edited by Zucker, 
‘ Livingstone, and Howard [issued as Oak Ridge National Labora 
tory Report ORNL-2606, September, 1958 (unpublished) ]. 

* J. O. Newton, University of California Radiation Laboratory 
Report UCRL-3797, 1957 (unpublished). 

® Alkhayov, Andreyev, Grinberg, and Lemberg, Nuclear Phys. 
2, 65 (1956/57). 

®E. Norbeck, Jr., and C. S. Littlejohn, Phys. Rev. 108, 754 


(1957). 


lower than in the case of proton bombardment since 
both the bremsstrahlung yield! and the yield of charac- 
teristic x-rays are reduced for heavy ions.’:* Further- 
more, the absence of competing nuclear reactions as 
discussed above should give no background of y radi- 
ation or annihilation quanta arising from nuclear 
reactions produced in the target. 

No appreciable self-excitation is expected for the 
lithium projectiles. This is apparent in the case of Li®, 
which has no levels below 2.19 Mev. In the case of 
Li’, the one relatively low-lying level at 0.478 Mev is 
reached by a magnetic dipole transition from the ground 
state and hence is reduced relative to the electric 
transitions.'! In addition, as a result of the relatively 
low projectile energy used in this work, second order 
excitation effects are also expected to be negligible.’ 
Thus in these bombardments, essentially only the 
Coulomb excitation of the levels of interest should 
occur, and the spectra of de-excitation y rays should be 
relatively free from spurious effects. 

For electric multipoles (ZX) the Coulomb excitation 
cross section may be written as! 


Ze 3 
OEX= (—) got "B( EX) fer(€), 


10; 
where 
a=Z,Z2e7/mojs, 


.i.¢= Z,Z2€7/ ho; 5, 


"a 


“= ( 1 1 


h vy 2%; 

In the above expressions Z; and Z»2 are the atomic 
numbers of the incident and target nuclei respectively, 
my is the reduced mass of the incident ion, 2; and v; are 
the relative velocities before and after the collision, 
respectively, \ is the multipole order of the transition, 
B(EX) is the reduced width for the excitation of the 


7W. Henneberg, Z. Physik 86, 592 (1933). 
’D. L. Hill, Phys. Rev. 93, 923 (1954). 
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level and fe(é) is a function of the orbit integrals in- 
volved, to first order a function of & alone. 

The analysis of experimental results derived from a 
study of Coulomb excitation is first a test of the theo- 
retical description of the excitation process and second, 
insofar as the description is valid, it may lead to a 
determination of the nuclear parameters involved in 
the theory. Primary results include a measurement of 
the energies of excited states, while further analysis 
leads to values of the transition probabilities and multi- 
polarities of the transitions. The multipolarity of the 
transition may be determined in several ways; for 
example, from a study of the angular distribution of 
the de-excitation y radiation or from a study of the 
shape of the excitation function which, for small values 
of &, is sensitive to the multipolarity of the transition. 
However, an alternative and in many cases preferable 
method is provided by a comparison of the yields for 
two different bombarding particles at appropriately 
selected energies. 

It follows from Eq. (1) that if one selects bombarding 
energies for the two projectiles corresponding to equal 
values of the parameter £, then the ratio of the Coulomb 
excitation cross sections is independent of both the 
B(EX) and fr(&) factors, and is a simple function of 
the multipolarity of the excited transition. For con- 
venience of reference and comparison, some corre- 
sponding Li® and Li’ energies for equal values of & for 
Coulomb excitation of the 110-kev and 198-kev states 
in F!", the 128-kev state in Mn, and the 160-kev 
state in Ti*’ are listed in Table I. 

In the determination of the multipolarity of the 
transition, the ratio method has the experimental 
advantage that a knowledge of the detector efficiencies 
is unnecessary. This is of some importance since, par- 
ticularly in the case of weak, low-energy transitions, 
corrections for absorption of the emergent gamma 
radiation in the experimental equipment and target 
itself pose a difficult problem. 

The ratio technique has been applied by several 
groups using variously protons, deuterons, a particles, 
and recently, helium-3 nuclei.*!! In the case of Li® 
and Li’? bombardments, the absolute values of the ratios 
for transitions of different multipolarities are not so 
widely separated as those obtainable in bombardment 
by the lighter projectiles. As an example, in the 198-kev 
transition in F!’, the calculated cross-section ratio for 
an F1 transition is 1.6 times that for an £2 transition 
for proton and a excitation, whereas for Li® and Li’ 
excitation the calculated 1 ratio is only 1.08 times 
the corresponding £2 ratio. 

There are several advantages, however, in the em- 
ployment of Li® and Li’ as the projectiles in the ratio 
method. In the first place, thick targets may be used 


1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
(1954). 
4 Bromley, Kuehner, and Almquist, Phys. Rev. 115, 586 (1959). 
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TABLE I. Corresponding Li® and Li’ energies for equal & values. 


Exit Eié 
(Mev) £ (Mev) 
F® (110-kev state) F'8 (198-kev state) 
0.315 1.854 2.0 0.594 1.860 
0.448 1.480 1.6 0.854 1.484 
0.705 1.113 1.2 1.376 1.116 


Eis 
(Mev) 


Ew 
(Mev) é 





Mn** (128-kev state) Ti‘? (160-kev state) 


2.0 0.831 1.886 2.0 0.964 1.877 
1.6 1.179 1.507 1.6 1.372 1.501 


in the experiment since the ranges of Li® and Li’ ions 
of equal & values are nearly equal and may be simply 
related. Thus the computed ratio of the cross section 
for lithium projectiles may be easily transformed to a 
computed ratio of thick target yields. Second, while the 
ratio method used with proton and alpha projectiles 
requires different energy ranges for selection of corre- 
sponding energies, with lithium ions the corresponding 
energies are reasonably close. This feature combined 
with the practicability of a single Li’ and Li’ ion source 
is a definite advantage experimentally. Finally, as has 
been discussed previously, the low background radi- 
ation expected from both Li® and Li’ bombardments 
should greatly facilitate an accurate determination of 
the cross-section ratios. 

The measurements reported herein were carried out 
primarily to examine the characteristics of Li®- and Li’- 
induced Coulomb excitation, and in particular to study 
the validity of the ratio technique for £1 and £2 
transitions. Transitions of known multipolarity were 
selected in convenient target nuclides; for £2 transitions 
these included F'® (198 kev), Tit? (160 kev) and Mn® 
(128 kev) and for /1 transitions the single transition 
studied is that of 110 kev in F. The upper limit of 
2.2 Mev on the energy of the lithium beam inhibited 
the study of nuclei of higher atomic number. 


EXPERIMENTAL ARRANGEMENT AND EQUIPMENT 


Singly charged lithium ions were obtained from a 
2-Mev Van de Graaff accelerator and passed through a 
91.4-cm radius electrostatic analyzer which deflected 
them 90° before the isotopic beams were magnetically 
separated. The geometry was such that the range of 
energies incident on the target was 0.45% of the mean 
energy, that is, a spread of 9 kev from a 2.0-Mev beam. 
The lithium ions were emitted from a hot filament 
which had been coated with a fused mixture of SiO», 
Al.O3, and Li® enriched Li,O, having the composition 
of the mineral 8-eucryptite.’* Selection of the desired 
projectiles was accomplished by magnetic deflection of 
the beam through an angle of 223°, after which it 
passed through two collimators and insulating sections 
before impinging on the target. 

The target chamber consisted of a thin-walled brass 


12 J. P. Blewett and E. J. Jones, Phys. Rev. 50, 465 (1936). 
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cylinder approximately } inch in diameter and 4 inches 
long, which served as a Faraday cup. The target was 
held firmly in place against the back of the chamber by 
a brass expansion ring. As the emission of secondary 
electrons varies with the energy of the beam and 
differs for the Li® and Li’ beams, different experimental 
arrangements and varying biases were tried in order to 
obtain an arrangement which would give reliable beam 
current integration independent of secondary emission. 
In the final arrangement the target was separated from 
the collimating beam stop by two insulating sections, 
between which was a second collimator of slightly 
larger diameter which could be maintained at a variable 
bias in order to prevent secondary electrons from the 
target escaping or secondary electrons emitted at the 
main beam defining collimator from reaching the target 
chamber. It was found that a bias of — 180 v effectively 
inhibited emission of secondary electrons at all bom- 
barding energies. 

No further improvement in accuracy was made in 
the standard integrating circuit used, as absolute yields 
were not measured. All runs used in the final yield 
analysis were made at approximately the same beam 
current in order to avoid errors from nonlinearity in 
the current integrator circuit. To check further on the 
reproducibility of results, and to allow an estimate of 
target deterioration, control runs of 2-Mev Li’ ions 
were taken between sets of runs of corresponding 
energies (same &). 

In studying the Coulomb excitation of F, thick 
targets of NbF; were prepared by evaporating con- 
centrated HF on niobium blanks. The fluoride layer 
thus prepared was reasonably stable under lengthy 
bombardments as long as the beam intensity was kept 
below 4 microampere. Niobium was used as a target 
backing because it has no Coulomb excitation gamma 
radiation or characteristic x-rays in the energy region 
of interest (40 to 300 kev) and has a sufficiently high 
Coulomb barrier to inhibit nuclear reactions. In study- 
ing the Coulomb excitation of Mn and Ti*’, thick 
targets of metallic manganese and natural titanium 
were used. 

The de-excitation gamma rays were detected at 0° to 
the incident beam in a conventional 2 inch by 1} inch 
NalI(TI) scintillation spectrometer which had a resolu- 
tion of 13% at 200 kev. Nearly 2% geometry was used 
in order to minimize any errors associated with the 
angular distribution of the gamma rays. The crystal 
face was located at about 4.5 mm from the target 
surface, and this distance was kept constant throughout 
a series of runs, since, under conditions of near geometry, 
small displacements of the crystal relative to the target 
give a sizable change in counting efficiency. Several 
additional runs were made with a 3 in.X3 in. NaI(TI) 
crystal assembly which was similarly located. Both 
phototubes were magnetically shielded from the fringe 
field of the deflecting magnet. Standard electronic 
circuits were used in pulse amplifications, and the 
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output pulses were displayed on an RCL 256-channel 
pulse-height analyzer. 

In order to shield against room background and low- 
energy x-radiation coming from the accelerator, a 
house of 2-inch lead bricks was built around the entire 
counter-target assembly. Keeping the lead at a mini- 
mum distance of 6 in. from the target and surrounding 
the crystal with a thin copper shield effectively removed 
the lead fluorescent radiation which otherwise gives 
rise to a peak in the vicinity of 80 kev comparable to 
the peak arising from the 109-kev transition in F¥. 

As mentioned in the introduction, the cross section 
for dipole bremsstrahlung from lithium ions is expected 
to be low, and higher multipole bremsstrahlung goes 
down as v?/c?, and hence is negligibly low for slowly 
moving lithium ions. 

The dipole bremsstrahlung cross section to be ex- 
pected from Li‘ and Li’ ions incident on F'’ as compared 
to that expected from He‘ ions has been calculated from 
the formula 

Zi Z2\7Ai dE, 

dom=Cz22(—— —fnl(i}—, 

A, Axs E E, 
where the notation is as defined in Eq. (1), C is a 
numerical constant and £, is the energy of the brems- 
strahlung quantum. Of the previously used projectiles, 


spiteshee 
| 
t 





Channel Number 


Fic. 1. Pulse-height spectra (solid curves) of the y rays ob- 
served in the bombardment of a NbF; target by 2.0-Mev Li’ and 
1.86-Mev Li® ions. The dashed curves are the spectra observed in 
corresponding bombardments of a blank Nb target. 
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the lowest bremsstrahlung yield is that observed with 
a particles. At the same value of £, the dipole cross 
sections for Li’, Li*, and He! are in the ratio of 7.0: 
2.3:1.0. However at the same value of & the energy of 
the Li® or Li’ ions is about 3/2 the energy of the He‘ ion 
and the cross section for Coulomb excitation by Li® or 
Li’ is about a factor of 2 times the cross section for 
excitation by He‘. Thus at the same bombarding energy 
the bremsstrahlung is relatively reduced for incident 
lithium ions compared to even Het ions. 

That the bremsstrahlung background is indeed low 
in the region of interest can be seen from Figs. 1-3. 
Background from characteristic x-rays produced by the 
lithium ions in the target material is also comparatively 
small and, for the targets used, at lower energies than 
the region of y-ray energies studied. 

Backscattered y radiation constitutes a problem only 
in the case of the F® dipole transition where the lower 
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Fic. 2. Pulse-height spectra of the y rays observed in the 
bombardment of a NbF; target by 1.4-Mev Li’ and 1.3-Mev Li® 
ions. The dashed curve is a corresponding background spectrum. 


energy peak is superimposed on the spectral tail de- 
riving from the higher energy y ray. However, this 
uncertainty in the dipole yield is serious only at the 
higher energies studied and is a second-order effect in 
the determination of the ratio of the yields at corre- 
sponding energies. 

Calibration sources of Cs'’ (660 kev) and Am*! 
(60 kev) were used to establish the detector energy 
calibration. Use was also made of the shape of the 
observed y-ray spectra from the Coulomb excitation of 
manganese as an aid in determining the spectral shapes 
arising from the detector and shielding in use. 


RESULTS 
A. Spectral Shapes 


Typical pulse-height spectra of the de-excitation 
7 rays as observed in the 2 in.X1} in. crystal arising 
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Fic. 3. Pulse-height spectra of the y rays observed in the 
bombardment of a manganese metal target by 2.0-Mev Li’ and 
1.89-Mev Li® ions. 


from the bombardment of the different targets are 
shown in Figs. 1, 2, and 3. The spectra are displayed 
on the RCL 256-channel analyzer. Each figure shows 
the spectra obtained with Li® and Li’ ion beams at 
energies corresponding to equal ~ values and for equal 
total integrated beam on the target. In the case of the 
Coulomb excitation of F, the dashed curves represent 
the background in the bombardment of a niobium 
target alone for the same integrated beam as the bom- 
bardment of the NbF® target. The inset to each figure 
shows the transitions involved where the level assign- 
ments are taken from the appropriate nuclear compila- 
tions'*:4; the transition in Ti*?, which is not indicated, 
is between the 5/2- ground state and the 7/27 first 
excited state. 

The principal problem encountered in obtaining 
yields from the observed spectra was in estimating the 
actual area of the photopeak of the y rays being 
measured.!!:'® This was particularly acute in the case 
of the 110-kev gamma ray from F" excitation at higher 
bombarding energies, as can be seen from Fig. 1. As 
comparison sources physically similar to the targets 
used and having energies close to the energies of the 
y rays studied were not available, an experimental 
estimate of the contribution of backscattered y rays to 
the observed spectra was not made. The effect of back- 
scattering was reduced as much as possible by suitably 
arranging the shielding and counter. The analysis of 
the spectra was carried out phenomenologically in the 
following manner. 

In the case of the y-ray spectrum arising from the de- 


13 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

4 P, M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

15 Sherr, Li, and Christy, Phys. Rev. 96, 1258 (1954). 
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excitation of F", after subtraction of the blank target 
background, the spectrum is essentially free from 
counts at energy higher than the 198-kev y-ray peak, 
with only the shape of the low-energy wing of the 
198-key photopeak to be determined. The over-all 
shape of the photopeak was obtained by symmetrizing 
the low-energy wing with respect to the centroid of the 
peak. The area thus obtained was taken to represent 
the yield of the 198-kev radiation. The manganese and 
titanium photopeaks were treated in a generally similar 
manner. 

The yield of the 110-kev y radiation from F® was 
taken as represented by the peak extending above the 
smooth spectrum arising from the backscattering of the 
198-kev y ray from F" and the spectral tail deriving 
from the 198-kev y ray. These methods for assaying 
peak areas were used consistently throughout the 
analysis of the observed spectra. 


B. Excitation Functions 


Using the area analysis discussed in the preceding 
section, thick-target excitation functions have been 
determined for Li® and Li’ induced Coulomb excitation 
of the 110-kev and 198-kev levels in F'’ and the 128-kev 
level in Mn**, These are shown in Figs. 4, 5, and 6, 
where observed y-ray yield is plotted as a function of 
the bombarding energy. 
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Fic. 4, Excitation functions for dipole and quadrupole Coulomb 
excitation of F'® by Li’ projectiles. The circles are the experi- 
mentally observed thick-target yields per microcoulomb. Curves 
A and C are calculated thick-target yield curves normalized to 
the experimental points at 1.4 Mev. Curves B and D are calcu 
lated theoretical cross sections, normalized at 1.4 Mev, to compare 
with the shape of the thick-target yields. 
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Fic. 5. Excitation functions for dipole and quadrupole Coulomb 
excitation of F'® by Li® projectiles. The nomenclature is the same 
as in Fig. 4. 


No correction has been made to the experimental 
yields for the effect of the angular distribution of the de- 
excitation y rays. For the dipole transition in F” the 
y-ray angular distribution is isotropic. For the quad- 
rupole transition the angular distribution is anisotropic 
although the angular distribution is of course symmetric 
about 90°. The predicted yield at 90° is about 70% of 
that at zero degrees, but the yield ratios at different 
angles do not vary strongly with energy over the range 
of bombarding energies studied. In view of this and 
the fact that the y rays were detected in the forward 
direction in nearly 27 geometry, the correction to the 
computed yield as a function of energy is expected to 
be smaller than other uncertainties arising in the 
experiment. 

Yields in the vicinity of 2 Mev have also been 
measured for the excitation of the 160-kev level in Tit’ 
for both Li® and Li’ bombardment. The observation of 
the Coulomb excitation of the 160-kev level in Tit? was 
limited to this energy region since the small isotopic 


the yield of de-excitation y rays relative to background 
radiations. The observed thick target yield in the 
present geometry from natural titanium was 5.20+0.26 
counts/ucoul for Li® at 1.88 Mev and 6.3+0.38 counts 
ucoul for Li’ at 2 Mev. 

Because of difficulties in obtaining calibrated sources 
of appropriate energy, the efficiency of the counting 
system was not determined experimentally. The experi- 
mental yields presented in Figs. 4, 5, and 6 are derived 
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directly from the observed spectra in the Nal crystal. 
As the absorption of y rays in the target and in the 
target chamber walls is a function of their energy, as is 
also the efficiency of the Nal crystal, the yields of the 
various de-excitation ¥ rays are not directly comparable. 

The errors indicated on the experimental yield curves 
are derived from the errors due to counting statistics 
together with the error arising from the uncertainty in 
the assumed shape of the background. The combined 
error plotted in these curves amounts to approximately 
three times the standard deviation to be expected from 
counting statistics alone. It is thought that variations 
in the beam current integrator contribute only slightly 
to the total error. A further source of error, not indicated 
in these figures, arises from the uncertainty in the beam 
energy incident on the target, but this feature will be 
discussed more fully in the section concerning the ratios 
of spectrum yields. 


DISCUSSION AND COMPARISON WITH THEORY 
A. Excitation Functions 


Theoretical cross sections have been calculated for 
the lithium-induced Coulomb excitation of the F” 
nucleus to its 110-kev level (an electric dipole transi- 
tion) and to its 198-kev level (an electric quadrupole 
transition) and for the electric. quadrupole transitions 
of Mn® to its 160-kev level and of Ti*’ to its 128-kev 
level, over the ranges corresponding to experimental 
observations. The cross sections were calculated for 
both the Li® and Li’ beams, using the numerical results 
of Alder ef al.! and the reduced widths which they 
‘tabulate. 

The theoretical cross-section curves, are shown in 
Figs. 4, 5, and 6, where they have been normalized to 
the experimental points at the energies shown. The 
absolute values of the theoretical cross sections over the 
energy range shown may be obtained from curves B 
and D and the absolute values of the theoretical cross 
sections at 2 Mev given in Table II. 

Theoretical thick target yields have been calculated 
on the basis of these cross sections by numerical integra- 
tion of the cross section over the projectile range in the 
target. Initial estimates were made using the theoretical 
treatment of thick target corrections given by Alder 


TABLE IT. Theoretical cross sections for Coulomb excitation 
by 2-Mev Li and Li’ ions. 


Cross 
section 


Cross 

section 

Excitation polarity for Lié for Li? 
energy of transi- excitation excitation 
(kev) (ub) (ub) 


F9 110 J 24.3 22.2 
Fie 198 2 270 217 
Ti” 160 q. 183 130 
Mn® 128 : 460 362 
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Nucleus 
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Fic. 6. Excitation functions for quadrupole Coulomb excitation 
of Mn® by Li® and Li’ projectiles. The nomenclature is the same 
as in Fig. 4. 


et al.! Use was made of the relation 


EN 6Ey 
Y=o(Eo)— ——, (6) 
(dE/dx)xo Eo 


where Y is the fraction of the incident particles which 
produce the Coulomb excitation, V is the density of 
target atoms, (dE/dx) zo is the target stopping power 
at the incident energy Eo and 5F/ £5 is the ratio of the 
observed yield to that which would result if o and 
dE/dx were independent of energy and equal to their 
values at Eo. Inasmuch as the values of 6£,/H» which 
are tabulated by Alder et al. are calculated on the 
assumption that the projectile stopping power decreases 
as a function of energy as E~-**, which is not valid for 
lithium ions in the range of energies studied (the 
stopping power for lithium ions is still increasing with 
energy at these energies), a recalculation of 6£,/H» was 
made taking into account the actual stopping powers 
for lithium ions of the various substances irradiated. 
These latter have not been measured, but were esti- 
mated from the best data for the stopping powers of 
protons in conjunction with measured values of the 
effective charge of the lithium ions as a function of 
energy.'®!7 The thick-target yields calculated on this 
basis are shown in Figs. 4, 5, and 6, normalized to the 


16W. Whaling, Encyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 34. 

17 Teplova, Dmitriev, Nikolaev, and Fateeva, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 32, 974 (1957). 
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experimental points at the energies shown. When ac- 
count is taken of the uncertainty in the energy calibra- 
tion of the analyzer, the over-all agreement between 
the calculated and experimental thick-target yields is 
very good, in particular when it is observed that the 
experimental yield varies by factors of 100 to 1000 in 
the energy range studied. Furthermore the numerical 
factors used in the normalization of the thick-target 
yields to the experimental yields are identical for the 
Li® and Li’ excitations of the 198-kev level in F"; this 
is also the case for the 128-kev level in Mn*, and the 
factors are very nearly the same for the excitation of 
the 110-kev level in F™. 

Estimates have been made of the y-ray absorption 
expected in the target and target chamber and of the 
efficiency of the Nal crystal in recording the full y-ray 
energy at energies corresponding to the y rays observed. 
From the counting efficiencies derived in this way the 
absolute yield of y rays was determined in each case. 
The different factors used in the normalization of the 
dipole and quadrupole yields in the Coulomb excitation 
of F® can be satisfactorily related on the basis of the 
relative counting efficiencies for the 110- and 198-kev 
y rays. 

Experimental cross sections were also estimated from 
the absolute yield by essentially the inverse procedure 
to that used in calculating thick-target excitation 
functions, according to the formula 


a am (7) 


NpNrdE dx 


where Np is the number of projectile ions impinging on 
the target containing V7 atoms/cc, dY /dE is the slope 
of the thick-target excitation function and dE/dx is the 
target stopping power. The cross sections so calculated 
varied with energy in a manner similar to the theoretical 
cross sections (as is to be expected from the comparison 
of thick target yields with theory) and the absolute 
magnitude was in each case within about a factor of 2 
of the theoretical values. When the uncertainties in the 
exact composition of the target and in the estimation 
of the absolute yields are considered, this order of 
magnitude of agreement between the magnitudes of 
the theoretical and experimental cross sections seems 
satisfactory. 


TABLE ITI. Predicted values of cross-section ratios for 
corresponding energies of Li’ and Li® ions. 





oz) (Li®) Rx i*/Rii? at 
—_—_—_—— corresponding 
energies 


92.5% 
92.5% 
95% 
94% 


Ye (Li*) 


Nucleus Transition o£ (Li") Ym (Li?) 
Fw : 0.925 : 
Fe y. 0.858 
Mn* ) 0.832 


(od 0.832 





0.856 
0.794 
0.790 





AND: G.- 42, 


MORRISON 


B. Cross Section Ratios 


Theoretical cross-section ratios Rg, for the observed 
electric dipole and electric quadrupole transitions have 
been calculated from Eq. (1) at each bombarding 
energy’ selected (same £), where Re is taken to be 
or(Li*)/oxz,(Li’). The calculated ratios, which in each 
case are almost exactly constant over the range of 
energies studied, are presented in column 3 of Table ITI. 

Before comparing the calculated cross-section ratios 
with experiment, however, the calculated ratios must 
be modified to correspond to the ratio of thick-target 
yields observed experimentally. In so far as the initial 
energies of the Li® and Li’ ions incident on the target 
are selected at the same é and the thick-target yield is 
given by the integral of the cross section over the range 
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Fic. 7. (a) Thick-target yield ratio Rx, for dipole and quad 
rupole excitation of F' as a function of Li’ bombarding energy 
and the corresponding Li® bombarding energy. (b) Rmi/Re2 for 
dipole and quadrupole excitation of F!* as a function of Li’ bom- 
barding energy and the corresponding Li® bombarding energy. 


of the projectile, the necessary correction arises from 
the difference in the ranges of the Li® and Li’ ions in 
the thick target used. Because of the slightly greater 
range of Li’ compared with Li’ at the same & value, the 
incident Li’ ions effectively are exposed to a greater 
number of target nuclei, giving an increased yield. On 
the assumption of uniform target density, the ratio of 
the thick-target yields is given by 


Ve(Li’) Rritoz,(Li®) 


- : (8) 
Ve (Li?) Rr ox, (Li") 





The ratio of the ranges of Li’ and Li‘ at corresponding 
energies can be directly calculated from the expression 


Ry i*(E)=aR,;"(E/a), where a=M,;5/Mi1;7, (9) 
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relating the ranges of the different ions, and the 
expansion 


R(E+AE)=R(E)+|(dE/dx)“|2AE, (10) 
relating the range at energy E to that of the same ion at 
slightly different energy. Values of the range correction 
derived in this way were essentially constant at each 
set of corresponding energies throughout the range of 
energies selected. The calculated values are presented in 
Table III, column 4, as are the predicted values of the 
thick target yield ratios (column 5). The small differ- 
ences in the range corrections arise from the slight 
variations in the ratio of the energy of Li® to the energy 
of Li’ corresponding to the same & value for the different 
targets studied. 

As a check on the validity of the range correction, 
the ratio of the thick-target yields of Li’ projectiles of 
2 Mev to the yield of Li® projectiles of 1.86 Mev 
(same &) for the NbF; target was calculated explicitly 
by numerical integration of the theoretical cross section 
over the path length in the target. The ratios of the 
yields obtained in this way for both dipole and quad- 
rupole transitions in F'® were identical with those ob- 
tained from the simple correction for range differences. 

Figure 7(a) shows the yield ratios determined experi- 
mentally for F® compared with the predicted values of 
the ratios as functions of the incident Li’ and corre- 
sponding Li® energies. As shown, both the electric 
quadrupole and electric dipole results are in reasonable 
agreement with the predicted values and there is no 
systematic deviation from a constant value of the ratio 
in either case. 

The errors indicated in the experimental ratios are 
those deriving from counting statistics and background 
subtraction only. An additional source of error which 
may give rise to appreciable variation from the pre- 
dicted value of the yield ratio is that arising from the 
uncertainty in the energy calibration of the accelerator 
(+9 kev at 2 Mev). In view of the rapid variation of 
the yield curve, this uncertainty in the exact choice of 
comparison energies can easily account for the larger 
spread in the experimental ratios than would be ex- 
pected from the statistical errors alone. In this con- 
nection the good agreement obtained between the 
experimental and predicted values of the ratios of the 
Li’ energy of 2 Mev should be noted. The experimental 
values in this case were derived from an average of the 
dipole and quadrupole yields observed in three inde- 
pendent runs at 1.86-Mev Li® and an average of the 
yields observed in all the check runs performed at 
2-Mev Li’. 

The self-consistency of the experimental results is 
brought out more clearly in Fig. 7(b) where the ratio 
of the thick-target yield ratio for an electric dipole 
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Fic. 8. Thick-target 
yield ratio Rz2 for quad- 
rupole excitation of 
Mn*® as a function of 
Li? bombarding energy 
and the corresponding 
Li® bombarding energy. 
The horizontal line is the 
theoretical ratio predic- a ; 
tion for the quadrupole : -— 2.0 
transition. 
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transition to the ratio for an electric quadrupole transi- 
tion is compared with the value expected theoretically. 
For comparison with the experimental results the value 
of 1.08 computed for the ratio has to be increased 
slightly to 1.10. This correction arises because the 
experimental ratios for E1 and £2 transitions were 
measured at the same energy of Li® corresponding to 
the same energy of Li’ whereas the energy of Li® should 
be slightly lower for #1 transitions than for E2 transi- 
tions. The shaded area about the predicted value of 
the ratio takes into account the spread in this value to 
be expected from the uncertainty arising in the selection 
of corresponding energies. It can be seen that with this 
additional source of error taken into account, the 
measured and predicted values of the ratio are in good 
agreement at all energies. 

The yield ratios determined experimentally for Mn®® 
are shown in Fig. 8 compared with the predicted value 
of this ratio as a function of incident Li’ energy. The 
agreement with the predicted value is again reasonable 
with the same qualifications as discussed above. For 
Ti‘? at Li’ energies of 2.15 and 2.0 Mev and corre- 
sponding energies of Li®, the mean value of the ratio 
was (77+6)% to be compared with a predicted value 
of 78.2%. 


CONCLUSION 


Study of the Coulomb excitation induced by lithium 
ions has yielded thick-target excitation functions for 


electric dipole and electric quadrupole transitions which 
are reasonably well described by the predictions of the 
theory. Measurements of the yield ratios for electric 
dipole and electric quadrupole transitions are self- 
consistent and, within experimental error, in accord with 


the predicted cross-section ratios as corrected for range 
effects in thick targets. The experiments indicate that 
the ratio technique using Li® and Li’ projectiles may pro- 
vide a useful method for multipolarity determinations. 

The relatively low background radiation observed 
with lithium ions together with the small probability 
for nuclear inelastic scattering are additional incentives 
to the use of lithium as a projectile in Coulomb excita- 
tion studies. Calculations indicate that, at an energy 
comparable to that available in the present study, low- 
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energy £2 transitions should be excited to an appreci- 
able extent even in the rare earth region [where higher 
B(£2) values are found ]. It should also be noted that 
lithium ions of 5 Mev should be capable of exciting with 
reasonably high yields most nuclei throughout the 
periodic table whose study with other projectiles has 
been previously reported in the literature. 
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Low-Lying Energy Levels in Sc*'t 


H. S. PLeNpL,* AND F. E. STEIGERT 
Yale University, New Haven, Connecticut 
(Received July 9, 1959) 


The reaction Ca(d,n)Sc" was studied at 4.15-Mev bombarding energy using nuclear emulsions as de- 
tectors. Four groups of neutrons were observed with Q values of —0.57, —2.43, —2.64, and —2.85 Mev. 
The observed angular distributions can be fitted with distirbution curves obtained from stripping analysis 
on the basis of ro>=6.0 fermi and /,=3, 1, 1, 1, respectively. Two additional groups of questionable assign- 
ment were observed at Q= —1.13 and —1.41 Mev. Neutron groups from reactions on C” and O"* were also 
observed and served to confirm the beam calibration as well as background and other correction methods. 


HE mirror pair Ca*-Sc* is of interest from several 
points of view. To begin with, it is one of the 
highest mass doublets that can be investigated experi- 
mentally. Its study should, therefore, give an indication 
of how far one can push the ideas of charge symmetry 
that have been applied to lighter mass pairs so success- 
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fully. Further, the odd nucleon in each member of the 
pair should correspond to the beginning of the f7/2 shell. 
The addition of this odd nucleon to the particularly 
stable 20-20 nucleon configuration of Ca might be ex- 
pected to lead to a reasonably clean and uncomplicated 
level structure. The lowest lying states are most likely 


Fic. 1. Proton recoil 
spectrum for 35° labora- 
tory angle. Shaded area 
illustrates background 
yield from separate back- 
ground plate. Expanded 
portion indicates spec- 
trum from additional 
scanning for tracks of 50 
w minimum length. 
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due to single particle excitation and as such should be 
amenabie to interpretation on the basis of the shell 
model. 

As is the case for most neutron-rich members of 
mirror pairs, the Ca‘! level scheme is reasonably well 
known,! even to excitations where the simplest pictures 
may no longer apply. In particular, parity and angular 
moment assignments have been made for the more 
prominent low-lying states. The present work was 
undertaken to compare the details of the low-lying Sc*! 
levels to this previous rather extensive study of Ca‘. 

Thin targets were deposited onto a gold backing foils, 
both by sedimentation from an alcohol slurry and 
evaporation from a tantalum boat. Naturally occurring 
CaCO; and Cal and samples of CaCO; enriched in 
Ca? were used. The targets used ranged from 0.2 to 
1.7 mg/cm*, with a gold backing foil of 4.2 mg/cm*. The 
evaporated targets in all cases seemed to consist largely 
of CaO with varying amounts of carbonate present. 
Evidence for this conclusion was the varying yield of 
the carbon reaction peaks. To guard against further 
contamination due to preparation, several blank targets 
were prepared, which were either subjected to evapora- 
tion from an empty tantalum boat or had the residue 
from grinding in an empty aluminum silicate mortar 
deposited on them. : 

These various targets were bombarded with a colli- 
mated beam of analyzed deuterons from the Yale cyclo- 
tron. In a typical run, of the order of one millicoulomb 
of beam charge would be integrated. The scattered 
deuterons and charged reaction products were stopped 
in a lead absorber ring lined with 67 mg/cm? of gold foil. 
The latter served to reduce the likelihood of secondary 
(d,n) reactions being initiated in the absorbing ring. 
The lead also reduced markedly the amount of soft 
gamma- and x-ray background. 

The reaction neutrons were detected in 50u Ilford 
C-2 emulsions situated at scattering angles from 0° back 
to 162.5°. The detectors were placed normal to the 
scattering plane and inclined at 5° to the radius, which 
is the nominal particle direction. For about one third of 
the plates exposed, an auxiliary radiator of Mylar foil 
(0.8 mg/cm?) was placed behind the absorber. The 
knock-on protons produced in this foil were collimated 
by appropriate slits and then detected in the plates. 
In the other plates the hydrogen in the emulsion proper 
was used for the production of recoils. 

Between exposure and processing, the emulsions were 
allowed to fade for six hours to reduce the amount of 
background fog resulting from gamma rays. The emul- 
sions were scanned at 1000X magnification by means of 
microprojection techniques previously described.* Only 
proton tracks ending in the emulsion and making an 

1C. K. Bockelman and W. W. Buechner, Phys. Rev. 107, 1366 
(1957). 

2 Separated isotopes were obtained from the Oak Ridge National 
Laboratory. 

3H. S. Plendl and F. E. Steigert, Rev. Sci. Instr. 27, 239 (1956). 
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angle of no more than 10° with respect to the nominal 
neutron direction were accepted. A minimum of 2000 
tracks per plate were read. A typical neutron spectrum 
is shown in Fig. 1; this particular one was chosen since 
it shows all the groups discussed below. To improve the 
counting statistics, additional areas were scanned on 
each plate, recording only tracks exceeding some mini- 
mum range, such as 50 yw in the case of Fig. 1. 

Internal checks were obtained on the beam calibra- 
tion and the detection geometry by the presence of 
carbon and oxygen in many of the targets. Both reac- 
tions could be compared with previous experiments‘ as 
to energy levels and angular distributions. The lower 
energy oxygen groups further served as a check on the 
subtraction of background. To prevent any ambiguities 
which might arise from differences in geometry and ex- 
citation, the O!*(d,n) reaction was also investigated as 
a separate experiment (see below). 

The ranges of the various particle groups observed 
are shown as a function of angle in Fig. 2. Comparison 
of these experimentally determined loci with parametric 
curves of the various probable reactions then serves to 
identify the target. Two groups (e) and (f) may be 
clearly assigned to oxygen and one (a) to carbon. The 
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Fic. 2. Mean range of recoil groups vs laboratory angle. Curves 
are for expected range corresponding to average Q value vs labo 
ratory angle. C!?(dn)N¥— (a), (j): Q= —0.24, —2.72; O'8 (dn) F!? 
—(e), (f): Q=—1.56, —2.09; Ca(d,n)Sc'—(b), (c), (d), (g), 
(h), (i): Q= —0.57, —1.13, —1.41, —2.43, —2.64, —2.85 Mev. 

4 Middleton, El-Bedewi, and Tai, Proc. Phys. Soc. (London) 


A66, 95 (1953). 
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TABLE I. Summary of results. 





Excitation 
(Mev) lp 


Group O( Mev) 


(a) ine 5 —0.24 
(e) — 1.56 
(f) -2.09 


(b) > 57 0.0 

(c) : 

(d) —1. (0.84) 

(g) 5 1.86 

(h j 2.07 

(i — 2.8. 2.28 (1) 


* These groups most likely arise from Si**(d,n) P® rather than Ca®(d,n)Sc®. 


curves shown are for ranges expected for a beam energy 
of 4.15 Mev and assumed Q values of —0.24 Mev for 
C2(d,n)N™, and —1.56 and — 2.09 Mev for O'*(d,n)F". 
These specific values represent a weighted average over 
data from all angles and should be assigned an uncer- 
tainty of +0.05 Mev. They are all in good agreement 
with earlier results.4 Except for the 2.37-Mev level in 
N", groups corresponding to more highly excited states 
in these two reactions are not expected to be seen be- 
cause of energy limitations. The three observed groups 
then serve as an internal check upon the energy of the 
incident deuteron beam. A separate run, using a gaseous 
oxygen target, gave groups corresponding to — 1.58 and 
—2.10+0.05 Mev. 

The three groups labeled (6), (g), and (4) are identi- 
fiable with the Ca(d,n)Sc" reaction. They would cor- 
respond to Q values of —0.57, —2.43, and —2.64+0.05 
Mev, respectively. While the mass of the target is not 
defined to better than about 10%, by this method, the 
absence of potassium and scandium from the samples 
used would suggest the heavier isotopes of calcium as 
the only possible source of interference. This conclusion 
was confirmed in a run with the enriched Ca® target, 
where the Ca concentration was down by a factor of 
six. The yield of neutrons in these three groups was 
found to be down by about the same ratio. 

A fourth group (7) of Q value —2.854+0.05 Mev may 
probably also be associated with the Ca“(d,n) reaction 
on the basis of comparison with the enriched target and 
background runs. However, because of the relatively 
higher background subtraction required, this group is 
only tenuously identified as to target mass, probably 
to no better than about 30%. There is, furthermore, a 
strong likelihood of confusion with neutrons leading to 
the aforementioned 2.37-Mev state in N® at forward 
angles [group (7) in Fig. 2]. 

Two additional groups (c) and (d) are also seen on 
many plates. If attributable to the Ca“(d,n) reaction, 
they would have Q values of —1.13 and —1.41 Mev. 
But both appear above background only on runs using 
targets prepared by sedimentation. They further 
appear to shift with angle more in accordance with a 
target of mass 28 than mass 40. (The parametric curves 
in Fig. 2 for the heavier target.) Since they also show 
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up in the background runs, although more weakly than 
might be hoped, it is highly probable that they are to 
be associated with either aluminum or silicon impurity 
introduced in preparation of the target material. Ener- 
getically they could be identified with the first and 
second excited states in the Si?*(d,n)P” reaction.’ In 
this regard it should be noted that there is also an indi- 
cation of the oxygen peaks in the background runs. 

The fact that the 0.88-Mev gamma transition ob- 
served in Ca“(p,y)Sc# * would agree roughly with a 
first excited state in Sc at 0.84 Mev (Table I) is proba- 
bly fortuitous. The reported gamma de-excitation is 
more likely due to a transition between higher states of 
excitation, e.g., an M1 transition from the recently ob- 
served 2.96-Mev (3-) state’ to the 2.07-Mev (3- or 37) 
state observed in this work. 

The angular distributions were obtained by a direct 
count of the number of tracks within a given group, 
normalized with respect to the area scanned. Wherever 
background was known to be present, the appropriate 
subtraction was made in accordance with the spectra 
from background plates. This was only important for 
the lower energies as indicated by the shaded portions 
of Fig. 1. As a check on the subtraction methods, the 
two O'*(d,n)F" impurity reaction peaks were compared 
to the results of the separate run on an oxygen target. 
The ground-state group involved only a background 
correction. Essentially identical distributions were ob- 
tained in both instances. 

A second type of subtraction was necessitated by the 
crossing over of groups. As seen in Fig. 2, the C(d,n)N™® 
ground state interferes with the Ca®(d,n)Sc* ground 
state at 55° and 60°. Similarly, the first excited state of 
the oxygen reaction interferes with the first excited 
state of the calcium reaction in the region of 45°-90°, 
and with the second excited state beyond 120°. In each 
case of ambiguity, smooth: extrapolations of yield vs 
angle were made through these regions of overlap, 
extrapolating from adjacent portions of the curves. The 
total yield was then proportionately divided in accord- 
ance with the extrapolations. In all cases the impurity 
contribution was quite small. The apportionment re- 
sulted in. no obvious irregularities. Points so obtained 
are plotted as x’s in Fig. 3. The first excited state group 
in the oxygen reaction, which was subjected to correc- 
tions of this type as well as background subtraction, 
gave a distribution equivalent to that of the separate 
run. 

Figure 3 shows the adjusted angular distributions in 
relative units, v/z., number of tracks/mm? of scanned 
emulsion. No correction has been made for the energy 
variation of the -p cross section nor for the probability 
of the proton recoil leaving the emulsion. Except for the 

* Calvert, Jaffe, and Marlin, Proc. Phys. Soc. (London) A70, 
78 (1957). 


6 J. W. Butler (private communication). 
7C. M. Class and R. H. Davis (private communication). 
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Fic. 3. Relative yield vs laboratory angle. Superimposed curves 
are for theoretical distributions using paramenters given [C. R. 
Lubitz, “Numerical Tables of Butler-Born Approximation 
Stripping Cross Sections,’ Randall Laboratory of Physics, Uni- 
versity of Michigan, 1957 (unpublished) ]. 


case of the carbon group, these corrections would not 
change the relative yield noticeably. The errors indicated 
are statistical, based upon the uncorrected yields. The 
carbon data, shown only for comparison purposes, is 
in good agreement with previous results.‘ 

No attempt has been made to subtract possible 
carbon contributions from the yield curve for group (7) 
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of Q value —2.85 Mev. This could lead to an errone- 
ously high count at forward angles. Considering this, 
the angular distribution data shown for this group 
represents only a single run with a sedimented Cal: 
target. Group (a) in this run was down by about a 
factor of eight. The distribution so obtained did indeed 
show a systematic decrease in yield forward of 10°, but 
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Fic. 4. Comparison of low-lying states in Sc with the 
more intense states of Ca*. 


still within the error bars indicated. If any appreciable 
fraction of the forward peak shown is attributable to 
carbon, then the interpretation as an /,=1 distribution 
would be open to serious question. 

The experimental results are summarized in Table I. 
Group (a) is assigned to the ground-state reaction 
C"(d,n)N®, and groups (e), (f) to the ground and first 
excited states of O'*(d,n)F'’. Groups (6), (g), (4), (7) 
are identified with the first four levels from Ca(d,) 
Sc“. Groups (c), (d) are very likely due to a silicon im- 
purity, but are listed with the energies they would cor- 
respond to if they had originated in the calcium. 

The level scheme of Sc“, that these identifications 
would result in, is given in Fig. 4. This scheme is com- 
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pared to the more intense low-lying states of Ca" after 
isobaric correction. In this experiment no further 
attempt was made to specify the angular momentum 
unambiguously, so only the J, values as determined 
from the respective stripping distributions are pertinent. 
Considering recent evidence of changes in distribution 
with bombarding energy, even these probably should 
be taken with some reservation. Nevertheless, the 
agreement among the low-lying levels appears to be 
quite reasonable. 

If one considers the reaction cycle involving Ca“ (d,p) 
Ca"! and the Sc-Ca* beta decay,* a ground-state Q 
value for Ca*°(d,n)Sc# of —0.60+0.06 Mev would be 
suggested. This is in excellent agreement with the ob- 
served value of —0.57+0.05 Mev. This latter value 
would indicate a mass difference for the Ca‘*'-Sc* 
doublet of 5.92+0.06 Mev. This may be compared with 
the isobaric (Coulomb and mass) correction of 6.12 
Mev. The discrepancy of 0.20 Mev is quite in line with 
discrepancies observed in other mirror pairs. 
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Resonance Fission Widths of U’* for Levels from 6 ev to 50 ev* 


W. W. Havens, Jr., E. MELKONIAN, L. J. RarNwATER, AND J. L. ROSEN 
Columbia University, New York, New York 
(Received July 30, 1959) 


The energy variation of the total and fission cross sections of U5 has been measured with the Nevis 
synchrocyclotron neutron velocity spectrometer. Fission widths for most of the levels up to 50 ev have been 
deduced from these measurements. The distribution of the 38 known fission widths shows that the number 
of channels available for the fission process is between one and four and is most probably two. If I’; is 
different for the two possible spin states of the compound nucleus, these cannot differ by more than an 


order of magnitude. 


INTRODUCTION 


HE wide variation of the fission widths of the 
neutron resonance levels in U*** has now definitely 
been established,’ implying that the number of exit 
channels available for the fission process is small. 


*This work was partially supported by the U. S. Atomic 
Energy Commission. 

1V. L. Sailor, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, p. 199. 

2W. W. Havens, Jr., and E. Melkonian, Proceedings of the 
Second International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1958), Vol. 15, 


p. 99. 
3F. J. Shore and V. L. Sailor, Phys. Rev. 112, 191 (1958). 
4E. Vogt, Phys. Rev. 112, 203 (1958). 


The exact number of such channels, however, cannot 
be determined with any degree of accuracy from the 
available data for the following reasons: (1) The 
accuracy of the known fission widths is poor. (The 
range of the observed values of the fission widths for 
a particular resonance is frequently considerably larger 
than the stated errors of the measurements, which are 
fairly large in themselves). (2) The number of fission 
widths which have been determined is rather small. 
(3) The spin of the resonance level in the compound 
nucleus is unknown. (There are two possible spin 
states for the compound nucleus, and these may have 
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Fic. 1. Diagram of gas scintillation fission chamber. 


completely different average fission widths.®:*) These 
difficulties have recently been reviewed by Havens 
and Melkonian? and are well illustrated in the papers 
recently published by Shore and Sailor,? who used the 
many-level formulation of Reich and Moore?’ to obtain 
a good fit of a theoretical curve to their data. Vogt‘ also 
obtained a good fit to the data of Shore and Sailor 
using a different many-level formulation but deduced 
parameters which are significantly different from those 
of Shore and Sailor. 

Because knowledge of the resonance properties of 
U*5 is important to the theory of the fission process, 
it is desirable to have as much experimental information 
as possible. Consequently the Nevis synchrocyclotron 
neutron velocity spectrometer, because it has especially 
good resolution, was used to measure the total cross 
section and the shape of the fission cross section of U?% 
as a function of energy. Fission widths for most of the 
levels up to 50 ev have been deduced from these 
measurements. 

APPARATUS 

The spectrometer has been described previously.* The 
total cross-section measurements were made using a 
detector system in which the neutrons were absorbed 
in a slab of B”, and the 477-kev gamma ray subsequently 
emitted in the B!°(,a)Li’ reaction was detected with 
an Nal crystal.? The source detector distance for these 
measurements was 36.66 meters and the detector timing 
gates were 0.4 usec. 

The fission cross section was measured relative to 
of B® using a U gas scintillation chamber and a thin 
BF; proportional counter. The gas scintillation fission 
detector is shown schematically in Fig. 1. It has an 

5A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151. 

6 J. A. Wheeler, Physica 22, 1103 (1956); J. A. Wheeler, Oak 
Ridge National Laboratory Report ORNL-2309, 1956 (unpub- 
lished), p. 165. 

7C. W. Reich and M. S. Moore, Phys. Rev. 111, 929 (1958). 

8L. J. Rainwater, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1957), Vol. 40. 

9E. R. Rae and E. M. Bowey, Proc. 
A66, 1073 (1953). 
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Fic. 2. Integral bias discriminator curves for gas scintillation 
fission detector for (1) moderated RaBe neutron source, (2) 
unmoderated RaBe neutron source, and (3) background (no 
source), 


active volume 27 in. wide by 6 in. high by 1} in. deep 
which is viewed by 24 2-in. Dumont 6292 photomulti- 
pliers. Each photomultiplier tube views a front and 
rear “box” having front and rear surfaces (four total), 
sach coated with approximately 0.5 mg/cm? of 99.7% 
U*, In order to obtain the maximum signal from the 
chamber, the photomulitpliers were completely enclosed 
in the gas volume, electrical connections being made 
through a multilead kovar seal. The 24 phototubes were 
run from separate high-voltage supplies with divider 
chains and adjusting potentiometers for each tube. 
The background counting rate and the counting rates 
with neutrons from an unmoderated and a moderated 
1 ¢ RaBe source are shown in Fig. 2 as a function of 
the discriminator bias. This curve shows that the 
bias on the gas scintillator can be set to detect fission 
pulses with very little a-particle background. 

The fission cross-section measurements were taken 
with a source detector distance of 14.21 instead of the 
usual 35.2 meters in order to have increased intensity. 

The background was determined at specific energies 
by placing thick silver and thick tantalum at the 
transmission position. 


RESULTS 


The results of both the transmission measurements 
and the fission measurements up to 65 ev are shown in 
Fig. 3 on the same energy scale to permit detailed 
comparison of the resonance structure. Both transmis- 
sion and fission measurements extend to much higher 
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Fic. 3. Results of measurements of the transmission of 3.114 
g/cm? of U** contained in 3.757 g/cm? of uranium, together with 
the results of the measurements of the fission cross section of 
U*5, The solid curve shown in the fission results is the background 
to be subtracted. Another set of data of the fission measurements 
of equivalent statistical accuracy was also taken and used for the 
determination of the fission parameters. The transmission results 
have been corrected for the potential scattering of U5* assuming 
o,=11 barns. The resonances in U™* are indicated. 


energies than is shown, but the plot is only given to 
65 ev because of the inability to resolve levels at higher 
energies. 


RAINWATER, 


AND ROSEN 


The transmission measurements were made with a 
sample containing 3.757 g/cm* of uranium, of which 
3.11 g/cm? was U™®. The transmission results have 
been corrected for the potential scattering of U™* 
assuming o,=11 barns, so the results plotted (except 
for the resonances in U™*) are for the transmission of 
the U*, One of the two sets of data of the observed 
fission counts as a function of energy is shown. The 
resolution of both the transmission and fission below 
65 ev is limited by the time required to slow down the 
neutrons in the moderator and the detector thickness, 
and not by the time gates of the velocity spectrometer 
system used for these measurements. 

To obtain the fission cross section from the observed 
counts, the background (shown by the solid straight 
line in Fig. 3) was first subtracted from the data. The 
calibrations for the effective thickness of the detector 
and the efficiency of the chamber were determined by 
comparing the areas under the resonances at 6.38, 
7.10, and 8.79 ev with the results of Shore and Sailor 
for these resonances.’ The internal consistency of the 
ratio of these areas to the areas obtained from Shore and 
Sailor’s data under these resonances was about 10%, 
and the average of the three was used for normalization. 

The data were examined to determine whether there 
was detailed agreement between the positions of the 
peaks observed in the fission measurements and the 
position of the dips observed in the transmission 
measurements. For the smaller levels, it was sometimes 
difficult to observe in the fission measurements the 
levels which had been seen in the transmission measure- 
ments, e.g., the 9.7-ev level. However, it was always 
possible to correlate a level in the transmission measure- 
ments with some structure in the fission cross-section 
measurements. There is a systematic shift of about one 
part in 300 between the positions of the fission peaks 
and the positions of the transmission dips. This is 
probably caused by a 0.2% error in the effective path 
length used to determine the energy scale for the fission 
measurements. The energy determination for the 
transmission measurements is much more reliable, so 
the positions of the levels have been determined from 
the transmission measurements. The positions of the 
observed levels, with a code letter qualitatively 
indicating the observed strength and therefore the 
significance to be attached to the result, are given in 
Table I. 

When a curve is drawn through the experimental 
points to show as many levels as possible, the number of 
levels becomes excessively large. For example, it is 
possible to interpret the data to show five levels between 
13.0 and 14.3 ev. Therefore, clusters of levels are 
indicated in Table I rather than the position of each 
possible level. 

The transmission measurements were made with a 
thick sample specifically to determine the positions of 
the levels. Reliable values of I’,° could not be obtained 
from these transmission data because the sample was 





RESONANCE 


TABLE I. Resonances and parameters of the levels in U**®, 
assuming I',=0.033 ev. 





(ols ay 
(ev b) 


Eo (oly) 

(ev) (ev b) 
6.20 3. : 3.8 
6.38 ' p 9.8 
7.09 Q : 6.6 
8.79 Vv . 89.7 0.430 30 
9.28 ) J 20 0.040 4.4 


9.7 0.013 
10.16 ) 0.020 
11.64 0.20 
12.38 0.39 
12.85 


13.26 

13.6-14.3 not separated 
14.53 8.5 6.4 
15.39 6.8 6.7 
16.07 3 


16.64 9.4 
18.07 12.7 
19.27 114 
20.2 

20.65 6.0 


21.1 38 
22.94 14 
23.45 
23.7 
24.3 


24.65 

24.9-26.0 not separated 
26.53 21.3 14.6 
27.15 4.5 5.1 
27.82 15.4 14.5 


28.4 4.2 
28.7 
29.70 1.5 
30.6 
30.9 


$1.2 
31.6 
32.1 
33.57 
34.40 


35.3 
38.4 9.4 
39.5 57.5 
39.8 
40.6 


41.5 

41.9 41.5 
42.3 
43.45 
44.0 


44.7 
45.0 
45.85 
47.0 
48-49 


ly 
(mv) Strengths 
VW 
W-M 
W-M 


(mv) 
0.011 


0.117 6.4 
0.041 16 





0.040 
0.059 
0.084 


0.067 
0.080 
0.66 


0.08 


0.24 
0.14 


0.33 
0.10 


33.8 
15.4 


0.30 
37.4 0.36 
60.0 0.60 


123 Et 1.0 
5 0.026 
0.40 


40.0 


0.35 


10.7 3: a 0.15 


24.9 19.4 0.27 


29.9 16.9 23.4 0.18 


not separated 


Other levels observed at 
54.3 W 58.8 
§5.18 S 59.8 
56.0 M-S 60.3 
56.55 S 61.0 
58.1 M 62.0 


62.5 W,U 
63.2 W,U 
63.8 W-M 


64.4 M 


49.52 
50.55 
51.37 
52.35 
53.55 


® The meaning of the symbols is as follows: VW, very weak; W, weak; 
M, medium; S, strong; VS, very strong; U, uncertain; A, a multiple level 
structure having 3 to 5 levels; B, the transmission shows a strong broad 
dip at 20.7-21.2 ev, while the fission shows a weak level at 20.65 ev and a 
medium level at 21.1 ev; C, this structure, peaked near its center, has 
unresolved levels; D, may be two levels; EZ, many levels. 
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too thick. It is necessary to have consistent results on 
several different sample thicknesses if one is to have 
confidence in the results. 

To analyze the results of the fission measurements, 
resonance level curves were drawn through the fission 
data points at the positions of the levels observed in 
the transmission measurements. For the strong levels, 
e.g., the 8.79-ev level, the curve to be drawn was 
obvious, but for the weaker levels some judicious 
guessing was sometimes necessary. The areas Ag under 
the fission resonances were measured, and the quantity 
ool'y was calculated from the formula! ool'y=2A g/m, 
where 7 is the number of atoms/cm*. Two independent 
sets of data with about the same statistical accuracy, 
one of which is shown in Fig. 3, were taken and the 
values of ool’; determined from each set. 

In some cases, it was found almost impossible to 
determine the area under certain resonance levels, e.g., 
the 9.7-ev level, which were known to exist from total 
cross-section measurements. A criterion was sought 
which would systematically eliminate small levels with- 
out biasing the results of the fission width distribution. 
Since the fission and neutron widths are independent 
of each other, the criterion used to reject small levels 
was based on the neutron width, and therefore the 
fission width distribution should not be biased. Only 
those levels having values of I’,°/£' (proportional to 
the area under a level) greater than 0.009, where I’,,° is 
in millivolts and £ is in ev, were analyzed. 

The above criterion alone did not eliminate all the 
levels for which unique areas could not be obtained. 
Since the cluster of levels previously reported between 
13.0 and 14.3 ev and the cluster of levels between 
24.9 and 26.0 ev could not be separated well enough even 
in the transmission measurements, parameters for these 
levels also are excluded from the results shown in 
Table I. 

In addition to the usual uncertainties in measuring 
the areas, another source of error was introduced by 
the large amount of aluminum used in the structure of 
the fission chamber. Consequently some spurious addi- 
tional fission cross section was introduced at energies 
immediately above resonance levels by neutrons losing 
energy through elastic collision with aluminum nuclei 
and scattering into the uranium at energies corre- 
sponding to the resonance levels. This difficulty is in- 
herent in this particular chamber design and can be 
only partially alleviated by reducing the amount of 
aluminum, Attempts were made to correct the data for 
this scattering, but the correction varied so markedly 
from level to level that no simple method of performing 
this correction could be found. This effect makes it 
difficult to separate a small level on the high-energy 
side of a large level from the large level itself. This is 
best illustrated by examining the data on the high 
energy side of the 8.79-ev level, where the level at 
I. Taylor, Nucleonics 6, No. 2, 
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9.26 ev is masked by the scattering from the 8.79-ev 
level. Because of this scattering effect, the criterion for 
eliminating small levels was set higher than would 
otherwise have been necessary, but the results should 
not be biased because of this scattering, although the 
uncertainty in the determination of the parameters is 
increased. 

The quantity ool’ is the primary result of these 
measurements. The values of ool’; determined from 
each set of data, together with the average, are listed 
in Table I to illustrate the consistency of the results 
obtained. It is not, however, the quantity ool’, which is 
of primary interest to the theory of the fission process, 
but the quantity Ty. In order to deduce values of I’, 
from ool’y, it is necessary to have values of I’, and I,” 
for the resonance. The value of I’, for all resonances was 
assumed to be 33 millivolts. The values of I’,°, obtained 
from the total cross section measurements," which 
were used to calculate I'y, and the calculated values of 
I’, are also listed in Table I. 

The accuracy of the fission widths cannot be deter- 
mined in the usual manner because the errors are not 
random. The accuracy depends on such imponderables 
as (1) the subtraction of the background, (2) the use 
of the one-level approximation when interference 
between levels is known to be important, (3) the 
determination of the areas under each of two resonances 
which are not clearly separated, (4) the assumption of 
a constant ',=33 mv, and (5) the accuracy of the 
I’,.° used to determine Ty. The accuracy must therefore 
be estimated from the consistency of the parameters 
obtained from the two sets of data. 

The consistency of the results was usually better than 
a factor of two; therefore, except for levels in which 
I,” is small and in which I, is large, a standard deviation 
of 30% is a reasonable error to assign. The error in 
I’, is large for the case in which Ty is large, because Ty is 
determined from ool’; by the formula 


33mv 


ry=—_—_——_—_—_. 
(ool'/ool'y—1) 


If l';=T, then ool"/ool's~ 1 and I’; becomes very sensitive 
to small errors in ool’ and ool’y. Thus the large values of 
I'y are the most unreliable, which is contrary to the 
usual situation. In those cases where two or more levels 
were counted as one level in the transmission measure- 
ments, the deduced value of I’, will be about the same 
as the Ty for the strongest level in the cluster. This 
occurs because the value of oo!’ obtained from transmis- 
sion measurements would be too large for any of the 
individual levels in a cluster, and ooI'y would also be 


4 Simpson, Fluharty, and Simpson, Phys. Rev. 103, 971 (1956) ; 
Pilcher, Harvey, and Hughes, Phys. Rev. 103, 1342 (1956); 
D. J. Hughes, Neutron Cross Sections (Pergamon Press, New York, 
1957); W. W. Havens, Jr., and E. Melkonian, Proceedings of the 
Second International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1958), Vol. 15, 
p. 99. 
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too large. Thus, the ratio ooI'/aol's will give some un- 
known weighted average of the I'y values of the reso- 
nances in the structure. 

The data given in Fig. 3 and the values of ool’; given 
in Table I in general agree very well with the results 
given by Michaudon, Genin, Joly, and Vendryes,” 
who made similar measurements using an electron 
linear accelerator as a pulsed neutron source and a 
fission ionization chamber as detector. The positions 
of the levels in most cases agree to one part in 500 or 
better with random signs for the differences. The 
values they deduce for I’; do not agree with our values 
of I'y as well as do their values for oly because of a 
different choice of I’,°. 


CONCLUSIONS 


In order to determine the number of exit channels for 
fission, the number of levels with (I',/T,)! greater than 
the abscissa was plotted versus (Iy/Ty)! for the 38 
observed fission widths including the I'y’s below 6.0 ev.’ 
(See Fig. 4.) Porter-Thomas™ distribution curves 
normalized to the 38 observed levels for v=1, 2, and 4 
are included and indicate a best fit for y= 2. 

It is interesting to note that there are no values of 
I’, between 0.046 ev and 0.072 ev as shown by the long 
step in the curve at V=7. The levels with I'y>0.046 ev, 
in order of increasing Ty, are at 47.0, 26.53, —0.02, 
0.282, 1.138, 3.14, and —1.45 ev. Detailed examination 
of the data in Fig. 3 shows that the levels at 47.0 and 





T,=0.0375EV 











Fic. 4. A plot of the number of levels with (I'y/I'y)+ greater 
than the abscissa versus (I'y/I';)#. The histogram gives the experi- 
mental values of (Iy/Iy)!. The solid curves are theoretical 
Porter-Thomas" distributions for the number of channels available 
for the fission process y= 1, 2, and 4. 

2 Michaudon, Genin, Joly, and Vendryes, Report Commissariat 
al’Energre Atominique No. 1093, Nuclear Studies Center, Saclay, 
France (unpublished). 

8 C, E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 
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26.5 ev are somewhat broader than the neighboring 
levels, which are believed to be single. For large I’, 
the value of this parameter is particularly unreliable 
and this, taken together with the suspicion that these 
levels may be multiple, shows that limited accuracy 
should be attached to the absolute values given for 
these fission widths other than that they are greater 
than I'y. The five remaining levels with large fission 
widths have resonance energies below 3.2 ev. 

The fact that the fission widths of these low-lying 
levels are large, together with the fact that the strength 
function for the first ten levels in U™* is about 7th the 
strength function determined by other methods, might 
be taken as evidence for the existence of two different 
values of I’, and Iy associated with the states having 
J=3 and J=4. If the two spin states have different 
average parameters, then the number of levels belonging 
to each group would be expected to be proportional to 
(2J+1), which is quite different from the 31 levels in 
one group and 4 to 7 levels in the other group. An 
improvement in fit to the curve shown in Fig. 4 cannot 
be obtained by assuming v=2 and two different 
I,’s for the two spin states. Allowing both I, and » to 
be different for the two spin states can lead to an 
improved fit. However, considering the limited accuracy 
of the Iy’s, a four-parameter fit to the data is not 
considered significant. 

It is not possible to determine the number of fission 
channels available for the fission process or to determine 
whether the average value of I’, is different for the two 
different spin states. However, we can conclude either 
(a) that the average value of the fission width for either 
spin state is not an order of magnitude different from the 
observed average value of the fission width or (b) that 
the observed resonances are all due to one spin state. 

If we assume that all the levels observed are caused 
by one spin state and that the other spin state has an 
average fission width large enough for the levels to 
overlap appreciably, then the optical model of the 
nucleus can be used to calculate the absorption cross 
section for the spin state with the larger I'y. The strength 
function to be used for U* has been determined by 
several investigators" and by several different methods, 
and it is found to be (1.0+0.2)X10~*. This value also 
agrees with the strength functions for neighboring 
nuclei. The predicted average absorption cross section 
for the spin state with the larger Ty is o4=179//E, 
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assuming g=7/16 the lower possible value. Thus, the 
absorption cross section between resonances would 
have to be at least this large. Since the observed cross 
section between levels is considerably less than the 
predicted absorption cross section, the assumption of 
a Ty for one spin state large enough for the levels to 
overlap is ruled out. 

Suppose, on the other hand, that the average fission 
width for the spin state not responsible for the observed 
resonances is 4 mv. In this case there should be some 
resonances which are observed in the total cross 
section which would not be observed in the fission 
cross section, namely, those resonances which have a 
very small I’,° and also a small I'y. However, in every 
case where a level has been observed in the total cross 
section, some structure has been observed in the fission 
cross section. We can, therefore, conclude that the Ty 
of the spin state not responsible for the observed levels 
cannot be an order of magnitude smaller than the 
observed average fission width. 

If the average value of a is defined as ¢,/é, over a 
region, this should be approximately [,/f';~1 from 
these measurements. The average value of a is ex- 
pected to be fairly constant up to several kev, where 
p levels become important. However, the average value 
of a determined by boron filter measurements using a 
broad neutron spectrum is 0.5 at both 100 and 1000 ev." 
There is no apparent reason for this discrepancy, which 
indicates either that the assumptions on which the 
determination of an average value of a@ is based are 
not correct or that there is some process occurring in 
low-energy neutron fission resonances which is not 
understood. 
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The tritium beta spectrum has been determined in a proportional counter spectrometer fitted with field- 
adjusting electrodes down to an energy of 200 ev. Below 1.2 kev the experimental spectra exhibit positive 
deviation from the theoretical spectrum which was corrected for the screening effect and for counter reso- 
lution. Various possible explanations for the deviation, which amounts to +6.5% at 0.3 kev, are examined. 
A possible explanation is that w, the energy to produce an ion pair in the counting gas, increases by several 


percent in the energy interval 1.2 to 0.25 kev. 


I. INTRODUCTION 


OLLOWING the publication by Fermi! of his 
theory of beta decay, many spectra were examined 
to test the theory in allowed transitions. With the 
exception of the few cases noted in the Discussion, 
Sec. IV, it was found that the experimental results 
verified the theoretical (corrected for screening and 
the finite nuclear size) except for distortion at low 
energies, which in the case of solid samples was caused 
by finite sample thickness, back scattering, window 
absorption, etc.? These causes of distortion can be 
avoided by use of a proportional counter spectrometer 
with an internal gaseous source. However, at the ends 
of a simple counter the electric field strength and, 
therefore, the gas gain is too low. This effect decreases 
the pulse heights of the betas absorbed in this region 
so the experimental activity is too large (positive 
deviation) at the low-energy end of the spectrum. This 
distortion can be eliminated by the use of field-adjusting 
electrodes to adjust the field at the ends to the same 
intensity as it is at the center of the counter.* 

An interesting spectrum examined by this technique 
is the allowed (favored) transition of tritium which 
provides a check of Fermi’s theory at the lowest 
possible energy. The spectrum obtained exhibited neg- 
ative deviation at low energies, e.g., the experimental 
activity was less than one-half of the theoretical activity 
at 200 ev. However, on the basis of additional experi- 
ments Curran now believes that the deviation may 
have been due to deficiencies in the analyzer.’ Because 
the results of these latter experiments have never been 
published, to the best of the authors’ knowledge, and it 
seemed desirable to have an independent determination 
of this spectrum, the spectrum has been examined again. 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

7 Present address: William H. Johnston Laboratories, Inc., 
Lafayette, Indiana. 

1 E. Fermi, Z. Physik 88, 161 (1934). 

2M. E. Rose, Beta- and Gamma-Ray Spectroscopy, edited by Kai 
Siegbahn (Interscience Publishers, Inc., New York, 1955), pp. 
279-284. 

3S. C. Curran, Bela- and Gamma-Ray Spectroscopy, edited by 
Kai Siegbahn (Interscience Publishers, Inc., New York, 1955), 
pp. 165-182, 

4A. L. Cockcroft and S. C. Curran, Rev. 
(1951). 

5G. M. Insch and S. C. Curran, Phil. Mag. 42, 892 (1951). 
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II. EXPERIMENTAL PROCEDURE 


The brass counter (6.2-in. i.d. by 37.8-in. active 
length) was fitted with an Al liner as the cathode and 
with field adjusting electrodes similar to those described 
by Cockcroft and Curran‘ except for the thinner 
(0.01-in.) electrode walls. The counter was fitted with 
two Mylar windows for x-ray calibration, one in the 
center of the counter and one 0.2 in. from the end of one 
field-adjusting electrode. Since the gas gain is very 
dependent on the anode radius, a close tolerance 
(+3%) 0.002-in. wolfram wire was used as the anode. 

Tritium was counted as hydrogen gas. A trace of HOT 
was reduced by LiAlH, and passed through a liquid N» 
trap packed with broken Pyrex tubing into the counter. 
Then a few mm of carrier Hy and one atmos of P-10 
(90% Ar, 10% CH,) gas were added. 

In counting, the center wire was grounded, and 
negative potential was applied to the cour er wall by a 
very stable commercial high-voltage supply to avoid 
high-voltage breakdown noise. The pulses from the 
counter were fed into a low-noise 40 gain pre-amplifier 
with an input stage similar to that used by Engelkemeir 
and Magnusson.® At first the pre-amplifier was con- 
nected to a commercial proportional pulse amplifier, 
but the recovery time of this particular amplifier is 
500 usec at 10 times overload. If another pulse appeared 
during this recovery time, its pulse height would be 
decreased, which would cause positive deviation in the 
experimental spectrum. With this amplifier an upper 
limit would therefore be set on the counting rate which 
would set a limit on the accuracy of the determination 
in a reasonable counting time. This long recovery time 
is inherent in the capacitive coupling used in this type 
amplifier. Therefore, a completely dc-coupled propor- 
tional pulse amplifier was constructed with a gain of 
1000 and a linearity better than 1.2%. With a 5-usec 
differentiating RC at the input to this amplifier, the 
recovery time for a 10 times overload pulse is 84 usec. 

The amplifier was dc-coupled to the RIDL Model 
3300 100-channel analyzer’ to avoid differentiation of 
the pulses which would cause overshoot pulses. The 


® D. W. Engelkemeir and L. B. Magnusson, Rev. Sci. Instr. 26, 
295 (1955). 

7 Radiation Instrument Development Laboratory, 5737 South 
Halsted Street, Chicago, Illinois. 
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analyzer was modified so that the store pulse was 104 
usec wide. This had the effect of blocking out the time 
following every pulse so the dc amplifier was fully 
recovered before the next pulse could be analyzed. 
Therefore, there can be no distortion of the type 
described above. 

The potential of the field adjusting electrodes was 
adjusted until the Mn K x-ray peak (from electron 
capture in Fe®®) was at the same channel number at the 
edge of the electrode as at the center of the counter. At 
this potential the ratio of the field electrode voltage 
V, to the cathode voltage V. was 0.535 compared to 
the theoretical ratio calculated from the known counter 
dimensions of 0.550. This difference is outside the 1.5% 
uncertainty in measuring the ratio and may indicate 
a slight error in centering the center wire. However, 
even when V,/V, was changed from 0.535 to 0.550 in 
one experiment (counting error +0.5%), the positive 
deviation at 250 ev was only decreased by 1.0%. (See 
Results, Sec. III.) 

The energy scale was calibrated by determining the 
position of the 5.93-kev (energy calculated from the 
energies and abundances of the various K x-rays*) 
Mn K x-ray peak as a function of amplifier gain. The 
channel widths varied from 30 to 170 ev. 

Three samples with activities of 86 000, 73 000, and 
18 700 disintegrations/min were measured at 2385 v, 
and two samples with activities of 42 000 and 85 000 
dis/min were measured at 2490 v. 


III. RESULTS 


The equation relating the number of counts per unit 
energy interval, Niw), to the total energy of the beta 
particle, W, is? 

F (z,w)pW K?(W—W))?, 


Nw) 
where p is the momentum, W» is the total disintegration 
energy of'® 1.0352 in mc® units, and K is a constant 
independent of W. The nonrelativistic form of the 
Fermi function evaluated for tritium decay, 

(2.15/E)} 


F iz, i> 


1—exp(—2.15/E)! 


was used below 2.5 kev where E is the kinetic energy 
in kev." Above this energy F was calculated from the 
tabulated values of p’/ by interpolation." 

A preliminary spectrum was taken for each sample 
and a Fermi plot constructed from the data. (See the 
Appendix for a discussion of the end-point energies 
obtained.) Above 1 kev all the points in each plot fell 
on a straight line (maximum deviation from 1-10 kev 


8S. Fine and C. F. Hendee, Nucleonics 13, No. 3, 36 (1955). 

§A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1935), second edition, p. 640. 

0. M. Langer and R. J. D. Moffat, Phys. Rev. 88, 689 (1952). 

uJ, A. Stegun, Tables for the Analysis of Beta Spectra, U. S. 
Department of Commerce, Applied Mathematics Series 13, (U. 5S. 
Government Printing Office, Washington, D. C., 1952). 
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+2% in Ncw) except that the 770 and 771 plots 
showed slight negative deviation above 12 kev. This 
was caused by a decrease in the gas gain for the higher 
energy betas at the large gas gain,” but this does not 
effect the shape of the spectrum in the region of interest. 
Because the Fermi plots indicated that the experimental 
spectra agreed with theory at 2 kev and Curran had 
reported deviation at lower energies, the region below 
2.2 kev was examined carefully. 

The theoretical spectrum in this region was corrected 
for the screening effect of the atomic electrons?" and 
for the counter resolution. Dzhelepov and Zyryanova 
discuss the various equations which have been used 
for the screening correction. However, in the non- 
relativistic region examined in the case of tritium, all 
are equivalent. With a change in potential due to 
screening, Vo, of 30 ev, the correction is a maximum 
of 0.45% at 300 ev when the corrected curve is normal- 
ized to the uncorrected curve at 2.00 kev. 

The two causes for the counter resolution are statisti- 
cal variations (1) in the number of original ions pro 
duced and (2) in the gas gain.!® It was assumed that 
only the first effect need be considered under the present 
conditions (gas gain>>number of original ions) in 
calculating the resolution (full width at half height) of 
the Poisson or Gaussian curves representing a mono- 
energetic source. (The experimental resolution of the 
Mn K x-ray peak of 17% is in agreement with this 
assumption.) In correcting the theoretical spectrum 
for counter resolution, the procedure was first to divide 
the spectrum into small energy intervals. Then a 
Poisson (below 270 ev) or a Gaussian curve was calcu- 
lated at each energy with the area of each curve 
normalized to the Vw) for that energy. Then if Vj,w)’ 
is the theoretical counts per unit energy interval at 
the ith energy corrected for counter resolution and 
Ni; «wy is the counts per unit energy interval at the ith 
energy for the Gaussian (Poisson) calculated for the 
jth energy, 

Niw)'= Li Nig). 


This resolution correction amounted to 0.8% at 200 ev 
when the corrected curve was again normalized at 
2.00 kev. Since the correction for finite nuclear size is 
insignificant at low atomic numbers,'® it is felt that 
this final theoretical spectrum which has been corrected 
for the screening effect and the counter resolution, is 
accurate to 0.5%. 

The experimental spectra are compared to the 
corrected theoretical spectrum in Figs. 1 and 2 with 
the curves normalized in the region 1.8 to 2.2 kev. The 
lengths of the arrows indicate the average deviation in 

121). West, Progress in Nuclear Physics, edited by O. R. Frisch 
(Academic Press, Inc., New York, 1953), Vol. III, p. 24. 

18 R. H. Good, Phys. Rev. 94, 931 (1954). 

4B. S. Dzhelepov and L. H. Zyryanova, Influence of the Atomic 
Electric Field on Beta Decay (Academy of Sciences, U.S.S.R. 
Khlopin Radium Institute, Leningrad, 1956), pp. 37-39. 

16 Curran, Cockcroft, and Angus, Phil. Mag. 40, 929 (1949). 

16 M. E. Rose and D. K. Holmes, Phys. Rev. 83, 190 (1951), 
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Fic. 1. Tritium spectra: (1) 761, 767, and 768 at 2385 v (a) at 
gain 1000 and (b) at gain 500; (2) theoretical spectrum corrected 
for screening and counter resolution; (3) Insch and Curran data.®3 


Nw) for the various spectra. Most of the deviation 
is due to the statistical counting error (0.5%). 

At each gain the gross counts were corrected to the 
same actual (live) counting time using the analyzer 
dead time meter which was later calibrated against an 
RIDL Model A-268 live timer. The dead time correc- 
tion was good to 1% so spectra taken at two different 
gains should agree to within 1%. However, it was found 
that at low energies the spectra of samples 761, 767, and 
768 taken at gain 500 were lower than those at gain 
1000 (3.3% at 285 ev). At least part of the difficulty 
was traced to analyzer nonlinearity. The linearity of 
the analyzer is dependent on the slope of the linear 
sweep circuit being constant over the entire range from 
0 to 90 v.'7 When the “saw tooth” pulse from this 
circuit was displayed on a Model 535 Tetronix oscillo- 
scope and both the x (time) and y scales changed by the 
same factor, it was found that the slope increases over 
the first 5 usec (10 channels) and is constant thereafter. 
This nonlinearity causes the lower channel widths to 
be too small and, therefore, Niw) to be too low. Of 
course, at the same beta energy the distortion is greater, 
the lower the gain. 

The spectra shown in Fig. 1 have been corrected for 
this distortion effect by the following method: Long 
counts of the same spectrum were taken with channel 
2 and with channel 10 equal to zero energy. Since the 
two spectra should have the same shape and the second 
spectrum is above the region of distortion, correction 
factors at each channel could then be determined to 
correct the first spectrum to the second. These correction 
factors, which were accurate to +0.5%, were used to 
correct the 761, 767, and 768 data. Samples 770 and 
771 were examined with zero energy at channel 10. 

The counter became slightly contaminated during 
each determination. The contamination could be re- 
moved by exchange with inactive water at 2.5-cm 
pressure, but was much worse on the following determi- 
nation if the counter was not first well degassed to 
remove adsorbed water. Therefore, it was assumed 
that the contamination resulted from a counter dis- 


17R. W. Schumann and J. P. McMahon, Rev. Sci. Instr. 27, 
675 (1956). 
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Fic. 2. Tritium spectra: (1) T70 and 771 at 2490 v (a), O, at 
gain 500 and (b), 0, at gain 200 and (2) theoretical spectrum 
corrected for screening and counter resolution. 


charge induced exchange during the very long counting 
times between HT and traces of water or hydroxyl 
groups on the counter wall. A background was used in 
each run which was weighted assuming the contami- 
nation was picked up linearly with time. This correction 
for contamination affected the shape of the spectra by 
less than 1% except for 770 where it changed it by 
1.8%. 


IV. DISCUSSION 


Within 1% the counting rate has no effect on the 
shape of the spectra. Although the comparison spectra 
are not shown, the small average deviations in Figs. 1 
and 2 indicate this fact. 

It is seen in Fig. 1 that there is a disagreement in the 
shapes of the spectra taken at two gains at 2385 v. The 
discrepancy could have been caused by two or three 
of the following effects: (1) an error in the correction for 
analyzer nonlinearity, (2) an error in the dead time 
correction which would shift one curve relative to the 
other, and (3) amplifier nonlinearity at the highest 
gain. At 2490 v the agreement between the spectra 
taken at the two gains is excellent, which is an indi- 
cation of amplifier linearity. 

The spectra are also independent of the counter 
voltage within 1%. The degree to which the shapes of 
the spectra are independent of the various experi- 
mental parameters is indicated by the average deviation 
of the four experimental spectra shown in Figs. 1 and 2 
from the corrected theoretical spectrum. These devia- 
tions are 6.5+0.6% at 300 ev and 3.8+0.5% at 500 ev. 

It is interesting to note that recently several beta 
spectra have been examined carefully and found to 
exhibit positive deviation at low energies.'*’* The 
Kurie plots were made linear by dividing N,,), the 
counts per unit momentum interval, by 1+4/W, where 
0.4>6>0.2. Since W varies by less than 1% over the 
energy interval covered in the present investigation, 
this type of correction factor would have no effect on 
the tritium spectrum. 

Various possible explanations for the deviation 
below 1.2 kev will now be examined. The total activity 


E 18 Johnson, Johnson, and Langer, Phys. Rev. 112, 2004 (1958). 
'’ Hamilton, Langer, and Smith, Phys. Rev. 112, 2010 (1958). 
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in excess of the theoretical spectrum above 200 ev is 
only 0.2% of the total tritium activity. Thus if only a 
small fraction of the overload pulses had small positive 
overshoots which were counted, the deviation would 
be accounted for, but the use of the blocking pulse 
following each pulse negates this type of explanation. 
In addition, the deviation is not caused by noise as 
even at the lowest energy the correction for noise plus 
background was less than 6% of Nw) except for T68 
in which it was 26%. 

Two additional sources of distortion are the wall and 
end effects which give degraded pulses in the low-energy 
region when only a portion of the beta particle’s 
ionization path lies in the active counter volume. If it is 
assumed that one-half of the betas approach the wall 
normally, the weighted fraction of the higher energy 
betas which give pulses in the region 0-1 kev because 
of the wall effect is 


18 kev 


18 
2nr > NiwyAr;/2rr* _ Nin) 
0 0 


18 18 
=D Nim Ar/r dD Nim=f, 

- 0 0 
in which r is the counter radius and Ar; is the path 
length for 1 kev of energy absorption in the counting 
volume for the ith energy beta. The value of Ar; was 
calculated from the range-energy relation of Lane and 
Zaffarano.” The average percent deviation over the 
interval 0-1 kev is then 100f }°o'® Nigw)/ doo! Nim). 
The same calculation was made for the interval 1-2 
kev. The result of these calculations show that the 
net distortion from 0 to 1 kev from the wall effect 
should be less than 0.4%. A similar calculation for the 
betas entering the active volume from the ends shows 
that distortion from this effect should also be less than 
0.4%. If a correction is made for the fact that the betas 
actually approach the wall (end) at an angle, these 
distortions are approximately halved. Thus the positive 
deviation cannot be explained by wall or end effect. 

The pulse heights of the proportional pulses are 
proportional to the number of ions released by each 
beta particle on being absorbed by the counter gas. 
Thus the ordinate of the experimental spectra is 
actually the number of counts per unit electron interval, 
Ne). The relation between the experimental V;.) and 
the theoretical Nw) is 


N (e)/w=kN ww), 


in which w is the energy to produce an ion pair in the 
counter gas and is a constant. If w were to increase as 
the beta energy decreases from 1.2 to 0.2 kev, the 
experimental spectra would exhibit positive deviation 


2 R, V. Lane and D. J. Zaffarano, Phys. Rev. 94, 960 (1954). 
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at low energies. Much experimental evidence indicates 
that w is constant over the range 2.8 to 0.24 kev.2!-*8 
However, the limits of error are large (5%), and indeed 
the lowest limit of error was obtained for Nz by assuming 
that w is constant in Ar and comparing the Ar*? K/L 
peak height ratio in N» to the ratio in Ar. In addition, 
all the evidence does not support the constancy of w.24:?! 
Thus it is barely possible that the deviation between 
the experimental spectra and the theoretical spectrum 
is caused by a 4-6% increase in w for beta energies 
between 1.2 and 0.25 kev. If additional experimental 
evidence should establish that w is constant to 4% to 
0.25 kev, the present experimental results can be con- 
sidered to be at variance with the theoretical prediction. 
The authors have no explanation for the large deviation 
below 0.2 kev, as it seems unlikely that the variation 
in w can be of such a magnitude.”! 
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APPENDIX 


The average of the end-point kinetic energies (Zo) 
obtained by the Fermi plots is 18.78+0.05 kev. This 
value would be decreased by about 0.3 kev if the 
spectra were corrected for the finite counter resolution.?® 
However, when the anode in another counter was 
divided by a glass bead, the difference between the 
positions of the Mn K x-ray peaks in the two counting 
volumes for five fillings was (2+1)% greater than the 
amount due to the capacitance difference. If this effect 
be ascribed to nonuniformity in anode diameter, the 
energy scale is uncertain to about +2%. Therefore, 
the more accurate Ey of Langer and Moffat was used 
in calculating the theoretical spectrum. 

21). M. Valentine and S. C. Curran, Reports on Progress in 
Physics (The Physical Society, London, 1958), Vol. 21, p. 1. 

2 J. M. Valentine, Proc. Roy. Soc. (London) A211. 75 (1952). 

23 J. F. Lehman, Proc. Roy. Soc. (London) A115, 624 (1927). 

* M. Langevin and P. Radvanyi, Compt. rend. 241, 33 (1955). 

26 G. C. Hanna and B. Pontecorvo, Phys. Rev. 75, 984 (1949). 

t Note added in proof.—An Eo of 18.6+0.1 kev was recently 
obtained by a careful examination of the spectrum in a magnetic 
lens spectrometer using Al backings to provide certain electrical 
grounding [F. T. Porter, Phys. Rev. 115, 450 (1959) ]. With this 
value of Eo the deviations at 300 ev and 500 ev are 7.340.6% 
and 4.4+0.5%, respectively. 

Porter calculated an Eo of 18.21+0.03 kev from the average 
energy of 5.52+0.01 kev obtained by Popov, et al. [Popov, 
Gagarinskii, Senin, Mikhalenko, and Morozov, Atomnaya Ener 
giya 4, 296 (1958) ]. As noted by Porter, the discrepancy in Ep 
values could be explained if the tritium spectrum deviated from 
the assumed theoretical shape at low energies. However, when the 
experimental spectra were extrapolated to zero from 300 ev, it 
was shown by graphical integration that the observed deviation 
amounts to less than a 0.01-kev decrease in the Eo calculated from 
the average energy. Indeed, even if Niw) be zero below 300 ev, 
the average energy obtained by Popov, et al. is incompatible with 
an Ep of 18.6 kev. 
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The distribution in charge of the Br’ atoms formed in the complex electron capture and f* decay of 
radioactive Kr” has been found to consist of twe components; one to be mostly associated with the St 
transitions, and the other with the electron capture transitions. Because of a difference in instrumental 
efficiency, the relative intensity of the two components is undetermined in the present work, but if the 
value of 9.3 is assumed for the total electron-capture/8* ratio, then the spectrum for the successive charges 
—1, 0, +1---+13 is as follows (figures in percent): 7.7, 3.7 (estimated), 4.0, 4.7, 12.7, 16.0, 14.3, 13.6, 
11.3, 7.7, 3.3, 0.68, 0.13, 0.054, and 0.014, respectively. 


N exploring the nature of the atomic charge spectra 
that result from radioactive decay, it is necessary 
to look at the complex modes of decay as well as the 
simple modes. While it is true that the atomic conse- 
quences to be found in a mixture of 8+ emission, elec- 
tron capture, and internal conversion may present a 
situation too complicated for detailed interpretation in 
terms of reorganizations in the electron structure, 
nevertheless, the examination of such a case is necessary 
not only “because it is there” but also because it pro- 
vides a basis for comparison and possible contrast with 
the results of simpler modes of decay in the same or in 
different elements. 

In the decay of Kr” to Br® we have an example of 
complexity of this kind. The decay scheme is reproduced 
in Fig. 1 from the work of Thulin, Moreau, and Atter- 
ling’ and of Thulin.? All of the indicated gamma rays 
have been found to show internal conversion,’ together 
with an additional one having an energy of 84 kev 
which has not been included in our figure because it 
requires another level, the location of which could be 
almost anywhere above 261 kev. None of the associated 
internal conversion coefficients have been determined, 
and although the K/(L+M) ratios of many of the 
conversion lines have been measured,’ most of them do 
not lead to unique assignments for the multipole nature 
of the transitions. For E2 and M1 transitions, however, 
the internal conversion coefficients can be expected to 
be of the order of unity or less. Consequently, with the 
sole exception of the 44-kev transition for which the 
K-shell E2 coefficient would be 13, internal conversion 
can be expected to play only a rather minor part in the 
disintegration scheme. 

What is important from the point of view of the 
charge spectrum is that there is 8+-electron-capture 
branching, and that only a few of the 6* transitions are 
followed by internal conversion. This implies that a 
monotonically decreasing component of the charge 
spectrum can be expected, starting at charge —1, and 
being qualitatively similar in shape to the charge 
spectrum associated with the pure 8~ transition Kr*°- 

1 Thulin, Moreau, and Atterling, Arkiv Fysik 8, 229 (1954). 

2S. Thulin, Arkiv Fysik 9, 137 (1955). 

3S. Thulin, Arkiv Fysik 8, 235 (1954). 


Rb*.4 The other component of the spectrum will be 
associated with the electron-capture transitions; it can 
be expected to be qualitatively similar to the charge 
spectra of A*’ ® and Xe!#!,¢ that is, it will start at a low 
value at charge 0, rise to a maximum, and decrease 
again through the higher charge states. If internal 
conversion follows electron capture, more than one 
vacancy in the atomic electron shells will be produced. 
To take an extreme example which might be remotely 
possible, consider the chain: electron capture followed 
by successive conversions in the 137-, 44-, and 217-kev 
transitions. Such a course of events would lead to four 
primary vacancies in the electron shells, existing essen- 
tially simultaneously because, in the absence of nuclear 
metastability, the conversion events take place before 
the atomic electrons rearrange themselves. Milder 
multiple occurrences would be more probable, and 
would weight the resultant charge spectrum toward its 
high-charge side. 

The relative intensity of these two components will 
of course be determined by the total electron-capture/8* 
ratio. In respect to this ratio, and in respect to the rela- 
tive intensities of the transitions indicated in Fig. 1, 
the existing experimental information is unsatisfactory. 
Thulin, Moreau, and Atterling! have determined the 
total electron-capture/8+ ratio by a spectrometric 
measurement in which the total intensity in the Auger 
and K-conversion lines was compared with the total 
intensity in the 8+ continua. Their result was 9.3+2,7 
but they themselves point out that such a result is 
inconsistent jointly with the relative intensities of the 
two 8+ continua and the electron-capture/8*+ branching 
ratios theoretically to be expected within the individual 
transitions to the 261-kev level and to the ground level. 
The intensity figures given in Fig. 1 are those suggested 
by Way, King, McGinnis, and van Lieshout® in an 


4A. H. Snell and F. Pleasonton, Phys. Rev. 107, 740 (1957). 

5 A. H. Snell and F. Pleasonton, Phys. Rev. 100, 1396 (1955). 

6F. Pleasonton and A. H. Snell, Proc. Roy. Soc. (London) 
A241, 141 (1957). 


7 Other measurements have given 50 Nairwy ie McCown, 


and Pool, Phys. Rev. 74, 761(A) (1948) ]; 8+4 [I. Bergstrém, 
Arkiv Fysik 5, 217 (1952)]; and 14.144 [P. Radvanyi, Ann. 
phys. 10, 584 (1955). 

8 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
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effort to resolve the situation; in arriving at these 
figures, they adopt for the total electron-capture/p* 
ratio a plausible value 12, but they have had to reduce 
the intensity of the 330-kev 8* group relative to that 
of the 598-kev 8+ group from the experimental value 
of 0.075 to the value 0.014. We shall see in what follows 
that the uncertainty in the total electron-capture/6* 
ratio has an important bearing upon the presentation 
of the results of the present experiment. 

The apparatus used in measuring the Kr®-Br” charge 
spectrum was as has been described earlier,‘:® that is, 
the radioactive gas is introduced at low pressure (total 
3X 10-* mm Hg) into a conical region about 8 liters in 
volume, bounded by a system of electrostatic collecting 
rings. The electric field accelerates and focuses the ions 
upon the entrance to a magnetic analyzer, and after 
analysis they are again accelerated, and finally counted 
by means of an electron multiplier. In simple decay 
modes, we ordinarily assume that the recoil nuclei have 
a unique distribution in momentum irrespective of their 
charge, and that consequently their mean efficiency of 
collection in the electrostatic system is uniform provided 
only that we make the applied voltages inversely pro- 
portional to the charge of the ions to be counted. When 


Vis 
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Fic. 1. The decay scheme for Kr”-Br” as presently known. 
The figures for the energy levels are taken from Thulin e¢ al. 
(references 1, 2); the relative intensities are taken from Way, 
King, McGinnis, and van Lieshout (reference 8). An observed 
gamma ray with an energy of 84 kev has not been fitted into this 
scheme. The dashed lines indicate transitions that have been 
observed in Coulomb excitation [N. P. Heydenburg and G. M. 
Temmer, Phys. Rev. 93, 906 (1954); Wolicki, Fagg, and Geer, 
Phys. Rev. 105, 238 (1957) ]. The alternate spin values for the 
217-kev level are suggested in the latter of these two references. 
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we have two or more components in the charge spectrum 
with differing distributions in recoil momentum, as in 
the case of Kr”-Br”, the measurements become more 
difficult to interpret. Tests with a barrier placed across 
the conical collecting system suggested that most of 
the ions that are counted originate in the larger end of 
the cone, where the electric field is small (0.5-5 v/cm), 
In comparison, the recoil momenta expected according 
to Fig. 1 would be as follows: (a) 8+ group to ground 
state: continuous distribution to 6.6 ev; (b) 6+ group 
to 261-kev level: continuous distribution to 3.0 ev; 
(c) electron capture to ground state: line at 17.8 ev, 
probably the most intense in the spectrum; (d) electron 
capture to 261-kev’ level: line at 12.5 ev; and (e) other 
electron capture branches: lines at 11.7, 10.1, 7.0, and 
4.2 ev, with unknown relative intensities. 

With the collecting efficiency expected to vary sharply 
with recoil energy, and in the absence (so far) of a 
satisfying method of measuring the efficiency, it is 
clear that there will be uncertainties in the interpreta- 
tion of the measured charge spectrum in terms of the 
unperturbed original ion distribution. In the discussion 
of the results we will see the effect of a rough correction 
to the measured data in terms of what is known about 
the total electron-capture/8+ branching ratio. 

The Kr” used for our measurements was generated 
by proton bombardment of Br in the Oak Ridge 86-inch 
cyclotron. “Capsule” targets of KBr were used accord- 
ing to the technique of Martin and Green? although it 
was found that target failures could be eliminated if 
during irradiation an evacuated can with a volume of 
about 25 cm* was connected to the tube containing the 
KBr. After irradiation, the greater part of the Kr”, 
activity was in this can. Following bombardment for 
about 2 hours at 200 wa, the Kr in the can was separated 
and purified for us by B. J. Massey of the Operations 
Division of this Laboratory. The activity was that of 
pure Kr” so far as we could see in the decay curves and 
in surveys of the gamma spectrum by scintillation 
spectrometry which, incidentally, confirmed the obser- 
vations of Thulin ef a/.!; and, in view of the unlikelihood 
of a conflicting contaminant with like e/m values, we 
believe that we were counting only the decay products 
of Kr”-Br”. Some difficulty was experienced in ob- 
taining Kr” samples of sufficient strength to meet the 
requirements of the charge spectrometer, and this 
difficulty is reflected in the results, for we believe them 
to be somewhat less accurate than those previously 
obtained for reactor-produced radioactive rare gases, 
some of which have been available to us in supply that 
was unlimited so far as our requirements were con- 
cerned. 

RESULTS AND DISCUSSION 


The figures given directly by our spectrometer for the 
relative counting rates yielded by the Kr”-Br” decay 


9J. A. Martin and F. L. Green, Nuclear Sci. and Eng. 1, 185 
(1956). 
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TABLE I. The charge spectrum associated with 
the decay Kr®-Br”, 


Percentage of decays 
Percentage of charged after matching to 
particles as registered electron-capture, 
Charge by charge spectrometer pt =9.3 


44.2 +2.4 
(estimated) 


ol 


43 +0.5 
4.2 +0.3 
80 +0.3 
96 +03 
8.4 +0.4 
7.9 +0.4 
65 +0.4 
44 +04 
1.9 +0.2 
0.39 +0.03 
0.077 +0.007 
0.031+0.005 
0.008 +0.008 
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0.014 


are given in the second column of Table I. It will be 
noticed that the apparatus registered the ions of charge 
—1 most abundantly by far, and that there is a decrease 
to charges +1 and +2, followed by a rise to charges 3, 
4, and 5, and a subsequent decrease. The presence of 
the two components of the spectrum seems to be clearly 
indicated. On this basis, we can analyze the results a 
little farther by drawing upon our earlier observations 
of the B- decay Kr**-Rb**.4 If we make the assumption 
that the perturbation of the atomic electrons by the 
change in nuclear charge is the same in 6* decay as it is 
in B- decay, and if we ignore the fact that the extra 
electron in Br~ is bound by only 3.5 ev as compared 
with 27.6 ev for an outer-shell electron in Rb*, then we 
can by analogy with Kr*-Rb*® construct the charge 
distribution of the 8* recoil component in the Kr”-Rb” 
spectrum. Not only does this permit an estimate of the 
intensity of the unobserved neutrals, but it also enables 
a separation of the two components to be attempted, 
so that the total intensity of the 8+ component in the 
spectrum can be compared with the intensity of the 
electron-capture component. When this is done, it 
becomes evident that the spectrometer has registered 
the ions in the 8+ component much more efficiently than 
it has registered the ions of the electron-capture com- 
ponent, as was to be expected from the respective recoil 
energies. The best thing to do at the moment in remov- 
ing the instrumental bias seems to be to correct the 
relative amplitudes of the two components to bring 
them into agreement with an independent figure for the 
electron-capture/§* ratio. If we correct to the experi- 
mental value 9.3+2 found by Thulin et al., we obtain 
the relative intensities shown in the third column of 
Table I, which are presented graphically in Fig. 2 as our 
present best estimate of the unperturbed charge spec- 
trum associated with the Kr”-Br® decay. 

Despite the assumptions made in our analysis, the 
accuracy of the spectrum over the main part of its 


range is probably fairly good. Between charges 3 and 13 
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there is no uncertainty arising from overlap of the two 
components of the spectrum, and the intensities of the 
charge states relative to one another are as reliable as 
the counting rates of the spectrometer. The estimated 
errors given in column 1 of Table I would apply to them 
in the fractional sense. The effect of the overlap is felt 
in a minor way in the intensities of charges +1 and 2; 
they are probably accurate to 20% of their values. 
Charge —1 and the estimated intensity of the neutrals, 
on the other hand, are subject to the full 22% error 
quoted by Thulin ef al. for their electron-capture/S* 
ratio, together with the uncertainties attendant upon 
our use of the analogy between Kr®-Rb*® and Kr”-Br®, 
Probably an accuracy of only about 50% should be 
claimed for. them. If a more accurate value for the 
electron-capture/8+ ratio becomes available in the 
future, a simple arithmetic adjustment can be made to 
match the present results with that new value. 

In view of the complexity of the decay scheme and 
the unknown features still associated with it, little can 
be said in relation to the atomic effects lying behind the 
Kr®-Br® charge spectrum. In a purely qualitative 
sense, we might observe that the rather flat top shown 
by the distribution is unusual in our (limited) observa- 
tion of charge spectra in general. In principle, recoil 
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Fic. 2. The charge spectrum for Kr”-Br”, after matching the 
intensities of the 8* recoils relative to the electron-capture recoils 
to yield agreement with the value 9.3 for the electron-capture/8* 
ratio as measured by Thulin e al. The ions of charge —1 come 
exclusively from 8+ emission, and the intensity of the neutrals 
has been estimated in analogy with the charge spectrum of the B~ 
decay Kr**-Rb*, 
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spectrometry could resolve the relative intensities in 
the branches of a decay scheme such as that of Kr?-Br’?, 
if a field-free collection volume were used, as in the 
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FOR Kr?79-Br79 1551 
to be taken in several of the charge states, and the 
demand upon the supply of the radio-nuclide would be 


heavy. With a cyclotron-produced nuclide such as Kr”, 


embodiment of our apparatus that was used in studying 
the momentum spectrum of the single-line neutrino 
recoils of A*’.> Separate momentum spectra would have 


factors of gas economy would demand severe modifi- 
cations in our present equipment in order to bring such 
an experiment, attractive as it is, within practical reach. 
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Neutron Yields from Targets Bombarded by Electrons* 


W. C. BARBER AND W. D. GEorGEt 
High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received July 21, 1959) 


The total neutron yields from thick targets bombarded by electrons were measured as a function of 
electron energy for the range 10 to 36 Mev. Targets ranging in thickness from one to six radiation lengths 
of C, Al, Cu, Ta, Pb, and U were used. The yields for 1- and 6-radiation-length targets of Pb at 34 Mev 
are 2.1X10~* and 9.0X10- neutrons/electron. Extrapolation to infinite target thickness gives a value of 
9.5X10- neutron/electron. The yield, comparing targets of one radiation length, from C is about 10 times 
smaller and that from U two times greater than the yield from Pb. An explanation of the relative Z-depend- 
ence of the yield in terms of known photonuclear cross sections is successful to within a factor of 1.5. The 
absolute accuracy of the results is estimated to be +15%. 

Calibration of the neutron-detecting equipment was made with a RaBe source and checked by measuring 
the yields, due to electro- and photodisintegration of the deuteron, from a heavy-water target. In addition, 
yields from thin targets of Be and Cu were observed as a function of electron energy. The data for Be 
yield a value of (0.018+0.003) Mev-barn for the (y,m) cross section integrated to 17 Mev. The data for 
Cu were analyzed and combined with other measurements to give an approximate cross section for the 


Cu(y,pn) reaction. 


INTRODUCTION 


HE yield of neutrons from targets bombarded by 

an electron beam is interesting from the view- 
point of understanding the nuclear processes involved 
in the production of neutrons, as well as for the practical 
reason that electron beams are becoming increasingly 
important as neutron sources. If the target is thick 
(about one radiation length or more), the incident 
electron beam generates a cascade shower of lesser- 
energy electrons and photons, and neutrons are pro- 
duced primarily by the photons interacting with the 
nucleus in the “giant” resonance region. (The direct 
interaction of electrons with the nucleus is of the order 
of a times weaker than the interaction of photons and 
is therefore of little importance.) The neutron yield 
from any target could be calculated if the photonuclear 
cross section were known and a valid shower theory 
were available. At the present time neither of these 
requirements is fulfilled to a satisfactory degree. In 
particular, the shower theory is incomplete at energies 
near or below the critical energy, and this includes the 
giant resonance for all except the heaviest nuclei. A 
calculation of neutron yields from a thick uranium 


* Supported by the joint program of the Office of Naval Re- 
search, the U. S. Atomic Energy Commission, and the Air Force 
Office of Scientific Research. 

t Now at Aerospace Division, Boeing Airplane Company, Seattle 
24, Washington. 


target has been made by Biram,! and measurements 
using uranium targets have been reported from Harwell? 
and by Baldwin et al.* 

Our work extends the measurements to a variety of 
target materials and thicknesses. The Stanford Mark 
II accelerator served as the source of electrons with 
energies variable from 10 to 36 Mev.® The results show 
a strong dependence of the yield on the atomic number 
of the target. In the discussion the observed Z-depend- 
ence is compared with the results predicted from meas- 
ured cross sections and cascade shower theory. In spite 
of the fact that the shower theory is approximate, the 
agreement with experiment is satisfactory. Knowledge 
of this Z-dependence of the neutron yield can be used 
to minimize neutron production in shielding x-ray or 
electron beams. The neutron shielding requirements 
will depend on the energy spectrum as well as on the 
total number of neutrons produced. Measurements of 
the energy spectra of photoneutrons have been made 
recently,** and can be used in conjunction with the 


1M. B. Biram, Atomic Energy Research Establishment, 
Harwell Report T/R 1523, 1954 (unpublished). 

2 E. Bretscher (private communication to G. A. Kolstad). 

3 Baldwin, Gaerttner, and Yeater, Phys. Rev. 104, 1652 (1956). 

4R. F. Post and N. S. Shiren, Rev. Sci. Instr. 26, 205 (1955). 

5 Increased to 45 Mev since these experiments were finished. 

6 Cortini, Milone, Rubbino, and Ferrero, Nuovo cimento 9, 85 
(1958). 

7 Cavallaro, Emma, Milone, and Rubbino, Nuovo cimento 9, 
736 (1958). 

8 Bertozzi, Paolini, and Sargent, Phys. Rev. 110, 790 (1958). 
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lic. 1. Block diagram of experimental arrangement. 


total yields presented here to calculate shielding 
requirements. 

In addition to work with thick targets, some yield 
curves from thin targets were measured. In this case 
the interpretation of the results is complicated by the 
approximately equal contributions of the direct neutron 
production by electrons and production by photons. A 
separation of these effects was made using stacked-foil 
methods similar to those of Brown and Wilson’ and of 
Barber.” 

The neutron yield from the deuterons in a heavy- 
water target was measured to calibrate the neutron 
detectors. The total cross section as a function of 
photon energy is known to about 10% accuracy, and 
the efficiency of the detecting system, determined with 
a standard RaBe source, was checked to this extent. 

Yield curves from thin Be and Cu targets were 
analyzed by the photon-difference method to obtain 
(y,m) cross sections. In the discussion a comparison of 
results is presented, and a combination of these results 
with previous measurements is used to derive an 
approximate cross section for the previously unstudied 
Cu(y,pm) reaction. 


EXPERIMENTAL APPARATUS AND ARRANGEMENT 


The configuration of the experimental equipment is 
shown in Fig. 1. The electron beam of energy Eo was 
obtained from the achromatic beam translation system 
of the Mark II linear accelerator. This system, com- 
prised of twin 30° deflecting magnets, produced an 
external beam free of background radiation and parti- 
cles. A circular collimator of 0.187-in diameter, placed 
in the system ahead of the deflection magnets, produced 
a beam spot at the target position approximately 0.5 in. 
in diameter at 30 Mev. An energy spread of AEo/Eo 
= 2% was used throughout the experiment. The energy 
of the electron beam was calibrated to within +2% 
error using the photoneutron thresholds of deuterium, 
oxygen, and copper. The beam was variable in energy 
up to a maximum of 36 Mev. 

The electron intensity was monitored by a hydrogen- 
filled ionization chamber placed in the incident beam 


°K. L. Brown and R. Wilson, Phys. Rev. 93, 443 (1954). 
” W. C. Barber, Phys. Rev. 111, 1642 (1958). 


AN. Wi. 2. 


GEORGE 


directly ahead of the target. The chamber had a 
collecting field transverse to the beam so that the total 
material traversed by the beam before striking the 
target was 8 in. of hydrogen gas and 0.005 in. of Mylar 
window material. Hydrogen flowed continuously through 
the chamber at atmospheric pressure. The response of 
this chamber as a function of primary beam energy 
was studied previously." For the present measurements 
it was recalibrated at a few energy points by the 
method employed previously, comparison with a 
Faraday-cup monitor. 

The target was located in a Lucite vacuum chamber 
8 in. in diameter and 19 in. long. A sliding vacuum seal 
permitted the choice of two target positions. Lucite 
was chosen as the most suitable material for the vacuum 
chamber because its constituents have low cross sections 
and high thresholds for (y,) reactions. All targets were 
43 in. square, so that even at very low electron energies 
multiple scattering in the ion chamber would not cause 
electrons to miss the target. The target chamber was 
surrounded by paraffin moderator contained in a 
wooden box 32 in. square and 19 in. in the beam 
direction. Neutrons produced in the target were de- 
tected by a pair of enriched BF; proportional counters, 
each of which extended the length of the box, and which 
were symmetrically located on opposite sides of the 
target chamber. Background due to neutrons produced 
outside the target region was reduced by surrounding 
the box with a thin layer of boron carbide and an 
outside layer of paraffin 8 in. thick. 

The pulses from each of the proportional counters 
were amplified, and the large pulses due to the (n,a) 
reaction in B™” were selected by integral discrimination. 
The scaling circuits were gated off for a period of 7.5 
usec during and following the electron beam pulse. 
This off-time was found necessary to allow the counters 
and their associated circuits to recover from the large 
pile-up of pulses produced when the 0.6-usec beam pulse 
struck the target. Since the lifetime of the thermal 
neutrons in paraffin is approximately 175 usec, the 
initial off-time of 7.5 usec represents a counting loss of 
~3%. When thick targets of high-Z materials were 
used, it was necessary to limit the intensity of the beam 
so that the dead-time due to the pile-up of prompt 
pulses did not exceed 7.5 usec. To do this the number 
of recorded neutrons per unit of monitor response was 
measured as a function of the beam intensity. The 
limiting value of this ratio as the intensity was lowered 
was taken as the correct value. 

To determine the efficiency of moderating and 
detecting the neutrons, a RaBe source” with a strength 
of (1.00+0.05)X10*° neutrons/sec was placed at the 
position of the target. The combined efficiency of the 
two BF; counters was found to be (0.92+0.05)%. 

11 W. C. Barber, Phys. Rev. 97, 1071 (1955). 


2 Manufactured and certified by the Canadian Radium and 
Uranium Corporation, New York, New York. 





NEUTRON YIELDS FROM 
When the gates were used with a pulsed source, the 
efficiency became 0.89%. 

The RaBe source produces an energy spectrum of 
neutrons different from that produced in photonuclear 
reactions. Therefore it was considered desirable to test 
the efficiency calibration with a reaction which produced 
a known spectrum of neutrons. The most desirable 
reaction for this purpose was the photodisintegration 
of the deuteron. This reaction has been extensively 
investigated in the energy range from threshold to 20 
Mey, and the theory checked by experiment is reliable 
enough to give the absolute cross section correct to 
10% anywhere in this energy range. 

The neutrons ejected from the deuterons in a heavy- 
water target have a very anisotropic angular distribu- 
tion. It was therefore necessary to know the efficiency 
of the detection system as a function of the angle of 
emission of the neutron from the target. A first-order 
approximation was made by describing the counting 
system as a right-circular cylinder of length 7 and 
radius r with the property that neutrons emitted in 
any direction that intersected the walls of the cylinder 
were counted with fixed efficiency whereas those neu- 
trons directed out the ends of the cylinder escaped 
without detection. The lengths / and r were determined 
to give the best fit to the curve of counting rate vs axial 
position observed when the RaBe source was moved 
along the axis of the target chamber. This simple 
two-parameter description of the counting system 
represented the data taken at ten points between the 
center and one end of the target chamber with an 
average error of less than 1%. Using this concept of an 
effective cylinder, the detection efficiency for a source 
with an angular distribution f(@) relative to that for 
an isotropic source is given by 


R=  f {(0) sinado | f f(0) sina 
r 0 


tan Mer, 1) 


90° yo° 1 
| f sinodo / f sna] > 2) 


tan ‘(r/l) 


The best-fit value of r// was 0.80. 

The yield of neutrons from a target thickness of 
0.698 g/cm? of heavy water in a thin-walled polystyrene 
holder was measured as a function of electron energy 
both with and without a 0.437-g/cm? aluminum radiator 
ahead of the target. To evaluate the background due 
to neutrons produced in the oxygen of the target, the 
carbon of the holder, and extraneous sources, similar 
measurements were made with a holder containing 
ordinary distilled water. The net observed yields as a 
function of primary electron energy were converted to 
total yields using Eq. (1) together with the angular 
distributions observed by Halpern and Weinstock." 
The results are shown in Fig. 2. For comparison, the 


18 J, Halpern and E. V. Weinstock, Phys. Rev. 91, 934 (1953). 
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Fic. 2. Comparison of measured neutron yields from deuterium 
with expected yield curves calculated from the photodisintegration 
cross section. 


expected yields from these targets were computed from 
the cross sections for the electric- and magnetic-dipole 
disintegration given by Feshbach and Schwinger." 
(The contribution of electric-quadrupole disintegration 
to the cross section is negligible in this energy range.) 
The expected yields were computed taking into account 
the energy loss by ionization and radiation of the 
primary beam as it traversed the target materials. The 
direct disintegration of the deuteron by the electron 
beam was computed from the photodisintegration cross 
sectiun by the virtual photon spectrum method first 
developed by Weizsicker and Williams!® and later 
extended by others.'® The yield due to real photons 
was computed using the “integrated-over-angles” 
Bethe-Heitler bremsstrahlung formula. In the case 
where no aluminum radiator was in front of the target, 
slightly over half of the yield was due to the direct 
effect of the electrons. The expected yields are shown as 
solid curves in Fig. 2. There has been no normalization 
in either the curves or the points of the figures. The 
experimental yields are higher than the computed ones 
by an average amount of 7.5%, which is certainly 
within the combined error of the RaBe source calibra- 
tion and the uncertainty in the deuteron cross section. 
There is a systematic decrease in the discrepancy 
between theory and experiment as the electron energy 
is increased. This could be due to a variety of causes 
including errors in the deuteron cross section, systematic 
errors in the thick-target corrections, or neutron energy 
dependence of the detector efficiency. The good over-all 
agreement the calibrations with the RaBe neutrons and 
the deuterium neutrons, which have widely differing 
energy spectra, indicates that the energy dependence 
of the detector efficiency is not an important source of 
error in the photoneutron yield measurements. All 


44H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951). 

16 C.F. V. Weizsicker, Z. Physik 88, 612 (1934); E. J. Williams, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 13, 4 (1935). 

16 R.H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1956), 
discuss the limitations of the method and give references to 
previous work. 
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elements above about Z=30 should have similar neu- 
tron spectra. The measurements of Cortini e/ al.* on 
neutrons from chromium and tantalum support this 
conclusion. 


RESULTS 


The calibration of the neutron detector efficiency 
makes it possible to establish an absolute scale for the 
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Fic. 4. Neutron yield curve as a function of initial electron energy 
for a natural Cu target 0.108-radiation-length thick. 
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relative Be*(y,m) cross section as a function of photon 
energy reported by Barber.” These measurements were 
made with targets of Be (with and without an aluminum 
radiator) in the same geometry as was used for the 
heavy-water experiment. The result for the Be*(y,m) 
cross section up to 17 Mev is shown as a histogram in 
Fig. 3. In obtaining this curve the observed counter 
efficiency for the isotropic RaBe neutron source was 
corrected using Eq. (1) with f(@)=1.2-+sin’6, which is 
the angular distribution of neutrons observed by 
Fabricand e¢ al.’ The vertical lines on the histogram 
indicate expected standard errors for the cross section 
averaged over each energy interval. These errors are 
large because the cross section was derived from a yield 
curve and differences were involved. The error in the 
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Fic. 5. Yield of neutrons per incident electron as a function of 
initial electron energy for the low-Z elements. The concrete target 
is a simple 3:1 sand:cement mixture. The numbers at the top 
right refer to the Cu-I curve at the indicated energies. 


determination of the integrated cross section is almost 
independent of the errors caused by taking differences, 
and the uncertainties in the absolute calibration of the 
neutron detectors and in the angular distribution of 
the neutrons are the main sources of error. These 
considerations lead to an estimated standard error of 
+15% on the integrated cross section of 18 Mev-mb 
derived from Fig. 3. 

Figure 4 shows the total neutron yield from a natural 
copper target of 0.108-radiation-length thickness. 
Errors on the data points are statistical. 

Figures 5-11 present the data for thick targets; 
Table I gives the thicknesses of all targets. The yields 
presented in Figs. 5-11 were computed under the 


17 Fabricand, Allison, and Halpern, Phys. Rev. 103, 1755 (1956). 





NEUTRON YIELDS FROM 
assumption that the neutrons are emitted isotropically. 
This is likely to be nearly true for the heavy elements. 
In carbon, a distribution 1+1.5 sin@ is expected from 
the shell-model picture of the giant resonance. Our 
computed yields would be 7.5% too high in this case. 


DISCUSSION 
Be*(y,n) 


The Be*(y,m) cross section as determined in a number 
of experiments is shown in Fig. 3. Except for the first 
region from 1.7 to 3 Mev, our results are in agreement 
with those of Nathans and Halpern,'* which were also 
obtained by the photon-difference method. The meas- 
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Fic. 6. Yield of neutrons per incident electron as a function of 
initial electron energy for natural Cu targets of various thicknesses. 
The Roman numerals give the target thicknesses to the nearest 
integral number of radiation lengths. 


urements made with monoenergetic y-rays in the low- 
energy region indicate that in the region from 1.7 to 
3 Mev our cross section is probably too high whereas 
that of Nathans and Halpern is too low. In this energy 
region the thick-target corrections to the bremsstrahlung 
spectrum are difficult to evaluate, and for this reason 
we believe the points measured with monoenergetic 
y-Tays are more accurate than those determined using 
a bremsstrahlung spectrum. The value of the cross 
section integrated to 17 Mev (18+3 Mev-mb) agrees 
with that obtained by Nathans and Halpern’® (16.5 
Mev-mb). 


18 R, Nathans and J. Halpern, Phys. Rev. 92, 940 (1953). 
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Fic. 7. Yield of neutrons per incident electron as a function of 
initial electron energy for the Ta target 1 radiation-length thick. 


Cu (y,pn) 


The total neutron yield from Cu, 0.108-radiation- 
length thick, is shown in Fig. 4. The measurements of 
Brown and Wilson? on the electrodisintegration of Cu® 
were used to subtract the direct electro-induced yield 
from the total yield, and the results of the total photo- 
neutron yield are shown as solid circles in Fig. 12. Also 
shown are the (y,m) and (y,2m) yields from Cu® deter- 
mined by Berman and Brown," normalized so that the 
curves agree in the region below 20 Mev. Above 20 
Mev, the neutron yield in excess of that due to (y,m) 
and (y,2m) can be attributed to the (y,pm) reaction. 
Since we used natural copper and are subtracting 
normalized data from Cu®, we make the assumption 


TABLE I. Thicknesses of the targets used in the experiment. 
with the exception of heavy water, all targets contained isotopes 
in their naturally-occurring proportions. 


Thickness 
(radiation lengths) 


“thin” 
0.00867 
0.88 
1.00 
0.108 
1.04 
2.08 
3.13 
4.17 
0.98 
1.01 
1.97 
2.98 
3.94 
5.93 
1.14 
2.30 
3.46 
1.19 


Thickness 
(g/cm?) 
Heavy water 0.698 
Be 0.589 
C-I 38.91 
Al-I 24.19 
Cu-A 1.372 
Cu-I 13.26 
Cu-II 26.56 
Cu-ITl 39.86 
Cu-IV 53.13 
Ta-I 6.21 
Pb-I 5.88 
Pb-II 11.42 
Pb-III 17.30 
Pb-IV 22.89 
Pb-VI 34.42 
U-I 6.17 
U-II 12.42 
U-III 18.61 
Concrete 28.5 


Target 


19 A. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954). 





BARBER 








i 
Pa 


| 
ne 
o | | | 
| 


| | 
8] ! as = oe | 1 dhs 
6 10 14 18 22 26 30 34 «38 


ELECTRON ENERGY E,(MEV) 


b 
wo 


Tr 





w 
° 








NEUTRONS PER ELECTRON 


























Fic. 8. Yield of neutrons per incident electron as a function of 
initial electron energy for the natural lead targets of various 
thicknesses. The number 90 refers to the value of the VI curve 
at the indicated energy. 


that the various cross sections in Cu® are proportional 
to those in Cu®. This will not be strictly true, but Cu® 
is only 31% abundant and the errors from the assump- 
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Fic. 9. Yield of neutrons per incident electron per Mev as a 
function of initial electron energy for Pb targets. 
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tion will be reduced correspondingly. The photon- 
difference method of determining the cross section, as 
described by Katz and Cameron,” was applied to the 
(y,pn) yield data obtained directly by subtraction of 
the crosses from the solid curve in Fig. 12. The yield 
is given by 


Eo 
Y(E.))=N.NrNp f ¢(Ev,k,t)o(k)dk, (2) 


Eth 


where & is the quantum energy in Mev; JN, is the 
number of incident electrons of energy Eo; Ne is the 
number of nuclei per cm* in the effective radiator 
producing the bremsstrahlen; Nr is the number of 
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Fic. 10. Yield of neutrons per incident electron as a function of 
electron energy for natural uranium targets of various thicknesses. 


The results of the calculation by Biram (reference 1) are shown 
by solid squares. 


nuclei per cm? in the target; g(Zo,k,/) is the brems- 
strahlung cross section in cm?/Mev interval for the 
radiator of effective thickness t; o(k) is the (y,pm) 
reaction cross section; and E£,, is the threshold energy 
for the reaction. 

Figure 13 is the (y,pm) cross section as obtained by 
the photon-difference method for determining o() 
from Eq. (2). The maximum occurs at ~21 Mev and 
the half-width is ~5 Mev. The many assumptions 
used in deriving this curve makes its features uncertain, 
and details of the shape should not be taken seriously. 

A comparison of the present results with the isotopic 
(y,m) cross section determined by Berman and Brown”® 


1. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
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Fic. 11. Yield of neutrons per incident electron per Mev as a 
function of initial electron energy for the uranium targets. 


indicates a ratio of 1.39 for the (natural/Cu®) integrated 
cross sections. Sagane”! states that the (Cu®/Cu®) 
cross-section ratio is 2.0. Using Sagane’s result, a ratio 
of 1.31 is obtained for the (natural copper/Cu®) inte- 
grated cross sections. This 6% difference is within 
experimental error. 

A value for the (7,pm) integrated cross section about 
four times larger than that of the (7,2m) integrated 
cross section is indicated by the results. Similar results 
have been observed previously : for example, Ghoshal” 
found that the compound nucleus of Zn™, formed by 
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lic. 12. Yield of neutrons per incident electron as a function of 
initial electron energy for the Cu target (0.108 radiation length). 
The yield shown is due to photodisintegration only. Plotted also 
are the data of Berman and Brown (reference 19) for Cu®, 


21 R. Sagane, Phys. Rev. 83, 174 (1951). 
22S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 
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either a-particle bombardment of Ni® or proton bom- 
bardment of Cu®, preferred the (pm) decay mode over 


the (2) decay mode by a factor of 4. 
Thick Targets 


The yield of neutrons per electron of energy Eo 
incident on a target containing ¢ radiation lengths can 
be expressed as 


Eo 
Y (Ey,Z,t)=n(Z) f I(Eo,k,Z,)o(Z,k)dk, (3) 
0 


where 2(Z) is the number of atoms/cm? in one radiation 
length of a target of atomic number Z; /(E,k,Z,/) is 
the track length of photons of energy & in the shower 
developed in the target; and o(Z,k) is the cross section 
for a photon of energy & to produce a neutron from the 
target. Levinger® applied Eq. (3) to the case of an 
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Fic. 13. Cross section for the reaction (y,pn) asa 
function of photon energy for Cu. 


infinite lead target to obtain the result 
Y (Eo,82, © ) = 2X 10-*E(Mev) (neutrons/electron). (4) 


In deriving this result, Levinger used experimental data 
for o. For the track length he used the expression 


1(Eo,k,82, © ) =0.8(Eo/k*), (5) 


which differs by a factor of 1.4 from the high-energy 
shower theory result. The modification is required 
because the photons of importance in neutron produc- 
tion have absorption cross sections smaller than the 
asymptotic limit assumed in the theory. The experi- 
mental data for the Pb target of 6 radiation lengths 
agree with Eq. (4) at Eo=25 Mev. However, at higher 
energy Eq. (4) predicts lower yields and at lower 
energies higher yields than are observed experimentally. 

The measured yields were still increasing with thick- 


% J. S. Levinger, Nucleonics 6, No. 5, 64 (May, 1950). 
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Fic. 14. Experimental and expected yields of neutrons per 
incident electron for 1-radiation-length targets at 34.3 Mev, as a 
function of atomic number Z. The experimental yields were 
obtained by dividing the measured yields from the targets labeled 


I by the actual target thicknesses listed in Table I. The expected 
yields were calculated from expression (8). 


ness up to 6 radiation lengths, which was the thickest 
target used. An estimate of the additional yield expected 
from an infinite target can be obtained from Wilson’s 
Monte Carlo study of showers.** The data presented by 
Wilson include the ionization produced by incident 
electrons of various energies from 50 to 500 Mev in 
lead targets as a function of target thickness. A curve 
for 34-Mev electrons was obtained by extrapolation of 
his data. The 34-Mev curve contained 9.2% of the 
total energy of the shower in the tail beyond 6 radiation 
lengths. The spectrum of photons in the tail of the 
shower is known to consist primarily of. photons be- 
tween 2 and 20 Mev where the absorption coefficient 
in lead is minimum. We expect these photons to be less 
efficient in producing neutrons than the photon spec- 
trum at the shower maximum; however, the spectrum 
shape is not known well enough for a reliable calcu- 
lation. An empirical procedure which should give a fair 
approximation to the neutron yield from the tail is to 
compare the energy contained in each thickness interval 
of the shower with the measured neutron yields from 
the same interval. This comparison at 34 Mev shows 
that the ratio of neutron yield to energy loss as a 
function of depth in the shower is fairly constant out 
to 4 radiation lengths where it begins to drop. From 
this we know that the percentage neutron production 


*R. R. Wilson, Phys. Rev. 86, 261 (1952). 
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in the tail of the shower beyond 6 radiation lengths is 
less than the percentage energy production of 9.2%. 
A neutron yield estimate of (5+3)% from the tail of 
the shower is the best that can be obtained from this 
analysis. 

Equation (3) can be used as a basis for understanding 
the Z-dependence of the measured neutron yields 
shown in Fig. 14. As a first approximation we take / 
proportional to E/k® as predicted by high-energy 
shower theory. Also, since this is a function which does 
not vary rapidly over the giant resonance region, we 
replace the integral in Eq. (3) by (Eo/ko?) f-o(Z,k)dk, 
where & is the photon energy at the maximum of the 
cross section, which from theory is proportional to A~!. 
If we estimate the integrated cross section from the 
sum-rule result for the absorption of y-rays, fo(Z,k)dk 
«(NZ/A), we find that the expression for the yield 
from a 1-radiation-length target is proportional to 


NZ 1 EoN 


eMtiice ann, wi 


Z*\n(1834-#) A 


In(1834-!) AiZ’ 


where V= A —Z. This expression decreases slowly with 
increasing Z whereas the observed yields (Fig. 14) 
increase rather strongly with Z. 

The disagreement stems from the fact that the 
photoneutron integrated cross sections are much lower 
than the sum-rule result in light elements, and from 
our neglect of electron energy loss by ionization in 
estimating the track length of photons. The assumption 
of a k~ dependence of the track length for the photons 
is not bad in spite of the facts that the targets are only 
1 radiation-length thick and the photon energies 
involved are of the same magnitude as the critical 
energy. This is because the thin-target bremsstrahlung 
spectrum is nearly proportional to 1/R and the thick- 
target spectrum, generated by compounding thin-target 
spectra of all electron energies from the incident energy 
on down, is thus nearly proportional to k~?. 

The yield estimated can be greatly improved by 
using measured parameters of the neutron production 
cross sections in place of the sum-rule result and by 
taking ionization loss into account by writing the 
track length as 


R(Z) Eo 
neeninaaeetan seine, (7) 
1(Z)+R(Z) ke 


1( Eo,ko,Z) 
where R(Z) and J(Z) are the values of the electron 
radiation loss and ionization loss; R and J are also 
functions of electron energy, but for computation of the 
Z-dependence of the yield it is a fairly good approxi- 
mation to use an average electron energy effective in 
producing the photons which in turn produce neutrons. 
The expected Z-dependence of the neutron yield per 
electron for targets of one radiation length is then 
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proportional to the expression 


R(Z) E, #(Z) 
( f o(Z,dk )— » & 
1(Z)+R(Z) ke(Z) A 


where /,(Z) is the number of g/cm? in one radiation 
length; A is the atomic weight of the target material ; 
JS o(Z,k)dk is the integrated cross section for producing 
a neutron by any reaction; and ko(Z) is the photon 
energy at the peak of the cross section. 

In Table II values of the quantities in expression (8) 
are tabulated for the measured target elements using 
Eo= 34.3 Mev. The values for /odk are taken from the 
neutron yield measurements of Montalbetti, Katz, and 
Goldemberg,”® and Nathans and Halpern.”* (For those 
cases where the same element was measured by both 
experiments the average result is used.) The values of 
(8) were arbitrarily normalized to agree with the 
experimental yield for lead and then plotted as squares 
on Fig. 14. With the exception of uranium, where 
additional neutrons are produced by fission, the agree- 
ment with the experimental points is good. This 
agreement indicates that (8) can be used as a fairly 
reliable guide in obtaining the yield of neutrons per 
electron from other thick targets. 

A detailed calculation of the expected neutron yield 
from a uranium target was made by Biram.! A Monte 
Carlo method was used to determine the photon 
spectrum resulting from the bremsstrahlung of the 
primary electrons (25-40 Mev) in a thick target. All 
the important photon absorption processes were taken 
into accourit, and hence the result should be more 
accurate than those based on extrapolations of high- 
energy shower theory. The results of the calculation are 
shown as solid squares on Fig. 10, where the indicated 
errors are those given by Biram.' At 30 Mev, the 
calculated yields are 33% greater than our experimental 
yields from the 3.46-radiation-length target. The calcu- 





25 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 
26 R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 
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TABLE IT. Calculation of the Z-dependence of neutron 
yields by means of expression 8. 


Expected 
yield 
(normal- 
ized to 
experi- 
mental 


I at 30 Rat 30 
Mev Mev 

(Mev- (Mev- 
=1. 

cm?) 


Expected 
Ele- fo8Mevadk ko t 
ment (Mev-mb) (Mev) (g/cm?) 


as 
cm?) 





50 = 23 0.44 
132 19.2 : 0.79 
870 18.5 , 1.6 

3800 15 } my 3.0 
4800 13.7 A : 35 
7200 13.8 5. 





lation assumed the target thick enough to absorb all 
primary and secondary quanta. The yield from Pb 
targets increases by about one third when the target 
thickness is increased from 3.46 radiation lengths to 
infinity. A similar increase is to be expected in the case 
of uranium, which would produce a yield in agreement 
with the calculation. The Harwell measurements have 
been reported? to support the Biram calculation at the 
higher primary energies. 

A yield curve for a uranium target 0.75 in. thick 
extending from 10- to 80-Mev primary electron energy 
was measured by Baldwin ef al.* Their curve indicates 
a remarkable constancy in the number of neutrons 
produced per unit of beam energy at all energies above 
35 Mev. Below 35 Mev, the shape of their curve differs 
considerably from any of ours (Fig. 11). However, their 
target was almost twice as thick as our largest one and 
the results should not be comparable in all detail. 
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Angular Distribution of Li* from Be*(Li’,Li*)Be** 


E. Norseck, J. M. Brair, L. PINsONNEAULT, AND R. J. GeRBRACHTT 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received July 21, 1959) 


Angular distribution curves and an excitation curve are given for Li® produced by the reaction Be® 
(Li’,Li*)Be® with Li’ beam energies between 2.0 and 4.0 Mev. The angular distribution may be roughly 
approximated by sin’#@ in the center-of- mass system, with the central peak shifting forward as the energy 
is increased. The total cross section for the production of Li® increases with energy with no indication of 


resonances. 


I. INTRODUCTION 


NUMBER of nuclear reactions of lithium beams 

with light elements have been reported,’ but 
very little is known concerning the angular distribution 
of the reaction products from such reactions. The re- 
action Be*(Li’,Li*) Be’, 0=0.37 Mev is particularly in- 
teresting. Because of the loosely bound neutron in Be® 
it might be expected to be of the pure neutron-transfer 
type, although proton transfer is another logical possi- 
bility. The low bombarding energies used (2.0 to 4.0 
Mev) and the high Coulomb barrier should make com- 
pound nucleus formation negligible. The low Q of the 
reaction allows only the ground state and first excited 
state (0.95 Mev) of Li® and only the ground state of 
Be® to be formed. 


II. APPARATUS AND PROCEDURE 


The beam of Li’ ions used in this work was produced 
by the Minnesota Van de Graaff machine, which has 
recently been modified to produce lithium ions from an 
ion source similar to that developed at Chicago.*:® After 
leaving the accelerator a second electron was stripped 
from the lithium ions in a differentially pumped, gas- 
filled stripping cell, and the beam was deflected by a 
90° magnet. Immediately following this magnet was a 
magnetically operated beam shutter which was used to 
interrupt the ion beam periodically, as described below. 
The laboratory containing the target and detecting 
equipment was separated from the accelerator and de- 
flecting magnet by a wall six feet thick, which greatly 
assisted in reducing the background radiation at the 
detectors. The ion beam was focused on the target by a 
system of strong-focusing electrostatic lenses. 

The angular distribution target chamber has been 
described previously,® although in this experiment the 
magnetic analyzer and plate holder were replaced by a 

* This work supported in part by the joint program of the 
U. S. Atomic Energy Commission and the Office of Naval 
Research. 

t Now at Reed College, Portland, Oregon. 
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95, 1544 (1954). 


copper shield-cone and scintillation counter, as shown 
in Fig. 1. The lid and proportional counter at the top 
of the chamber were replaced by a j-in. thick Lucite 
window and a second scintillation counter, used to 
monitor the total production of Li®. 

The target used in the angular distribution work was 
a Be foil 30 microinches thick, mounted on a rotatable 
wire frame at the center of the target chamber. A 6- 
microinch target was employed in some cases in an 
effort to improve the resolution, but no significant 
difference was observed. 

The copper cone was required to shield the cylindrical 
plastic scintillator from gamma rays produced by the 
decay of Li® nuclei which remained in or near the target. 
The outer end of the copper cone was sealed with a 
0.002-in. steel foil which served to catch the Li® nuclei 
whose beta decay was to be detected by the scintillator. 
It was found that a foil of this thickness scattered some 
of the beta rays coming directly from the target so that 
they entered the scintillator and produced a small iso- 
tropic background count. However, this effect could be 
measured by temporarily placing another thin foil over 
the opening in the apex of the cone. This kept the Li’ 
nuclei from entering the cone, yet had only a small 
effect upon the 13-Mev beta rays from the target and 
vicinity. 

The copper cone and attached detector could be ro- 
tated about the target so that the emission of Li’ nuclei 
could be studied over a range of angles from 5° to 160°. 
The dimensions @f the chamber and cone limited the 
angular spread of particles entering the cone to +3°. 
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ic. 1. Apparatus for measuring the angular distribution of 
short-lived radioactive products. 
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ANGULAR DISTRIBUTION 


Detection of the Li® nuclei in the presence of many 
other reaction products was made possible by the fact 
that the lithium nuclei emit 13-Mev beta rays with a 
half-life of 0.84 seconds.’ To take advantage of this the 
target was bombarded for 1.2 seconds, after which the 
Li’ ion beam was interrupted by the shutter mentioned 
above; after a delay of 0.03 second the counters were 
turned on for approximately 1.2 seconds. The 0.03- 
second delay allowed sufficient time for shutter opera- 
tion and also permitted any B” formed to decay by 
more than one half-life. In addition to B?(7,=0.02 
second, Emax=13 Mev),’ other radioactive products 
which might be detected are C(7,=2.4 seconds, 
Emax= 10 Mev)‘ and perhaps H*, if it is bound. The 
0.03-second delay was found to be sufficient to reduce 
the B” activity to a negligible amount. The correction 
for the small amount of C'* found at the most forward 
angles has been subtracted from the observed data in 
the curves appearing in this article. No unexplained 
activities were found that might be attributed to H‘; 
however, since H‘ has never been seen there is the possi- 
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Fic. 3. Laboratory angular distribution of Li® from the re 
action Be®(Li’,Li®)Be® with a 2.5-Mev Li’ beam. 
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I'1c. 4. Laboratory angular distribution of Li® from the re- 
action Be®(Li’,Li®)Be® with a 3.0-Mev Li’ beam. 
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Fic. 5. Laboratory angular distribution of Li’ from the re- 
action Be®(Li’,Li®)Be® with a 3.5-Mev Li? beam. 


bility that it may have the same lifetime as Li’. This 
possibility was investigated by placing over the entrance 
to the copper cone a foil thick enough to stop Li’ while 
yet sufficiently thin to have little effect on H‘. No acti- 
vity was observed that might be attributed to H*. 

The pulses from the movable scintillation counter, 
after suitable amplification, were counted with a 20- 
channel pulse-height analyzer. The monitor counter 
was normally connected to two scale-of-1000 circuits 
with pulse-height discriminator biases set to separate 
the beta-ray pulses from other smaller pulses which were 
constantly present. The decay time measurements were 
made using a time-to-height converter similar to that 
described by Kane.*® 

The target chamber for the excitation curve study 
was a Faraday cup having its entrance guarded by a 
magnetic field to insure accurate beam measurement. 
The efficiency of charge collection was tested by com- 
paring the yield found with a Li’**+ beam with that 
found with a Li’*+++ beam. At the end of the cup was 
the target. A slab of Be 0.079 in. thick was employed 
during the determination of the thick target yields, 


8 John V. Kane, Rev. Sci. Instr. 30, 374 (1959). 
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Fic. 6. Laboratory angular distribution of Li® from the re 
action Be*(Li?,Li®)Be® with a 4.0-Mev Li’ beam. 


while a thin film of Be evaporated on an aluminum 
backing was used in determining the thin target yield 
curve. 

Since the largest part of the Li® produced goes in the 
forward direction, nearly all of the Li® is stopped in the 
target. The beta rays resulting from the disintegration 
of these Li® nuclei were detected by a plastic scintillator 
placed directly in front of the target. Between the target 
and the scintillator was a plate of 0.12-in. aluminum 
which absorbed any low-energy beta rays, such as those 
from He® produced in the Li?-Li? reactions. 

The energy of the Li’ ions from the Van de Graaff 
machine was calibrated by measuring the yield of 17- 
Mev gamma rays from the Li’- reaction. A thick ice 
target was used so that the resonance appearing at 
441.2 kev® when Li’ is bombarded with protons pro- 
duces, in this case, a step in the gamma-ray yield which 
is centered at 3.07 Mev. 


III. RESULTS 


The measured, laboratory angular distributions with 
the various backgrounds subtracted appear in Figs. 2-6. 
The shape of the curves suggest unresolved fine struc- 
ture which might be expected if both the ground state 
and the 0.95-Mev state of the Li® were produced in 
comparable amounts. A preliminary analysis indicates 
that these data are not incompatible with the spherical 
Bessel function type of distribution such as is predicted 
by a simple direct-reaction theory.” The forward shift 
in the maximum as a function of increasing beam energy 
is present in the center-of-mass angular distribution as 
well as in the laboratory distribution. Making use of 
the stripping-theory concept, it may be argued quali- 
tatively that the reaction is of the neutron-transfer 
type and not of the proton-transfer type. According to 
the simple stripping picture, the peak of the angular 
distribution curve should shift as a function of beam 


* H. H. Staub, Suppl. Nuovo cimento 6, 306 (1957). 
Butler, Austern, and Pearson, Phys. Rev. 112, 1227 (1958). 
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energy in such a way that the momentum transfer, 
corresponding to the peak angle, remains constant. If 
the Be® becomes Li® by giving up a proton, the kinetics 
of the reaction show that the peak in the angular dis- 
tribution curve would shift backward with increasing 
energy. Similarly, if the Li’ picks up a neutron to be- 
come Li’, the peak would move the other way. 

Both thick- and thin-target yields of Li* are shown 
in Fig. 7. While the shape of these curves is quite good, 
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Fic. 7. Yields and cross sections for Be®(Li’, Li*)Be® estimated 
from measurements of the beta-counting rate of the Li® produced. 
Curve I—yield of Li® nuclei per microcoulomb for a thick Be 
metal target; Curve II—yield of Li® nuclei per microcoulomb for 
a thin, 6-microinch, Be target. 


the absolute values may be in error by as much as 25%. 
From a comparison of these curves one can calculate 
that the thin target produced an energy loss of 80 kev 
for 2-Mev Li’ ions. With 2.89 Mev cm?/mg for the 
stopping power of Li’ in Be at 2 Mev," this energy loss 
corresponds to a beryllium layer 6 microinches thick. 
The cross section in cm? may be calculated by multiply- 
ing the thin-target yield by 8.65X10-*. These results 
combined with the measurements made at Chicago! 
cover the energy range from 1.1 Mev to 3.9 Mev. 
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Levels of P® from Si"*(p,p)Si* and Si*(p,p’)Si®™* j 
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Differential cross sections for the elastic and inelastic scattering of protons from Si?8 have been measured 
at center-of-mass scattering angles of 167.7°, 141.3°, 90.0°, and 54.7° for proton energies between 1.4 and 
3.8 Mev. Resonances were observed at proton energies of 1.66, 2.09, and 2.88 Mev, in addition to the reso- 
nances at 3.10, 3.34, 3.58, and 3.71 Mev which correspond to levels in P® reported previously by other 
investigators from studies of the y rays from Si**(p,p’y)Si*8. Differential cross sections and angular distri- 
butions for inelastic scattering to the 1.78-Mev first excited state of Si?* were also measured for proton 
energies above 3 Mev. Measurements were made with a gas scattering chamber containing silane (SiH4) as 
the target gas. The elastic scattering data were analyzed in terms of the single-level approximation of the 
dispersion theory to determine the resonance parameters. This analysis, together with the analysis of the 
inelastic scattering cross sections and angular distributions, has resulted in the following assignments of 
resonance energies (Mev) and spins and parities for the resonance levels of P®: 1.660 (3/27) ; 2.090 (1/2*); 
2.88 (1/27) ; 3.100 (5/27) ; 3.337 (3/2*) ; 3.575 (3/27); and 3.711 (3/2+). The large reduced elastic scattering 
widths of the p-wave resonances at 1.660 and 2.88 Mev suggest that these levels correspond to single 


particle excitations of P®. 


I. INTRODUCTION 


NFORMATION on the low-lying virtual levels of 

P* has been obtained at Oak Ridge! from studies 
of the y rays from the reaction Si?*(p,p’v1.73)Si?®. Reso- 
nances for inelastic scattering, in the energy region 
below 4 Mev, were reported at laboratory proton 
energies of 3.10, 3.34, 3.58, and 3.71 Mev, with total 
widths of 12, 11, ~100, and ~80 kev, respectively. 
With enriched targets narrow resonances (total widths 
<4 kev) were observed at 2.64, 3.88, 3.93, and 3.97 
Mev. Angular distributions of the 1.78-Mev y rays with 
respect to the incident proton beam were measured for 
the four broad resonances. However, due to the am- 
biguities involved in the interpretation of the y-ray 
angular distributions, the description of the level 
structure of P*, in terms of spins and parities, and 
total and partial widths, was not complete. 

The present investigation of the elastic and inelastic 
scattering of protons from Si*® was undertaken to 
provide a more complete description of P**. The study 
extends over the range of incident proton energies from 
1.4 to 3.8 Mev; the corresponding excitation energies 
in P*® lie between 3.8 and 6.4 Mev. 


II. EXPERIMENTAL PROCEDURE 


The proton beam from the Duke Van de Graaff 
accelerator was analyzed by a 90° electrostatic analyzer 
adjusted for a resolution of 0.1%. The beam entered 
a gas scattering chamber, described elsewhere,” through 
a thin aluminized Al,O; foil. The chamber contained 


7 This research was supported by the U. S. Atomic Energy 
Commission. 
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silane (SiH,) at a pressure of about 3 mm Hg. Collima- 
tion of the beam was accomplished with two apertures 
0.16 cm in diameter located 40 cm apart in the entrance 
tube and one aperture after the foil to eliminate protons 
scattered by the foil. The beam current was integrated 
in an evacuated collector cup isolated from the chamber 
by a 0.5 w nickel foil. 

The detector was a thin CsI crystal coupled to a 
Dumont 6292 photomultiplier tube. A precision slit 
system defined, both the effective target volume and the 
acceptance solid angle of the detector. The number of 
elastically scattered protons was measured with an 
integral pulse-height discriminator set just below the 
elastic group. A ten-channel analyzer measured the 
inelastic protons and the flat background under this 
group was subtracted out. 

The error introduced into’ the elastic cross sections 
by counting statistics and by uncertainties in the 
determination of the temperature and pressure of the 
gas and the geometry of the chamber was held to less 
than 3%. 

The silane was generated’ by adding Mg,Si to dilute 
HCl in vacuum. The gaseous reaction products were 
passed through a series of filters to remove water and 
acid vapors and then fractionated to remove the higher 
silanes. The gas was stored in a glass cylinder and 
admitted to the scattering chamber through glass and 
copper tubing. Before admitting the silane, the chamber 
was pumped for several hours to remove the products 
of outgassing. Leakage rates were read with an oil- 
filled U-tube manometer. After the gas was admitted, 
the pressure showed a rise of about 3% per 10 hours. 
At the end of the 10-hour interval the chamber was 
refilled with fresh silane. 

In order to calculate the number of silicon nuclei per 


3J. W. Mellor, A Comprehensive Treatise on Inorganic and 
Theoretical Chemistry (Longmans, Green, and Company, New 


York, 1947), Vol. 6. 
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Fic. 1. Differential cross sections for Si?*(p,p)Si** and Si28(p,p’)Si?®”. The differential cross sections for elastic scattering are shown in 


the upper plot as a function of incident proton energy for the cente 


differential cross sections for inelastic scatte 
the center-of-mass system, proton energies in the 


nuclear cross sections as measured with a natural silicon target (92.2% Si?*). No corrections have 
and Si®: however, it has been shown that the structure observed is due solely to resonance scattering from Si”. 


isotopes Si” 


cm? in the target gas it was necessary to determine the 
amount of di-silane (SizHs) present. This was done by 
placing the detector at an angle of 45° to the incident 
beam, measuring the separate counting rates due to 
elastic scattering from hydrogen and silicon, and using 


r-of-mass scattering angles of 167.7°, 141.3°, 90.0°, and 54.7°. The 
ring to the first excited state of Si?* are shown in the lower plot. Cross sections are given in 
laboratory system of coordinates. The values plotted in the above figures are the 


been made for the presence of the 


the known cross section! for H!(p,p)H! to calculate the 
number of hydrogen atoms per molecule and hence the 
amount of di-silane. The results showed a 15% by 
4 H. R. Worthington; Ph.D. thesis, University of Wisconsin 
(unpublished). 
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volume admixture of SispHg in the SiH,y. From the 
amount of di-silane and from the relative vapor pres- 
sures of the various silanes it was estimated that the 
error introduced into the observed cross sections by 
neglecting to account for the presence of higher silanes, 
such as SisHs, would be no more than 1%. The probable 
error in the differential elastic scattering cross sections, 
taking into account the uncertainties in the composition 
of the target gas, is about 6%. The probable error in 
the determination of the inelastic cross sections is 
about 12%. 

The differential cross sections for elastic and inelastic 
scattering are shown in Fig. 1. The angles chosen are 
those for which the various Legendre polynomials 
vanish. The data for elastic scattering at 167.7° were 
obtained for energy increments of 4 kev or less in an 
initial search for resonance structure. The data for the 
other angles were obtained using larger steps. The 
energy scale has been corrected for energy losses in 
the entrance foil of the scattering chamber and in the 
target gas. For incident proton energies below 2.5 Mev 
the determination of absolute energies was made from a 
direct calibration in terms of the Li’(p,7)Be’ threshold 
at 1.881 Mev.® A lithium target was mounted on a 
rotating arm so that it could be placed at the center 
of the scattering chamber. Measurement of the neutron 
threshold, first with no gas in the chamber and then 
with a typical operating pressure, yielded a direct 
determination of the energy losses in the foil and target 
gas and of the absolute proton energy at the target 
volume. The values of the total energy loss at other 
bombarding energies were obtained by assuming an 
energy dependence given by the theory for stopping 
power. 

Above 2.5 Mev the energy calibration was based on 
the position of the two narrow resonances at 3.100 and 
3.337 Mev. These values for the resonance energies 
were determined with an uncertainty of +3 kev from 
studies of the gamma rays from inelastic scattering in 
solid targets. The two calibration procedures agreed 
within 8 kev. 

The energy spread of the incident proton beam at the 
effective target volume was estimated to be 5 kev for a 
bombarding energy of 2 Mev. A large part of this 
spread arises from straggling introduced by the energy 
losses in the foil and target gas. A specially prepared 
aluminum oxide foil® was chosen for this work in order 
to keep the energy loss in the foil as low as possible. 
The foils were coated with a thin evaporated layer of 
aluminum. They had an average lifetime of ten hours 
with a beam of 0.2 ya. 

The angular distributions of the inelastically scat- 
tered protons are shown in Fig. 2. The measurements 
were made at bombarding energies corresponding to 
the resonance peaks in Fig. 1. 


6 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 
6 K, Strohmaier, Z. Naturforsch. 6a, 508 (1951). 
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Fic. 2. Angular distri- 
butions of inelastic pro- 
tons from Si?*(p,p’)Si28”. 
The measurements were 
made at the peaks of the 
inelastic scattering reso- 
nances shown in Fig. 1. 
The data have been fit- 
ted with distributions of 
the form W pp (0) =1+A 
cos; the coefficients of 
cos*@=x? are shown in 
the figure. ; 
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III. ANALYSIS OF EXPERIMENTAL DATA 

The data for elastic scattering were analyzed in terms 
of the single-level approximation of the dispersion 
theory to determine the resonance energies, the total 
and partial widths, and the spins and parities of the 
resonance levels. The angular distributions of the 
inelastically scattered protons were analyzed in terms 
of the correlation theory to provide additional informa- 
tion on the angular momenta involved in the inelastic 
process. A summary of the results of these analyses is 
presented in Table I. For the lower lying resonances it 
was possible to obtain unique assignments of the level 
parameters from the elastic scattering data alone. For 
the higher lying resonances, these parameters could be 
obtained only from a full consideration of the data for 
both elastic and inelastic scattering. 

The resonance energies and total widths of the reso- 
nances at 3.100, 3.337, 3.575, and 3.711 Mev have been 
reported by Willard ef al.! from observations of the 
y rays from inelastic scattering. The values of Z, and 
given in Table I for these resonances were obtained 
from solid-target measurements made at Duke Uni- 
versity. The values quoted are in good agreement with 
the results of Willard ef al. 

The angular distributions of the y rays have also 
been measured at the four resonances in the inelastic 
cross section. No attempt is made here to present the 
complete analysis of all the y-ray data. The following 
discussion is concerned primarily with the analysis of 
the proton distributions. However, in arriving at the 
conclusions expressed in the following sections, a knowl- 
edge of the general form of the y-ray distributions was 
helpful. The measured y-ray distribution for the level 
at 3.100 Mev exhibits a strong dependence on P4(cos@). 
The angular distributions at the three higher lying 
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TABLE I. Resonance parameters for P® from Si**(p,p)Si?* and Si?*(p,p’)Si?®*. Columns 1 and 2 give the resonance energies E, and the 
assignments of spin and parity j,* for the levels of P®. Column 3 gives the orbital angular momenta /, of the incoming proton and 


the inelastically scattered proton /,-. The total width I and partial elastic and inelastic scattering widths I, and I are given in columns 
4, 5, and 6. Columns 7 and 8 present the reduced widths for elastic and inelastic scattering as fractions of the Wigner single-particle 


limit yw?=3h*?/2ma. The last column lists excitation energies E.x of P®. 


E, (lab-Mev) 


1.660+0.010 
2.090+0.005 
2.880+0.080 
3.100+0.002* 
3.337 40.002" 
3.575+0.010" 
3.71140.018* 


I’ (kev) 


55+8 
18+4 
500+ 100 
12+1* 
11+1* 
90+ 15* 
70+12* 


> 


Lp; lpr 


~ 


NNNNNNN 


WOWwWwWwuU = WwW 


*® These values of E, and [ were obtained from solid-target studies of the 


resonances involve only P2(cos@); if there is a de- 
pendence of higher order it must be weak.’ 

The energy resolution of the present experiment was 
not high enough to determine the true shapes of the 
resonances at 3.100 and 3.337 Mev. The energy spread 
of the incident proton beam was of the order of 5 kev, 
while the total widths of these resonances are 12 kev 
and 11 kev, respectively. As a result, the measured 
resonance scattering amplitudes are somewhat less 
than would have been obtained with ideal resolution. 
The effects of this spread upon the measured cross 
sections do not seriously affect the following considera- 
tions which result in the assignments of total angular 
momenta and parity to the resonance levels. However, 
they were taken into account in arriving at the values 
of the partial widths for elastic and inelastic scattering. 


III-A. ELASTIC SCATTERING: ANALYSIS 


The general expression for the differential cross 
section for the elastic scattering of protons from a spin- 
zero target nucleus, for the case of a nonzero reaction 
width, has been discussed previously.” A brief outline 
is presented below. Under the treatment of the dis- 
persion theory the cross section is specified in terms of 
a set of nuclear phase shifts 6,; induced in the sub- 
partial waves having orbital angular momentum / and 
total angular momentum j=/+3. In the single-level 
approximation these nuclear phase shifts are repre- 
sented as the sum of two contributions: a resonance 
phase shift 6;; and a potential scattering phase shift ¢:. 
The expression for 6; is 


r,/2 
6.;=681;+ ¢i=arc tan———— 
ky+A,—-E 
: F i(p) | 
+arc tan— 4 
Gi(p) p=ka 


(1) 


where & is the proton wave number, p= kr, where r is 
the separation of the target nucleus and the proton. 
Fi(p) and Gi(p) are the regular and irregular Coulomb 

7H. B. Willard (private communication). Independent meas 


urements performed at Duke University are in good agreement 
with these observations. 





yi2/yw? ex (c.m.-Mev) 


4.327 
4.742 
5.505 
5.717 
5.946 
6.176 


ye /yu* 


0.30 
0.015 
0.32 
0.034 
0.013 
0.005 


I's (kev) 





0.23 
0.004 
0.40 
0.09 


8.341.0 
1.1+0.3 
77 +14 
60 +11 


y rays from inelastic scattering, as described in the text. 


wave functions (tabulated by Bloch ef al.’), to be 
evaluated at the interaction radius r= a. The subscript A 
is used to designate the particular level \, having total 
width I’, and characteristic energy E,. A, is the level 
shift. 

In terms of these parameters, the cross section is 
most conveniently represented as a vector sum of the 
Rutherford scattering amplitude R, which describes the 
purely Coulomb part of the scattering, and the various 
resonance scattering amplitudes B(/,/) as 


o(6)=%*|R+Q Bi, 7) |°+4 sin’6| D) B’(/,3) |’, 
7 1,7 


where 
R= —}n csc?(0/2) expLin In csc?(8/2) |, 


B(/,j=144) = (+4) Pi(cos#) 


Py. 
« sinerin-— sinB,;e'but2en etal 
r 


r 


B’(I,j=l4:}) =F — 
d(cos6) 


el 


naam Sindee, 
1 
and where 

U n 
a,=2 > arctan- 
t t 


9=ZZ'/hv; for #21: (2) 


ay=0, 


The indicated summations are to be carried out over 
all / and 7. This expression shows that the strength of 
the resonance interference due to a level A is propor- 
tional to the ratio of the partial width for elastic 
scattering T,, to the total resonance width I). The 
relationship between the total width T, the partial 
widths I’,,, and reduced partial width 7,” is given by 


M=d, Ty=Ls (2k,/A Is") Yr0"5 (3) 


where A;,?=F;(p,)?+Gi(p,)*. In the above expression 
the subscript s is used to designate the different channels 
available for dissociation of the compound nucleus. 

A technique described previously was useful in the 
preliminary stages of the analysis. It has been shown 


8 Bloch, Hull, Brogles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys, 23, 147 (1951), 
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Fic. 3. Differential cross sections for Si?’(p,p)Si?8 at two angles. The solid curves show the cross sections calculated for the reso- 
nance parameters given in Table I. The dots give the experimental cross sections. The calculated cross sections have been adjusted 
(see text) to account for the presence in the target of the isotopes Si and Si®. 


that the dependence of the cross section upon a par- 
ticular resonance phase shift 8:; may be written in the 
form 


o(0)=X*{A (6) + BQ) sin*[61;+&) }}, (4) 


where £(@) is some constant phase shift (independent of 
energy), and A and B are related directly to the maxi- 
mum and minimum cross sections at angle 6. Solutions 
for (61:;+£) may be obtained directly from the experi- 
mental data. The observed dependence may then be 
fitted with the single-level expression for 6; given by 
Eq. (1) to yield a set of best values for the resonance 
energy E,, the total resonance width I’), and the con- 
stant phase shift &(). 

The above technique was applied to the experimental 
data to obtain values for Z, and I, in first approxi- 
mation. Equation (2) was then used to calculate the 
energy dependence of the cross section for the various 
possible assignments of / and j,. Comparison of the 
calculated interference patterns with those observed 
experimentally yielded tentative assignments of spins 
and parities for the resonance levels of P®. 

In the final stages of the analysis, Eqs. (1) and (3) 
were used to calculate the energy dependence of the 
cross section over the full energy interval studied in the 
experiment. The values of #, and I’, were then adjusted 
to yield the best fit to the measured cross sections. The 
assignments for the levels of P”, namely, the assign- 
ments of resonance energies E,, total widths I',, and 
total angular momenta and parities, are given in 
Table I. The cross sections calculated for these assign- 


ments are given by the solid curves of Fig. 3. Each 
resonance is discussed separately below. 

The data shown in Figs. 1 and 3 give the cross sec- 
tions measured for elastic scattering from natural 
silicon, which consists of 92.2% Si?*. The calculated 
curves presented in Fig. 3 have been adjusted to 
account for the presence of Si and Si® by assuming 
that their contributions to the measured cross sections 
arise from pure Coulomb scattering. The net effect of 
this adjustment is that the resonance amplitudes ob- 
served in Fig. 3 represent only 92% of the resonance 
amplitudes to be expected for pure Si’*. 


1.660 Mev 


The preliminary phase-shift analysis based on Eq. (4) 
yields the values E,= 1.660+0.005 Mev, '=55+6 kev. 
The largest uncertainty in the determination of the 
absolute resonance energy arises from the uncertainty 
in the determination of the energy scale of Fig. 1, which 
involves rather large corrections for energy losses in 
the Al.Os foil and in the target gas. The symmetric 
peak observed at 90° suggests that the resonance in- 
volves p-wave formation; the observed interference 
patterns at the remaining angles of observation bear 
out this assumption. Accordingly, cross-section calcu- 
lations were carried out to determine the interference 
patterns expected for assignments of 1/2- and 3/2-. 
Either assignment will fit the data for 90°, but the 
data for 167.7° and 141.3° can be fitted only with the 
3/2- assignment. The calculated curves for the 3/2- 
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assignment, shown for two angles in Fig. 3, are in good 
agreement with the measured cross sections at all 
angles. | 

2.090 Mev 


The strong interference dip observed at 90° suggests 
that the resonance involves /=0 or /=2 formation of 
an even-parity resonance. The observed peak at 167.7° 
can be used to rule out the possibility for the /=2 
assignment, which must necessarily exhibit a strong 
interference dip at this angle. One is thus left with a 
1/2+ assignment, which fits the experimental data quite 
well at all angles. The phase-shift analysis gives the 
resonance energy and total width as 2.090+0.003 Mev 
and 18+4 kev, respectively. 


2.88 Mev 


The effects of this level are most clearly seen in the 
cross section for 167.7°, which exhibits a broad dip and 
subsequent rise in the region of the resonance energy, 
and from the 90° cross section, which exhibits a broad 
peak in the region of 2.9 Mev. The analysis based on 
Eq. (4) yields the following estimates for the resonance 
parameters: £,2.90+0.06 Mev, T'=450+150 kev. 
The broad peak observed at 90° rules out the possi- 
bilities for s-wave or d-wave formation, and strongly 
suggests p-wave formation of a 3/2~ or 1/27 level. The 
possibility for f-wave formation can be ruled out from 
the Wigner criterion for reduced widths. From the 
observed scattering amplitudes at 167.7° the resonance 
is clearly due to /=1 formation of a 1/27 level of P*. 
The cross sections calculated for these assignments are 
in good agreement with the experimental cross sections, 
as shown in Fig. 3. The effects of this particular level 
on the differential cross sections for 141.3° are not 
readily apparent from the experimental data, since the 
coherent term of Eq. (3) exhibits an interference dip, 
whereas the incoherent term exhibits a peak of almost 
equal amplitude. The resultant cross section shows 
almost no evidence of the effects of the 2.88-Mev 
resonance. However, the effects are important at 54.3°, 
where there is a broad energy dependence similar to 
but weaker than that observed in the data for 167.7°. 


3.100 Mev 


It has been pointed out earlier that the values for the 
resonance energy and total width given in Table I were 
obtained from separate studies of the y rays. The 
analysis of the elastic scattering data, using only the 
energy calibration obtained from the Li’ (p,m) Be’ thresh- 
old measurement described above, yields the values 
E,=3.100+0.008 Mev, '=14+3 kev, in reasonably 
good agreement with the values given in Table I. 
|| Note added in proof.—Polarization measurements have been 
made on elastically scattered protons from Si** which support the 
assignments §~ and 4* for the resonances at 1.660 and 2.090 Mev, 
respectively. Sorokin, Val’ter, Malakhov, and Taranov, Soviet 
Phys. (JETP translation) 8, 969 (1959). 
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The symmetric appearance at 167.7° suggests that 
the resonance is due to f-wave formation of a 5/2- or 
7/2- level. The possibilities for all other assignments 
can be excluded. The data for 54.9° are quite useful for 
this purpose. At this angle the Rutherford term of 
Eq. (3) is by far the largest contributor to the cross 
section, and the resonance interference pattern is 
determined primarily by the interference between the 
Rutherford term and the particular resonance term; 
the effects of neighboring levels are quite small. The 
observed dip at this angle is consistent only with 
p-wave or f-wave formation, since a d-wave resonance 
is expected to exhibit a symmetric peak, whereas an 
s-wave resonance is expected to exhibit an asymmetry 
similar to that observed for the 1/2+ resonance at 
2.090 Mev. The possibility for p-wave formation may 
be ruled out on the basis of the symmetric peak ob- 
served at 167.7°, since a p-wave resonance necessarily 
gives rise to severe destructive interference at this angle. 

One is left with possible assignments of 5/2- and 
7/2-. The measured scattering amplitude at 167.7°, 
which is proportional to (j+1/2)P:(cos6)I’./T, leads to 
a value ’./T' of the order of 0.2. However, this value is 
only approximate, since the observed maximum and 
minimum of the resonance are influenced by the limited 
experimental resolution, as was pointed out above. 
From a full consideration of the remaining angles of 
scattering, the 5/2~ assignment is preferred; however, 
the 7/2~ assignment cannot be completely excluded on 
the basis of the elastic scattering data alone. The curves 
presented in Fig. 3 were calculated for a 5/27 assign- 
ment, assuming the ratio !./'=0.31 obtained from the 
analysis of the inelastic scattering data presented in 
Sec. III-B. This assignment is seen to fit reasonably 
well at 167.7°. The disagreement observed at 90° sug- 
gests that the p-wave phase shifts at this energy are 
not correct. The calculated curve can be made to agree 
reasonably well with the experimental data by adjust- 
ment of the 1/27 phase shift within limits corresponding 
to the uncertainties given for the resonance energy and 
total width of the 2.88-Mev resonance energy. With the 
phase shifts used, the 7/2~ assignment gives appreciably 
larger disagreement at 90° than that obtained with the 
5/2- assignment. 


3.337 Mev 


The analysis of this resonance proceeds in a manner 
similar to that presented for the resonance at 3.100 
Mev. The observed dip at 90° suggests s-wave or d-wave 
formation; the possibility for s-wave formation can be 
ruled out on the basis of the measured asymmetry for 
167.7° which agrees quite well with that calculated for 
a d-wave assignment, whereas that calculated for an 
s-wave assignment exhibits an asymmetry in the 
opposite sense. The curves presented in Fig. 3 were 
calculated for the d-wave 3/2+ -assignment with the 
parameters given in Table I. Again, it is not possible 
to rule out completely the 5/2* assignment on the basis 
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of the elastic scattering data alone; however, the 3/2+ 
assignment is preferred. 


3.575- and 3.711-Mev Resonances 


From the data for elastic and inelastic scattering 
presented in Fig. 1, and from Eq. (3), it is evident that 
for these two resonances the partial elastic scattering 
widths represent only small fractions of the total 
widths. Since the resonances appear only weakly in the 
elastic scattering cross sections, and also because of 
the large overlap between the two levels, the analysis 
of the elastic scattering data alone is not able to provide 
unambiguous assignments for these levels. 

For the resonance at 3.575 Mev, the initial dip and 
subsequent rise at 167.7° suggest that the resonance in- 
volves p-wave formation of a 1/2~ or 3/27 level. For the 
resonance at 3.711 Mev, the fact that the dip occurs 
after the resonance energy, suggests d-wave formation 
of a 3/2* or 5/2* level. From the observed maximum 
and minimum cross sections it is calculated that, for 
both resonances, the ratio I’,/T is of the order of 0.15. 

The assignments given in Table I are the results of 
the complete analysis of both elastic and inelastic 
scattering. The dotted curves of Fig. 3 show the cross 
sections calculated for these assignments. The accuracy 
of these calculations is considerably less than the 
accuracy obtained in the calculation of the solid portions 
tilus of the curves. However, the results indicate that 
the curves calculated with the assignments in Table I 
are consistent with the experimental data. The magni- 
tudes and shapes of the interference patterns are seen 
to agree semiquantitatively with those observed in the 
experimental cross sections. 


III-B. INELASTIC SCATTERING: ANALYSIS 


The inelastic scattering cross sections are shown in 
Figs. 1 and 2. The angular distributions of the inelasti- 
cally scattered protons have been fitted with distribu- 
tion functions of the form W,,/(@)=1+-A cos*@, which 
are shown by the solid curves of Fig. 2. The coefficients 
of cos*@ required to fit the data are also given. 

A complete discussion of the methods of analysis has 
been presented in a previous paper,” and will not be 
covered in detail here. The relationship between the 
measured inelastic scattering cross sections and the 
resonance energies and total and partial widths may be 
obtained (for the case of an isolated resonance) from 
the general expression for the total inelastic scattering 
cross section 
ip By 


2j,+1 
(2s+1)(21+1) (E,—E)?-+(P/2)? 


2 


Cy FF 


The values for o; were obtained from the data presented 


in Fig. 2 using 
w= f o;(0)dQ, 


AND 
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and assuming the angular dependence given by the 
solid curves. 

The relationship between the differential cross sec- 
tions and the angular momenta involved in the inelastic 
scattering process is obtained from the correlation 
theory. For an isolated resonance, the correlation is 
completely specified in terms of the set of quantum 
numbers /, j,, /’, s’ and the known spins and parities 
of the target nucleus Si**(O+) and the residual excited 
nucleus Si*8*(2+). In the following we consider the 
individual resonances in the light of the information 
made available by the foregoing analysis of the elastic 
scattering. Since the latter has placed definite restric- 
tions on the possible assignments, we need only choose 
between the remaining ones. 


3.100 Mev 


The analysis of the elastic scattering shows that the 
resonance is due to f-wave formation of a 5/2- or 7/27 
level. The measured angular distributions of the in- 
elastically scattered protons can be fitted exactly with 
the assignment j,"=5/2-, //=1, assuming a mixing 
ratio for the channel spins 3/2 and 5/2 of 0.90 to 0.10. 
The experimental data cannot be fitted with the 7/27 
assignment. 


3.337 Mev 


The analysis of the elastic scattering has limited the 
level assignment to either 3/2+ or 5/2+, with 3/2+ 
preferred. In this case, the angular distribution of the 
inelastically scattered protons provides no new informa- 
tion, since /’=-0 for both cases and the angular distri- 
butions are expected to be isotropic. The observed 
anisotropy in the measured distribution presented in 
Fig. 2 can be explained as arising primarily from 
interference between the resonance scattering and the 
off-resonance scattering. Evidence for such interference 
is also observed in the excitation curves of Fig. 1: the 
cross section is not symmetric about the resonance 
energy, but exhibits a tail on the low-energy side and a 
definite dip on the high-energy side. This would sug- 
gest a coherent interference between resonance and off- 
resonance scattering. If the off-resonance scattering is 
due primarily to the odd-parity levels at 3.100 and 
3.575 Mev, this would predict that the angular distri- 
bution of the inelastically scattered protons at 3.337 
Mev should exhibit a dependence on cos#. However, 
the data do not extend to small enough angles to 
determine the coefficient of this term, and they have 
been fitted instead with the simple distribution given 
previously. 

The above arguments are presented only to show that 
the measured distribution is indeed consistent with the 
suggested assignment of 3/2+ or 5/2+, l’=0. In this 
case, the y-ray distributions are completely specified 
by the statement of the total angular momentum of thé 
resonance level. The distribution calculated for the 
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3/2* assignment exhibits a simple dependence involving 
only cos*#, in good agreement with the experimental 
data, while the distribution calculated for the 5/2* 
assignment exhibits a strong dependence on cos‘@, in 
disagreement with the measured distribution. On the 
basis of this information, the level is assigned total 
angular momentum and parity 3/2*. 


3.575 Mev 


The elastic scattering analysis has suggested that 
the resonance is due to p-wave formation of a 1/2 or 
3/2- level. The measured proton distribution can be 
fitted exactly assuming j*=3/2-, with a channel-spin 
mixing ratio 3/2 to 5/2 of 0.90 to 0.10. The observed 
anisotropy rules out conclusively the possibility for an 
assignment 1/2-. The possibilities 3/2+ or 5/2+ are 
excluded also since these necessarily involve /’=0, 
giving isotropic distributions. An admixture of enough 
contribution from /’/=2 to reproduce the observed 
anisotropy in the calculated distributions would yield 
a reduced inelastic scattering width exceeding the single- 
particle limit. Assignments of 5/2- and 7/2- can be 
excluded from a re-examination of the elastic scattering 
data. The observed peak height in the inelastic scatter- 
ing cross section requires, for either of these assign- 
ments, that the elastic scattering width be considerably 
less than the inelastic scattering width. It is not possible, 
with such a small value of the elastic scattering width, 
to reproduce the marked interference observed in the 
elastic scattering cross section at 167.7°. The cross 
sections and distributions calculated for the 3/27 assign- 
ment match the measured curves quite well. 


3.711 Mev 


The data for elastic scattering have suggested that 
the resonance most probably involves d-wave formation 
of a 3/2* or 5/2* level. The magnitude of the observed 
anisotropy in the inelastic scattering proton distribution 
can be accounted for almost wholly as due to an in- 
coherent contribution from the lower lying 3/27 level 
at 3.575 Mev, in which case the inelastic scattering 
from the 3.711-Mev level is isotropic. In this case, then, 
it is not possible to decide between the 3/2+ and 5/2+ 
assignments, since both involve /’=0 and result in 
isotropic distributions. However, the calculated y-ray 
distribution for the 3/2+ assignment shows a simple 
dependence of the form 1+cos*, in agreement with the 
reported distribution, whereas that calculated for a 
5/2+ assignment exhibits a strong dependence on 
cos‘@, in strong disagreement with the measured distri- 
bution. Although the assignments 1/2- or 1/2* also 
result in isotropic proton distributions, the measured 
peak height in the inelastic scattering cross section is 
larger than can be obtained for a j,=1/2 assignment. 
The maximum inelastic scattering resonance amplitude 
is obtained for T,=I'y;=I'/2. However, such a large 
elastic scattering width predicts much stronger inter- 
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TABLE II. Results of analysis to determine partial widths for 
elastic and inelastic scattering. The solutions for ';/f in column 
four are the best values obtained from an analysis of the inelastic 
scattering data. The solutions given in column five for I';/T 
=1—TI,/I were obtained from an analysis of the elastic scat- 
tering data. 





ri/r 


0.69+0.06* 
0.10+0.02* 
0.86+0.03> 
0.85+0.04° 


ri/f =1-r./r 


(0.78) 
(0.55) 
0.85+0.08 
0.85+0.08 


Er (Mev) TI (kev) jn* 





3.100 12 
3.337 11 
3.575 90 
3.711 70 


5/2- 
3/2+ 
3/2- 
3/2* 





* Determined by area analysis. 
b Determined by peak height analysis. 


ference effects in the elastic scattering cross section 
than are observed. The possibilities for assignments 
involving j,25/2 can be tentatively excluded on the 
basis of the observed isotropy of the inelastically 
scattered proton distribution. Upon correlating the 
results of the proton and y-ray angular distribution 
measurements, no doubt remains as to the correctness 
of the 3/2+ assignment. 

As a final consideration, the excitation curves and 
angular distributions were analyzed to yield values for 
the partial elastic and inelastic scattering widths. The 
results, shown in Table II, were obtained by two 
different methods: (1) from an analysis based on the 
observed peak heights in the inelastic scattering cross 
section, and (2) from an area analysis of the inelastic 
scattering data of Fig. 1. Upon taking into account the 
effects of the experimental resolution, the results of 
(1) have been shown to be in reasonable agreement with 
the results of (2). The analysis of the inelastic scattering 
data alone allows two solutions for I’; and I’., since the 
inelastic scattering cross section is proportional to the 
product I’,I’,. Only the proper set of solutions for l',/T 
are given in Table II. (The alternative solutions consist 
of the set of values given by 1—I’,/T.) Also included in 
Table II are the results of the calculations for the ratio 
l',/f!=1—TI./T obtained from the analysis of the elastic 
scattering data, based on Eq. (2). Although these values 
are of somewhat lower accuracy, due to the effects of 
the limited energy resolution and to the uncertainties 
involved in the determination of the interference effects, 
they indicate quite clearly the proper set of solutions for 
T;andT,. ‘ 


RESULTS AND CONCLUSIONS 


The results of the present analysis of Si?*(p,p)Si?® 
and Si**(p,p’y)Si?’, including the assignments for the 
levels of the compound nucleus P”, are presented in 
Table I. The values given for the total and partial 
widths are the values calculated at the resonance 
energies given. The reduced widths for elastic and 
inelastic scattering are given as fractions of the Wigner 
single-particle limit y?=3h?/2ma. The interaction 
radius used in these calculations was that given by 
a= 1.45(A8+1)X10-#8=5.85X10-'* cm. The excita- 





Si**(p,p)Si*® 


tion energies in the compound nucleus P”® are also 
given in Table I. The present experiment has covered 
the range of excitation energies from 3.8 to 6.4 Mev. 
From the large reduced elastic scattering widths for 
the 3/2- level at 4.33 Mev and the 1/27 level at 5.51 
Mey, it is suggested that these levels arise primarily as 
single-particle excitations of a ground-state Si?® core 
plus a proton. In particular, in view of the excitation 
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energies and splittings, it is suggested that these levels 
correspond to the 2P32 and 2P1/2 excitations, respec- 
tively. 

Conversely, the large reduced inelastic scattering 
widths observed for the levels at 5.717 and 6.176 Mev 
would seem to suggest that these levels arise primarily 
as single-particle excitations of an excited Si** core plus 
a proton. 


NUMBER 6 DECEMBER 15, 1959 


Differential Elastic Scattering of 14-Mev Neutrons by Zn, Sn, Sb, Pb, and Bit 
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Differential elastic scattering cross sections in the angular interval from 10° to 165° have been measured 
for Zn, Sn, Sb, Pb, and Bi. The experimental measurements are corrected for multiple scattering and the 
finite angular resolution by Monte Carlo methods. The corrected cross sections are compared with theoretical 
values computed by use of a complex potential with a spin-orbit term. 


INTRODUCTION 


URING the past few years considerable effort has 

been expended in measuring differential elastic 
scattering cross sections at various energies for both 
neutrons and protons. These measurements have stimu- 
lated the development of various complex potential 
nuclear models'~*; and the partial successes obtained 
with these models have in turn been instrumental in 
causing more extensive and accurate measurements to 
be made. Much work has been done with 14-Mev 
neutrons’—” because the H*(d,n)He‘ reaction is a con- 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Now at the University of Georgia, Athens, Georgia. 

1R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

? Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

3 Culler, Fernbach, and Sherman, Phys. Rev. 101, 1047 (1956). 

4 Bjorklund, Fernbach, and Sherman, Phys. Rev. 101, 1832 
(1956). 

5 F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 

6 Luk’ianov, Orlov, and Turovtsev, J. Exptl. Theoret Phys. 
U.S.S.R. 35, 750 (1958) [translation: Soviet Phys. JETP 35, 521 
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7 Amaldi, Bocciarelli, Cacciapuoti, and Trabacchi, Nuovo 
cimento 3, 203 (1946). 

8 J. P. Conner, Phys. Rev. 89, 712 (1953). 
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Coon, Davis, Felthauser, and Nicodemus, Phys. Rev. 111, 250 
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11 W, J. Rhein, Phys. Rev. 98, 1300 (1955). 

2 W. G. Cross and R. G. Jarvis, Phys. Rev. 99, 621(A) (1955). 

13 J. O. Elliot, Phys. Rev. 101, 684 (1956). 

14H. Nauta, Nuclear Phys. 2, 124 (1956). 

15T,, A. Rayburn, Bull. Am. Phys. Soc. 2, 233 (1957); Pro- 
ceedings of the International Conference on the Neutron Interactions 
with the Nucleus, Atomic Energy Commission Report TID-7547 
(U. S. Government Printing Office, Washington, D. C., 1957), 
p. 246. 

16 Berko, Whitehead, and Groseclose, Nuclear Phys. 6, 210 
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venient source of neutrons and also because the ex- 
perimentally measured differential cross sections can be 
directly compared with theoretical predictions. (The 
elastic scattering cross section consists of a shape elastic 
part and a compound elastic part,? these being experi- 
mentally indistinguishable. However, for 14-Mevzneu- 
trons the compound elastic part is expected to be so 
small that the elastic scattering is essentially all shape 
elastic.) 

The earlier measurements were confined mainly to 
scattering in the forward direction because of the 
formidable experimental difficulties encountered in 
measuring the cross sections at large angles. Many of 
these difficulties have been circumvented in various 
ways within the past two years so that reasonably accu- 
rate differential cross-section measurements have now 
become available over most of the angular range for a 
large number of elements. The measurements in the 
present paper cover the angular range from 10° to 165° 
for five elements. Preliminary reports of some of these 
measurements have been given previously.'® 


EXPERIMENTAL DETAILS 


By using the associated-particle technique in con- 
junction with millimicrosecond electronic circuitry, we 
reduced the background problems inherent in this type 
of work to such an extent that cross-section measure- 
ments could be made within reasonable counting times. 
The experimental arrangement is shown in Fig. 1. 


17 Nakada, Anderson, Gardner, and Wong, Phys. Rev. 110, 1439 
(1958). 

18 Anderson, Gardner, Nakada, and Wong, Phys. Rev. 110, 160 
(1958). 

19K. Yuasa, J. Phys. Soc. Japan 13, 1248 (1958). 
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Fic. 1. Experimental arrangement for elastic scattering of 
14-Mev neutrons. 


Deuterons are accelerated to approximately 120 kev in a 
Cockcroft-Walton accelerator. When these deuterons 
strike a thick Zr-T target one obtains 3.5-Mev alpha 
particles and 14-Mev neutrons by the H*(d,n)He‘ re- 
action. The alpha particles going off at 90° to the 
direction of the incoming deuterons are collimated by a 
system of apertures and then detected with a plastic 
scintillator, 74g inch thick, mounted on an RCA-6342 
photomultiplier tube. In effect, a collimated beam of 
14-Mev neutrons will be obtained if one selects only 
those neutrons that are coincident with the collimated 
alpha particles. Some of these neutrons are scattered by 
the scatterer and are then detected in a plastic scintil- 
lator 3 inches in diameter by 6 inches long. The paraffin 
and lead are used to shield the neutron detector from 
the direct neutron flux. 

A block diagram of the electronic circuitry is shown 
in Fig. 2. A fast and a slow output pulse are taken from 
each photomultiplier tube. The slow pulses are analyzed 
in conventional slow pulse-height analyzers. The fast 
pulses are amplified by Hewlett-Packard 460-A dis- 
tributed amplifiers, limited by EFP-60 limiter circuits, 
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Fic. 2. Electronic circuitry. The limited and shaped alpha- 
particle pulses are 80 mysec in duration and 5 volts in amplitude. 
The limited and shaped neutron pulses going to the time-of-flight 
to-pulse-height converter have a duration of 80 mysec and an 
amplitude of 5 volts and those going to the fast coincidence circuit 
have a duration of about 8 mysec and an amplitude of about 
2 volts. 


and shaped by delay lines. The conversion from time- 
of-flight to pulse height is achieved by measuring the 
amount of overlap of the limited and shaped neutron 
and alpha-particle pulses. This is accomplished by using 
a circuit which includes a 6BN6 gated-beam tube. This 
circuit is a modification of one developed by Neilson 
and James.” 

The accidental coincidence rate is cut in half by 
eliminating one of the two possible ways in which the 
limited and shaped fast pulses may overlap to produce 
the same pulse-height output. This is done by feeding 
suitably shaped alpha pulses (width about 80 musec) 
and neutron pulses (width about 8 musec) into a fast 
coincidence circuit. (The coincidence resolving time of 
this fast circuit was several millimicroseconds.) An out- 
put is obtained from this fast coincidence circuit if and 
only if the alpha pulse precedes the neutron pulse as it 
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Fic. 3. Elastic scattering of 14-Mev neutrons on Bi at @=20.2°. 


must when the alpha particle and neutron originate in 
the same event. The multichannel analyzer is gated 
“on” when there is a triple coincidence between the 
pulse-height analyzed neutron and alpha pulsés and the 
output of the fast coincidence circuit. When a triple 
coincidence occurs, the amplified output of the time-of- 
flight-to-pulse-height converter is analyzed by the 
multichannel analyzer. 

A typical time-of-flight spectrum, analyzed for pulse 
height, is shown in Fig. 3. The full width at half- 
maximum of the elastic scattering peak is 3.3 musec and 
is typical of the resolution used in all of the measure- 
ments. Pulses due to coincident gamma rays from the 
inelastic scattering of neutrons in the scatterer would 
appear at channel 98 (see Fig. 3) because of their 


2» G. C. Neilson and D. B. James, Rev. Sci. Instr. 26, 1018 
(1955). 





DIFFERENTIAL ELASTIC 
different flight time from scatterer to neutron detector. 
It is evident that these gamma rays do not contribute to 
the elastic scattering peak. 

Experimental differential cross sections were com- 
puted from the equation 


o(8)=[(C.—C»)/CoN ](rR/q)?, 


where r is the distance from the neutron source to the 
center of the scatterer, R is the distance from the center 
of the scatterer to the center of the neutron detector, ¢ 
is the distance from the neutron source to the center of 
the neutron detector when the detector subtends the 
same solid angle at the neutron source as the scatterer, 
N is the number of scattering centers in the scatterer, 
C, is the counting rate at angle 6 with the scatterer in 
the neutron beam, C, is the counting rate at angle 6 
with the scatterer removed, and C» is the counting rate 
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Fic. 4. Angular distribution of elastically scattered 14-Mev 
neutrons on Zn. 


with the neutron detector in the center of the beam of 
neutrons at a distance g from the neutron source. These 
experimental cross sections must then be corrected for 
(a) inelastic scattering, (b) multiple scattering and 
attentuation of the scattered neutrons in the scatterer, 
and (c) the finite angular resolution employed in the 
experiment. The corrected cross sections can then be 
compared with theoretical predictions. 


RESULTS 


The experimental measurements and their compari- 
son with the theoretical predictions of Bjorklund and 
Fernbach*' are shown in Figs. 4 through 8. The errors 
shown for the experimental points are probable errors 
and include all known contributions. 


21F, Bjorklund and S. Fernbach, University of California 
Radiation Laboratory Report 4932-T (unpublished). 
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Fic. 5. Angular distribution of elastically scattered 14-Mev 
neutrons on Sn. 


Since time-of-flight-to-pulse-height converter pulses 
due to neutrons having energies less than about 11 Mev 
were not used in the calculation of experimental cross 
sections, the contribution from inelastically scattered 
neutrons should be small. This is evident from the 
nonelastic cross-section measurements of MacGregor, 
Ball, and Booth.” (See also reference 18.) This was 
confirmed in the present experiment in the following 
way. Two calculations were made of the differential- 
elastic-scattering cross section for each angular position 
of the neutron detector for each scatterer. In the first of 
these, time-of-flight-to-pulse-height converter pulses due 
to neutrons having energies greater than about 12 Mev 
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2 MacGregor, Ball, and Booth, Phys. Rev. 108, 726 (1957). 
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were used and in the second, pulses due to neutrons 
having energies greater than about 10.5 Mev were used. 
Since the computed cross sections always agreed well 
within the experimental error, a negligible contribution 
from inelastic scattering was indicated. 

The corrections for multiple scattering and angular 
resolution (both corrected for the attenuation of the 
scattered neutrons in the scatterer) were made by Monte 
Carlo methods.” The multiple scattering correction was 
a few percent for angles near 90° and much smaller 
elsewhere. 

The data corrected for all of the foregoing effects are 
shown by the solid curves in Figs. 4-8. Even with the 
reasonably good angular resolution (+-3° for angles less 
than 50°) used in this experiment, it is'evident from the 
curves for Bi and Pb that the value of the cross section 
at the first minimum changes drastically when the 
correction for angular resolution is applied so that this 
kind of correction is very necessary if the data are to be 
compared with theoretical predictions. Also shown (as 
dashed curves) are the theoretical predictions of 
Bjorklund and Fernbach.‘*! They used a potential 
having a real central part with a diffuse boundary, a 
Gaussian imaginary part centered’on the nuclear edge, 
and a real spin-orbit term. The agreement between the 
corrected experimental data and the theoretical curves 
is seen to be fairly good. 


% The necessary analysis for making these corrections was done 
by L. T. Wos who, with the aid of R. T. Julke, also made the 
calcu lations with the computer GEORGE of the Applied Mathe- 
matics Division. 
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The agreement between these data and the data of 
other experimenters is very good. For Zn the data of 
Nauta" (angular interval from 15° to 90°) are in good 
agreement although at the larger angles the errors in his 
values of the cross section are quite large (about a factor 
of 2). There is also very good agreement between our 
measurements on Zn and the Los Alamos? (5° to 150°) 
and Livermore'® (90° to 167°) data for Cu. The elastic 
scattering for Zn and Cu is expected to be similar since 
they are neighboring elements with nearly the same total 
cross section and nonelastic cross section.” 

The agreement is also very good between our Pb data 
and the Los Alamos’ and Livermore’ data. The data 
of Nauta“ for Pb (15° to 125°) is also in reasonable 
agreement although here again at the larger angles the 
errors in his values of the cross section are quite large 
(about a factor of 2). There is also good agreement with 
the data of Yuasa!’ for Pb (90° to 170°). 

The data on Bi agree very well with the measurements 
of Elliot'® (5° to 70°) and Yuasa” (70° to 170°). 

The measurements for Sn are also in very good 
agreement with the Los Alamos? and Livermore'® data 
for this element. 

No previous measurements exist near this neutron 
energy for Sb. 


ACKNOWLEDGMENTS 
We wish to thank H. Casson, L. S. Goodman, and J. 
Haugsnes for aid during the early stages of this experi- 
ment, and J. Dalman for the construction of some of the 
equipment used. 





PHYSICAL REVIEW VOLUME 


146, 


NUMBER 6 DECEMBER 15S, 1959 
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The neutron-induced fission cross section of Np” has been measured as a function of neutron energy in the 
range 0.9 to 8.0 Mev. Measurements above 1.7 Mev were made relative to the fission cross section of U8 
using 27-counting of fission fragments from thin fissile deposits placed back to back in a gridded ionization 
chamber. In the range 0.9 to 2.8 Mev the energy dependence of the Np*” fission cross section was determined 
relative to the T(p,) He’ yield, and the results were normalized to those of the comparison counting experi- 
ment in the overlapping energy range. Results show that the cross section increases above threshold to a. 
maximum value of 1.75 barns at ~2 Mev, decreases to 1.40 barns at ~5 Mev, and increases again to 2.14 
barns at 8 Mev. Estimated uncertainty in the absolute magnitude of o(Np) is +7%. 


INTRODUCTION 


NOWLEDGE of the fission cross section as a 

function of neutron energy, for each of the various 
fissionable nuclei, is of interest in studies of the mechan- 
ism of the fission process. In the case of Np*’’, the fission 
cross section is of further interest by virtue of the use of 
Np*” fission in the measurement of fast neutron fluxes.'” 
Np*” is particularly useful for fast-neutron counting in 
the region of 1 Mev, where no other threshold fission 
reaction is especially satisfactory. Early measurements 
of o;(Np**’) as a function of neutron energy were made 
relative to the response of a long counter,’ under the 
assumption that this response was flat with respect to 
incident neutron energy, and were normalized to an 
absolute measurement of Klema.* This latter measure- 
ment was based on a Np? mass of 100 micrograms 
deposited from solution, although the method of de- 
termining this mass was not stated. In a later compila- 
tion,® the original data were corrected for the energy 
dependence of the long counter detection efficiency, a 
correction amounting to as much as ~20%. The re- 
sulting cross section vs energy curve was considered to 
be uncertain in both shape and normalization to at 
least 15%.® 

In view of the uncertainties inherent in previous 
measurements of the Np*’ fission cross section and in 
view of the interest in this reaction as indicated above, 
a new determination is of value. This paper reports a 
measurement of the Np*’ fission cross section as a 
function of neutron energy from 0.9 to 8.0 Mev. The 
basis of this measurement is a determination of the 
ratio o;(Np*’)/o,(U*8) combined with previously de- 
termined values of o;(U*®). 

1 Hurst, Harter, Hensley, Mills, Slater, and Reinhardt, Rev. Sci. 
Instr. 27, 153 (1956). 

2R. B. Murray and H. W. Schmitt, Phys. Rev. 
(1959). 

3 Reported by D. J. Hughes and R. B. Schwartz, Neutron Cross 
Sections, Brookhaven National Laboratory Report “BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1958), second edition. See also D. J. Hughes 
and J. A. Harvey, ibid, first edition, 1955. 

4E. D. Klema, Phys. Rev. 72, 88 (1947). 

5R. L. Henkel, Los Alamos Report LA-2122, 1957 


lished). 
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METHOD AND APPARATUS 


Monoenergetic neutrons were obtained from the 
T(p,n)He® and D(d,n)He’ reactions, using the ORNL 
5.5-Mv Van de Graaff generator to accelerate the inci- 
dent charged particles. Neutrons emitted in a small cone 
about 0° with respect to the incident beam were used; 
the neutron energy was varied by changing the incident 
charged-particle energy. Loss of energy of the incident 
particles upon penetration of the target foils and target 
gas was taken into account ; the neutron energy was then 
determined from published tables.’ 

Fragments from the neutron-induced fission of U**8 
and Np*? were counted in 27 geometry, with thin 
deposits of U**8 and Np*? situated back-to-back in a 
thin-walled ionization chamber. The gridded chamber is 
shown schematically in Fig. 1. The U** samples were 
electroplated in the form of U;Os onto 0.010-inch-thick 
platinum backings; the Np*? samples were evaporated 
in the form of NpF, onto platinum backings of the same 
thickness. The deposits were of the same diameter and 
were smaller than the inside diameter of the clamping 
ring. 

Several Np*’ and U*** deposits were used in the course 
of the present study. Masses of the fissile deposits were 
determined by alpha-particle counting. Pulse-height 
spectra of alpha particles from the various U*** deposits, 
counted in the ionization chamber of Fig. 1, were ob- 
tained ; the absolute rate of alpha-particle emission from 
each deposit was thus determined. In obtaining the 
mass of a deposit, corrections were included for the 
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Schematic diagram of back-to-back gridded ionization 
chamber used for comparison fission counting. 


7 J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 103 
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Fic. 2. Np*’ fission cross section as a function of neutron energy. 
Experiment 1: Measurements relative to o/(U**), T(p,n)He® 
neutrons. Experiment 2: Measurements relative to o,(U™*), 
D(d,n)He® neutrons. Experiment 3: Measurements relative to 
T (p,n) He’ yield at 0°, normalized to absolute measurements above 
1.6 Mev. Error flags indicate point-to-point uncertainties orily, as 
discussed in text. The bases of the triangles represent the total 
neutron-energy spread at typical points, determined from a calcu- 
lation of the charged-particle energy loss in passing through the 
target. The dashed curve is included to indicate the behavior of 
the cross section immediately above threshold; the shape of this 


curve is taken from reference 5 and has been normalized to the 
results of the present experiment in the 1.0- to 1.5-Mev region. 


backscattering of alpha particles (counting geometry 
factor=0.52)8 and for finite deposit thickness. The U** 
half-life was assumed to be (4.51+0.02) X 10° years.® 
Alpha-particle counting of the Np*’ foils was done using 
a low-geometry CsI scintillation detector. Alpha-particle 
pulse-height spectra were obtained and masses de- 
termined in the usual manner, assuming a Np*” half-life 
of (2.14+0.01) X 10° years." The mass of fissile material 
on each of the various deposits was of order 1 mg. All 
deposits contained fissionable impurities to an extent 
less than one part in 10°. 

Fission counts were recorded simultaneously from the 
two fissile deposits back-to-back in the ionization cham- 
ber, using separate amplifiers and scalers. Fission events 
were identified as counts above the integral pulse-height 
discriminator levels in standard pulse amplifiers. The 
discriminator biases were set to reject alpha-particle 
counts and other backgrounds not associated with 
neutron irradiation. A small fraction of the fragments 
(those emitted almost tangential to the deposit surface) 
lost sufficient energy in the deposit to give pulses below 
the discriminator bias setting. The correction for these 
fragments, determined from integral bias curves, 
amounted to 2 to 3% with an estimated uncertainty 
of 1%. ' 

Background counts throughout the present experi- 
ment were measured under conditions and settings 


8 J. A. Crawford, The Transuranium Elements: Research Papers 
(McGraw-Hill Book Company, Inc., New York, 1949), Paper No. 
16.55, National Nuclear Energy Series, Plutonium Project Record, 
Vol. 14B, Div. IV, Part IT. 

® A. F. Kovarik and N. I. Adams, Phys. Rev. 98, 46 (1955). See 
also Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 

1 Brauer, Stromatt, Ludwich, Roberts, and Lyon, Hanford 
Atomic Products Operation Report HW-59642, 1959 (unpub- 
lished). 
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identical to those of the fission-counting runs, except 
that the target gas (tritium or deuterium) was replaced 
with helium. Backgrounds were negligible for T (p,m) He* 
neutrons; for D(d,n)He’® neutrons, backgrounds ranged 
from a few percent or less at the lowest deuteron energies 
to about 20% at the highest deuteron energy. 

A further correction to the observed fission counts 
arose from the fact that fragments from one of the 
deposits were emitted in the backward hemisphere; 
hence a small fraction was lost because of the forward 
motion of the center of mass. The magnitude of this 
correction is influenced by the anisotropic emission of 
fission fragments" and is energy dependent. The net 
result of calculations and experimental checks at four 
neutron energies throughout the range of the experiment 
was a correction of order 1% plus or minus 1%. Finally, 
a small correction was applied to account for the 
attenuation of the neutron beam in the platinum 
backings. 

The results of the present experiment (Fig. 2) are 
taken from several runs in which two Np**? deposits and 
one U** deposit were employed. In an auxiliary experi- 
ment, at a fixed neutron energy (2.91 Mev), the Np”*7 
fission cross section was determined by comparison 
fission counting of five separate Np” deposits against a 
U*8 deposit. The results from these five runs all agreed 


TABLE I. Final results of present experiment, taken from a 
smooth curve drawn through the original data points. Entries in 
column 3 from Allen and Henkel.* 
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* See reference 13. 


1 R. L. Henkel and J. E. Brolley, Jr., Phys. Rev. 103, 1292 
(1956). 
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within the experimental uncertainty of +3%. Further- 
more, the mass of the U** deposit was checked by 
comparison fission counting against that of a second 
U*8 deposit. Agreement was obtained within the ex- 
perimental uncertainty of +3%. 

In order to determine the shape of the Np”? fission 
cross section as a function of energy in the range below 
about 1.6 Mev, where the energy dependence of o;(U***) 
is quite strong, data were obtained relative to the 0° 
neutron yield from the T (p,m) He’ reaction. In a typical 
run of this experiment the relative number of incident 
protons was determined by counting pulses from a beam- 
current integrator; the relative number of neutrons 
incident on the deposit was obtained from the product 
of the known 0° differential cross section for the target 
reaction” and the number of accumulated current- 
integrator pulses. Relative Np” fission cross sections 
were obtained in the energy range 0.9<E,<2.8 Mev 
and were normalized to the values obtained relative to 
the U8 fission cross section in the energy range of 
overlap, 1.6 to 2.8 Mev. 


RESULTS AND DISCUSSION 


The results of these measurements are given in Fig. 2 
and Table I. In view of the rather large number of data 
points, entries in Table I are taken from a smooth curve 
drawn as a visual best fit through the points. The 
measured quantity is, of course, the ratio of fission cross 
sections given in column 2. Values of o,(U***) used in the 
analysis are recorded in column 3, and were taken from 
the recent compilation of Allen and Henkel." The 
resulting derived values of o;(Np*”) are given in 
column 4. 

Uncertainties in the results presented here may be 
divided into two classes: (a) Standard errors from 
counting statistics, backgrounds, etc., which vary from 
point to point. These are computed and appear as flags 
on the individual points of Fig. 2; the range is from 
+4% to +10%. In the case of those data based on the 
T(p,m)He’ yield (open circles), the uncertainty is esti- 
mated to be +10% in every case. In order to avoid 
confusion in the figure, error flags have not been drawn 
on each of the open circles. (b) Energy-independent 
uncertainties in absolute value, which arise, for example, 
from uncertainties in the masses of the fissile deposits or 


12 The 0° differential cross section used in this analysis (E, >1.2 
Mev) was obtained recently by J. Perry and S. J. Bame, Jr., based 
on recoil proton telescope data, and is reported in Fast Neutron 
Physics, edited by J. B. Marion and J. L. Fowler (to be published), 
Chap. I. In the neutron energy interval 0.9 to 1.2 Mev the differ- 
ential cross section was taken from the same reference, based on 
other experiments. 

1 W. D. Allen and R. L. Henkel, Progress in Nuclear Energy, 
edited by R. A. Charpie et al. (Pergamon Press, New York, 1958), 
Ser. 1, Vol. 2. Cross-section values were taken from the smooth 
curve of Fig. 30. 
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the absolute value of o;(U**). This latter uncertainty 
is taken to be +5%.® The resulting uncertainty in 
absolute value of o;(Np*’) is estimated to be +7%. 

The results derived from the present experiment differ 
somewhat from the previous (corrected) cross-section 
curve given in the 1957 compilation of Henkel.’ The 
chief difference is in the region from 0.9 to about 4 Mev, 
where our results are some 15 to 20% higher; above 4 
Mev the two experiments agree rather well, easily 
within the combined experimental uncertainties. It 
should be noted, however, that a considerable difference 
exists between our data and the (uncorrected) cross 
section given in recent compilations,* in both the low- 
energy and high-energy regions. For the sake of com- 
pleteness, the dashed curve in Fig. 2 is included to 
indicate the shape of the cross-section curve immedi- 
ately above threshold. This curve has been taken from 
previous long-counter measurements® and renormalized 
to the results of the present experiment in the 1.0- to 
1.5-Mev region. 

The shape of the cross-section curve found here 
exhibits the typical behavior of fast-neutron fission 
reactions, v7z., a more or less flat plateau in the region 
of a few Mev, followed by a rise around 6 Mev toa 
second plateau. Attempts have been made to correlate 
fission cross sections on the first plateau (at say 3 Mev) 
with the parameters Z and A of the fissionable nucleus. 
One such correlation, suggested by Barschall," indicates 
that a relationship may exist between this cross section 
and the function Z!/A for the target nucleus, although 
the significance of this particular function is not clear. 
Another correlation, proposed by Jackson," suggests 
that the key parameter is E;,—B,, where E;, is the 
fission threshold energy and B, the binding energy of 
the last neutron in the fissioning nucleus. In both of 
these cases, the Np*”? point, determined from the present 
results, is in reasonable agreement with average curves 
based on the fission cross sections of other nuclei. 

Finally, it may be of interest to call attention to a 
recent measurement'® of o;(Np*”) at 14.6 Mev, yielding 
a result of 2.4+0.2 barns. 
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In the expectation that at least one low-energy transition from the fourth excited state of O'* may compete 
to an observable extent with the 7.11-Mev ground-state transition, a search was made for the 0.97 Mev 
(1- — 3-) and the 1.05 Mev (1- + 0*) gamma rays. Limiting values, 7(7.11)/ (0.97) >200 and J(7.11)/ 


7 (1.05) = 370, were found for the branching ratios. 





INTRODUCTION 


N the de-excitation of the four lowest excited states 

of O"*, only the ground-state transitions have been 
observed to date. There are, however, reasons to believe 
that at least one of the lower energy interlevel transi- 
tions may be expected to be observable with currently 
available techniques. We report here an attempt to ob- 
serve a transition from the fourth excited (1—) state to 
either the first excited (0+) state or the second excited 
(3—) state, following the 8 decay of N'*. The transition 
energies are 1.05 Mev and 0.97 Mev, respectively, 
whereas the ground-state transition energy is 7.11 Mev. 

If the transition probabilities are determined ac- 
curately by the single-particle matrix elements as esti- 
mated by Weisskopf,! neglecting the influence of isotopic 
spin, the intensity ratios J(7.11)/7(1.05) +310 and 
1(7.11)/I (0.97) ~6.2X 10" are obtained. In the special 
case of self-conjugate nuclei, however, there is a selec- 
tion rule for £1 radiation,? AT=-+1. If it is assumed 
that all of the states involved here are states with 
T=0,' a selection rule results by which the ground-state 
transition and the 1.05-Mev transition are completely 
forbidden. It has, however, been pointed out by Gell- 
Mann and Telegdi® that there are two mechanisms by 
which this selection rule is expected to be violated. 
Expanding the interaction Hamiltonian in terms of Kr,, 
they find the second-order term to be nonvanishing from 
which they deduce an “inhibition factor” of the order 
of (KR)‘ by which the uninhibited transition probability 
is to be multiplied. Secondly, as has been investigated 
by Jones and Wilkinson,‘ there is expected to be some 
mixture of T7=1 states which will give rise to an addi- 
tional inhibition factor of the order of f*, where f is the 
relative amplitude of the 7=1 contribution to the wave 
function. If the Weisskopf estimate! of the uninhibited 
transition probability is taken as quantitatively correct, 
and if the amplitude mixture fis assumed approximately 


*This research was supported in part through a grant from 
The National Science Foundation. 

7 Present address: The Texas Agricultural and Mechanical 
College, College Station, Texas. 

1V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

2 L. A. Radicati, Phys. Rev. 87, 521 (1952). 

8M. Gell-Mann and V. L. Telegdi, Phys. Rev. 91, 169 (1953). 

4G. A. Jones and D. H. Wilkinson, Phys. Rev. 90, 722 (1953). 


constant from one state to another, the branching ratios 
may be estimated: 


T(7.11)  Tei(7.11) (K7.R)*+-f? 
1(1.05)  Tg1(1.05) (Ky.05R)*+ f? 
(7.41) Tm(7.11) 


=————| (K7.uR)'+ f7], 
1(0.97) Tx2(0.97) 





where 7g; and Tg2 are the Weisskopf estimates for the 
transition probabilities, K7.1, and Ky.05 are photon wave 
numbers, and R is the nuclear radius. In Fig. 1 these 
branching ratios are plotted as functions of f. It is seen 
that for any value of f at least one of the branching 
ratios is expected to be no greater than several hundred. 
Boehm, Peaslee, and Perez-Mendez' have found I(~6)/ 
I(~1)>20 which, from the known decay scheme of 


1 (7,11) | 

I (1,05) 
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Fic. 1. Estimated branching ratios. 


5 Boehm, Peaslee, and Perez-Mendez, Phys. Rev. 90, 1119 
(1953). 
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N'6,6 implies [(7)/7(~1) ~1.4. Jones and Wilkinson‘ 
found J(7.11)/Z(~1) ~120, from which they conclude 
that f>0.002 for the fourth excited (1—) state. In the 
work reported here, in which we have investigated the 
two branching ratios separately, we find 7(7.11)/J(1.05) 
= 370 and J(7.11)/7 (0.97) = 200. 


*— 0.80 Mev 








EXPERIMENTAL PROCEDURE 


The search for low-energy y rays was carried out by 
looking for coincidences between the y ray in question 
and the radiation following it. A strong source of N'® 
was produced by the O'*(m,p)N’® reaction in a sample 
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Fic. 2. (a) Coincidence spectrum of 0.97-Mev 7 ray gated by through a counting cell between two Nal scintillation 
6.14-Mev y ray. (b) Coincidence spectrum of 2.75-Mev y ray spectrometers. The counting cell consisted of a coil of 
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i Sect in such a way as to minimize backscattering of y rays 


® David E. Alburger, Phys. Rev. 111, 1586 (1958). from one crystal to the other. The pulses from one 
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crystal were analyzed in a 20-channel analyzer. The 
pulses from the other crystal were passed through a 
single-channel analyzer forming part of a fast-slow co- 
incidence circuit of about 200 musec resolving time, 
which was used to gate the 20-channel analyzer. In the 
search for the 0.97-Mevy ray the single-channel analyzer 
was adjusted to accept pulses from the peak due to the 
6.14-Mev vy ray which follows it. In the search for the 
1.05-Mev ¥ ray, which is followed by pair emission from 
the 6.06-Mev state, the single-channel analyzer was 
adjusted to accept pulses from the peak due to 0.511- 
Mev annihilation radiation. From the known counting 
efficiency of the crystals and the N'*—O"* decay scheme, ® 
the coincidence counting rates may be used to deduce 
the y-ray intensities. 


THE 0.97-Mev TRANSITION 


The coincidence spectrum of pulses in the vicinity of 
0.97 Mev gated by puises of 6.14 Mev is shown in 
Fig. 2(a). The bulk of the counting rate may be attrib- 
uted to accidental coincidences and _ backscattering 
from one crystal to the other. Instead of attempting to 
subtract these spurious effects, which it is not feasible 
to do with sufficient precision for our purposes, we 
search for the presence of a peak at 0.97 Mev super- 
imposed on the continuous background. In Fig. 2(b) is 
shown the coincidence spectrum of pulses in the vicinity 
of 2.75 Mev gated by pulses of 6.14 Mev. The peak 
representing the transition from the 8.87-Mev state to 
the 6.14-Mev state is apparent here. We believe the 
data of Fig. 2 to be inconsistent with the presence of a 
peak at 0.97 Mev with an amplitude appreciably greater 
than }$ that of the 2.75-Mev 7 ray. From the known 


counting efficiency of the crystals and the known decay 
scheme of N'*—O'*, we deduce that the intensity of the 
7.11-Mev y ray relative to that of the 0.97-Mev vy ray 
is 1(7.11/7(0.97) > 200. 


AND 
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THE 1.05-Mev TRANSITION 


The coincidence spectrum of pulses in the vicinity of 
1.05 Mev gated by annihilation photons is shown in 
Fig. 3(a). A smooth curve of quadratic form (not shown) 
may be fitted to the experimental points, using the five 
points on each side of the peak position. Such a curve 
exhibits a standard deviation (0.071 counts/min) sub- 
stantially the same as that indicated by counting statis- 
tics (0.069 counts/min) ; so the data are consistent with 
the complete absence of a peak. However, there is an 
indication of a “break” in the experimental curve at 
channel 11 as well as one at channel 15. One of these, 
channel 11, is precisely at the position corresponding to 
the 1.05-Mev transition. If this break, although ex- 
plicable on the basis of counting statistics alone, is 
regarded as genuine, it implies a peak counting rate of 
0.25 counts/min. This value, when compared with the 
single counting rate for the 2.75-Mev transition (Fig. 
3(b) J, utilizing the known efficiency of the crystals and 
the N'*—O'* decay scheme, corresponds to a 1.05-Mev 
y ray 1/370 as intense as the 7.11-Mev y ray. Thus we 
find 7(7.11)/7 (1.05) > 370. 


CONCLUSIONS 


The results for the branching ratios. /(7.11)/J (0.97) 
> 200 and /(7.11)/7(1.05)=370, compared with the 
theoretical curves in Fig. 1, imply both a lower limit 
and an upper limit on f of about 0.1%. Unfortunately 
both of these limits, particularly the latter, are very 
sensitive functions of both the measurements and the 
theoretical curves (an error of 20% would be adequate 
to raise the upper limit from 0.1% to 100%). Thus, 
although our results are certainly consistent with a 
T=1 mixture of about 0.1%, the assignment of a sig- 
nificant value to this mixture would require a consider- 
ably better knowledge of the theoretical curves than is 
presently available. 
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An experiment is proposed wherein neutrinos emitted during electron capture by radioactive impurities 
in one part of a crystal may be resonantly absorbed by atoms in another part. Essential to the argument 
is the fact, recently experimentally proved by Méssbauer for gamma rays, that in an emission or absorption 
by a nucleus bound in a crystal at low temperature the recoil energy is often taken up by the crystal as a 
whole, with no phonons emitted or absorbed. Thus no energy is lost to recoil, and a neutrino emitted in a 
monoenergetic process has exactly the right energy to be resonantly absorbed in the inverse process. The 
feasibility of the experiment depends on the degree to which the electronic impurity levels are broadened 


relative to the natural width of the neutrino line. 


EUTRINOS have been observed! to cause inverse 

6B decay. The considerable difficulties of this 
observation are caused by the extremely small cross 
section (¢~10-* cm?) for a neutrino-induced reaction 
with a continuum of final states. If, instead of using a 
continuous spectrum of neutrinos to produce inverse 8 
decay, one could somehow generate a monochromatic 
beam with energy such that the neutrinos in it are 
capable of being resonantly absorbed, then the cross 
section would be raised by very many orders of magni- 
tude. 

Monochromatic neutrinos are produced in electron 
capture processes, but generaliy come out with an 
energy smaller than that required to cause the inverse 
process for two reasons, One reason is that the recoiling 
atom takes up some of the energy; the other is that the 
electron usually is captured from one of the innermost 
electronic shells, and the absorbing atom has its inner- 
most shells full. If the neutrino is to be absorbed, it 
must have energy sufficient to put an electron in the 
outermost shell. The degree of monochromaticity must 
also be extremely high, because the width of the 
absorption resonance is, for example, 10~” ev for a 
nucleus whose lifetime is 10 weeks. 

A way to produce a neutrino beam with these 
characteristics is suggested by some work done last 
year by Moéssbauer.? He has shown that in a large 
fraction of gamma emissions from isomers bound in 
crystals at low temperature, the nucleus which emits 
the gamma does not recoil, but the whole crystal takes 
up the recoil momentum. The gammas then have 
sufficient energy to cause the inverse reaction in another 
nucleus in a second crystal. The degree of monochro- 
maticity of these gammas is not, as one might at first 
think, governed by the crystal temperature, but rather 


* This work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 F. Reines and C. L. Cowan, Phys. Rev. 113, 273 (1959), and 
other references cited there. 

2R. L. Méssbauer, Z. Physik 151, 124 (1958); Naturwissen- 
schaften 22, 538 (1958); and Z. Naturforsch. 14a, 211 (1959). 
Méssbauer’s results have been corroborated and extended by 
Craig et al. [Phys. Rev. Letters 3, 221 (1959) ] and by Lee et al. 
[Phys. Rev. Letters 3, 223 (1959) ]. 


by the natural width of the nuclear level, several orders 
of magnitude less than kT in Méssbauer’s experiments. 

If a crystal is constructed entirely of an atomic 
species A which can undergo electron capture, the 
outcoming neutrinos would not be sufficiently mono- 
chromatic, because the captured electrons come from 
bands of the order of electron volts wide. On the other 
hand, if the crystal is made mostly of B atoms (A — B 
+yv) with only an occasional A, then the impurity 
electronic level localized near A will be discrete; the 
extra electron’s energy will be perfectly sharp if the 
impurity atoms are well enough separated so that the 
electron wave functions do not overlap. This topmost 
electron can be captured part of the time by the 
nucleus A ; since the capture probability is proportional 
to the square of the electron wave function at the 
nucleus, it will be captured from an nS state about 
Z*n-** times as often as the K electron, assuming 
there is enough energy available for K capture. The 
situation would be more favorable if there were not, 
and only electrons from outer shells could be captured. 

The experiment we propose is to measure the rate of 
transmutation of B atoms into A atoms in an absorber 
initially pure B, when it is exposed to neutrinos coming 
from a B crystal doped with A atoms. The absorption 
is then exactly the inverse of the emission; the latter 
involving simply the disappearance, the former an 
appearance of an impurity in a B crystal, with no 
electromagnetic radiation emitted at any time. 

When the crystal is described by the Debye model 
and its temperature is small compared to the Debye 
temperature 6, the absorption cross section of an atom 
in the absorber for an incident neutrino spectrum 
produced by the source described above (taking neu- 
trinos from captures of extra impurity electrons only) 


ict 
(1) 


is 
where R= E,?/2M@? is the classical recoil energy of a 


§ This is approximately the ratio of |y(0)|* for the outermost 
(nS) electron to that for the 15 (K) electron, according to the 
Fermi-Segré formula. See L. L. Foldy, Phys. Rev. 111, 1093 
(1958). ° 

4 W. M. Visscher, Ann. Phys. (to be published). 
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free atom absorbing a neutrino of energy £,, and 
oo= 4X" g0'0/T tot is the resonant cross section for neu- 
trino absorption. g is a statistical weight factor of order 
unity which depends on whether the neutrino has 1 or 
2 spin states, as well as on the initial nuclear and 
channel spins. To is the partial width for capture of an 
outermost electron ; T'tot is the total capture width. For 
E,~100 kev and Z~80 a is of the order of 0.1 barn. 

Because of the extremely small width Tyo, relative 
motion of the absorber with respect to the emitter 
crystals cannot be tolerated. Even at liquid helium 
temperature, the rms thermal velocity of a macroscopic 
crystal is enough to induce a Doppler smear in the 
neutrino energy spectrum many orders of magnitude 
greater than I'tot. This would result in a corresponding 
reduction in the absorption cross section. If, on the 
other hand, the emitter and absorber were not different 
crystals, but parts of the same crystalline system, this 
difficulty would be avoided because then any relative 
motions of the emitting part with respect to the 
absorber would be describable as phonon excitations, 
which are included in the theory.‘® For our purposes 
here, ‘parts of the same crystalline system” means 
that a phonon can propagate from the emitter to the 
absorber parts of the crystal without appreciable 
attenuation. The relaxation time of the crystal must 
therefore be large compared to its length divided by 
the sound velocity. The fact that the relaxation time is 
not infinite, and indeed the natural width of any 
crystal state can be large compared to Itot, is not rele- 
vant to this process because the state of the crystal 
doesn’t change either in the emission or in the absorp- 
tion. 

The requirements which must be satisfied by the 
nuclei A and B are fairly stringent. First, A must 
decay into the ground state of B (which should be 
stable) by electron capture, with a low-energy neutrino 
being emitted. The energy of the neutrino emitted when 
an outer electron is captured is larger by the K-ion- 
ization energy than the energy of that emitted in K 
capture; it is the energy of the former which determines 
R in Eq. (1). Neutrinos of about a hundred kilovolts 
or less would be ideal; one Mev is too much. 

Secondly, it must be possible to introduce A atoms 
as impurities in regular lattice sites in a B crystal, and 
the impurity electrons must be in S states. Finally, 
one must consider the mechanism by which the creation 
of A atoms is to be detected. Gamma rays follow 
electron capture part of the time if there is a branching 
ratio to the ground state; but the absorber crystal will 
doubtless be quite opaque to gamma rays, thus limiting 


®’W. E. Lamb, Phys. Rev. 55, 190 (1939). 
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the effective absorber volume to that within a fraction 
of a millimeter of the surface if the absorber is simply 
counted. Subsequent radiochemical analysis of the 
absorber, however, hasn’t this limitation. 

As an example, consider Dy'®, which electron- 
captures with a half-life of 134 days, becoming Tb’, 
sometimes emitting a 58-kev gamma ray. If there is a 
branching ratio to the ground state, and if the neutrino 
energy corresponding to outer electron capture is low 
(neither of which seems to be experimentally known), 
then this would be a favorable case. If a 50-gram 
crystal of Tb! with one half doped with 0.1% of Dy'® 
were kept at liquid helium temperature for two weeks 
and then cut apart, the initially pure Tb'® part should 
be emitting 58-kev gamma rays at the rate of 100/sec 
if the branching ratio is assumed to be 50%, the 
neutrino energy to be 100 kev,® and the Debye temper- 
ature of Tb to be 300°K. This calculation assumes that 
the monochromaticity of the neutrinos is given by the 
natural linewidth, and is not affected by the proximity 
of other impurity atoms in the emitter crystal, or by 
interaction with conduction electrons, lattice vibrations, 
or stray magnetic fields. The latter can probably be 
eliminated by shielding; the others may have consider- 
able effects and should be estimated. 

Note added in proof.—A possible source of displace- 
ment of the neutrino line is suggested by the recent 
proposal of Pound and Rebka [Phys. Rev. Letters 3, 
439 (1959) ] that the Méssbauer effect be used to meas- 
ure the gravitational red shift. Namely, if the neutrino 
energy undergoes a gravitational red shift given by 
AE=Evgh/c?, the above example would not work be- 
cause the neutrino could not be resonantly absorbed by 
any B atoms except those within about 10~* cm of the 
gravitational equipotential surface of the emitting atom. 
This zone can, however, be thickened by letting the 
system fall freely (a bouncing cryostat has been sug- 
gested by J. G. Dash) for some large fraction of the 
time required for the experiment. In this way it may 
be possible to confirm the gravitational red shift for 
neutrinos in the course of a measurement of their 
absorption cross section. 
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Excited States of B™ 


G. C. Morrison ann J. A. GALEY 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received July 20, 1959) 


The energy levels in B" up to an excitation energy of 6 Mev have been investigated by means of the re- 
action Li’(Li’,p)B™ at an energy of 2 Mev for the incident Li’ ions. Selection and identification of the out- 
going protons in the presence of deuterons, tritons, and alpha particles emitted in competing reactions is 
achieved with a proportional counter-CsI (TI) scintillation counter telescope system which gives a measure 
of the dE/dx and E of the emitted particle. From the observed energy spectrum of protons emitted at 90°, 
the Q-value of the reaction leading to the ground state of B' was determined to be 5.9740.05 Mev in 
agreement with a previous measurement by Norbeck, and the energy of excitation of the first four levels in 
B' were determined to be 3.70+0.05 Mev, 4.16+0.05 Mev, 5.05+0.08 Mev, and 5.5+0.1 Mev. At 90° 
in the laboratory system the relative intensities of the proton groups leading to the ground state and first 
four excited states are in the ratios of 1.0:2.6:0.8:1.6:1.0, respectively. 


HIS is a report! of results obtained as part of a 

detailed study of the nuclear reaction products 
emitted in the bombardment of lithium targets with 
Li‘ and Li’ ions. In view of the many exothermic nuclear 
reactions possible when two lithium nuclei interact, 
experimental difficulties are encountered in separating 
out for study a single particle group with the low- 
resolving power methods necessitated by the small 
yields at bombarding energies of 2 Mev. The develop- 
ment of a particle selector system has to a large extent 
obviated this difficulty and we are able to present the 
energies of some of the excited states of B™ from a study 
of the shorter range proton groups from the reaction 
Li’ (Li’,p)B". In previous work from this laboratory 
the reaction leading to the ground state of B® has been 
observed and the Q-value of the reaction established at 
5.97 Mev.? 

In the present work the reaction products emitted 
when the lithium ion beam from the Chicago 2-Mev 
Van de Graaff accelerator strikes the target are observed 
at 90°. The detection apparatus’ is separated from the 
target chamber by a 6.4X 10~*-cm thick Mylar window. 
The reaction products traverse a methane-filled pro- 
portional counter and stop in a thin, 1 mm, CsI(TI) 
crystal, giving a measure of the dE/dx and the £ of the 
emitted particles, respectively. The gas pressure in the 
proportional counter has been kept as low as possible 
to minimize the energy lost by a particle before entering 
the CsI(Tl) crystal, thereby allowing the energy spec- 
trum of the emitted particles to be observed down to 
low energies and reducing straggling in the particle 
energy before entering the crystal. 

In the particle selection system used, the dE/dx and 
E pulses for each individual particle after suitable 
amplification and shaping are displayed as vertical and 
horizontal deflections on an oscilloscope screen. A gate 
pulse corresponding to the particle type of interest is 
obtained from a photomultiplier viewing the oscillo- 


1 This work was supported in part by the U. S. Atomic Energy 
Commission. 

2 E. Norbeck, Jr., Phys. Rev. 105, 204 (1957). 

3P, G. Murphy, Phys. Rev. 108, 421 (1957). See Fig. 1. 


scope screen which is appropriately masked to discri- 
minate against all other particle types. 

Using the selection system with the mask appropriate 
to provide gate pulses for protons, the energy spectrum 
of protons emitted in the reaction Li’(Li’,p)B"™ has 
been obtained at an energy of 2 Mev for the incident 
Li’ ions. Before and after each gated run, a run was 
made during which a time exposure photograph of the 
masked screen was taken to ensure that only protons 
were being selected. In Fig. 1 the summed pulse-height 
spectrum obtained from a series of gated runs is shown 
as displayed on an RCL 256-channel analyzer. The 
highest energy group corresponds to the ground state 
of B® and the four lower groups to protons leading to 
excited states in B™. 

To calibrate the energy scale of the pulse-height ana- 
lyzer the reaction Li®(Li’,p)B” with Q=8.33 Mev was 
used. However, the excited states of B” are not known 
above 6 Mev, so that the reaction serves only to calibrate 
the CsI crystal for protons above an energy of 3 Mev. For 
this reason the deuteron groups from the reaction 
Li®(Li’,d)B", O=7.19 Mev, were also used. 

In Fig. 2 is shown the pulse-height spectrum of pro- 
tons and deuterons emitted at 90° in the bombardment 
of Li® by Li’ when the mask is chosen to select all Z=1 
particles. Although there is an exothermic triton-pro- 
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Fic. 1. Proton groups from Li’(Li’,p)B™ as displayed on a 
pulse-height analyzer. The insert to the figure shows the portion 
of the energy level diagram of B¥ which follows from the observed 
groups. 
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Fic. 2. Protons and deuterons from the bombardment of Li® by 
Li’. The particle selector system is set to reject pulses for particles 
of Z greater than 1. The locations of groups to be expected from 
known excited states of B" and B” are shown above. 


ducing reaction, the triton energy is too low for them to 
appear in the range shown. From the kinematics of 
these reactions the expected energies of the protons and 
deuterons emitted at 90° can be calculated. The ob- 
served proton and deuteron groups can then be related 
to the known energy levels in B” and B" and their posi- 
tions are shown above the spectrum. From a plot of 
proton and deuteron pulse heights versus energy, the 
energy as measured in the crystal of the unknown pro- 
ton groups emitted in the Li’+Li’ reaction was deter- 
mined, and, in so far as the plot was fitted by the same 
straight line passing through the origin, served to es- 
tablish the correctness of the assumed equivalent ab- 
sorber thickness between the target and surface of the 
crystal. A further and more sensitive check on the 
assumed equivalent absorber thickness was obtained 
from a plot of pulse height versus energy for alpha par- 
ticles emitted in various lithium-induced reactions, 
which also was fitted at energies less than 8 Mev by a 
straight line passing through the origin. 
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On this basis the energy of the proton groups emitted 
at 90° in the reaction Li? (Li’,p)B" was determined and 
hence the Q-value of the reaction and the energy of 
excitation of the levels in B". 

The Q-value of the reaction is in agreement with that 
previously measured by Norbeck? where Al absorbers 
were used to remove all particles other than the ground- 
state protons. The results are displayed in Table I, and 


TABLE J. Proton groups from Li? (Li’,p)B®. 


Excitation 
energy of B'8 
(Mev) 


Energy of 
proton group 
(Mev)* 


Relative intensity 
of group (90°) 


6.40+0.05 J 0 
2.96+0.05 3.70+0.05 
2.530.05 4.16+0.05 
1.71+0.08 5.05+0.08 
1.29+0.1 5.5+0.1 


«90° in the laboratory; 2.00-Mev Li? bombardment. 

the deduced energy levels of B" are shown in an insert 
in Fig. 1. The quoted errors combine the uncertainty 
in locating the position of the center of the peak cor- 
responding to each proton group and the uncertainty 
in the value assumed for the equivalent absorber thick- 
ness. The relative intensities of the groups as given in 
Table I have an uncertainty of about 8% arising from 
counting statistics only. No attempt was made to im- 
prove the statistics, considering the fact that the out- 
going protons are observed at only one angle. 

As a further check on the position of the excited 
states given here and in an attempt to obtain level 
parameters, it is intended in future work to study the 
de-excitation gamma rays emitted in coincidence with 
the observed proton groups. 
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The differential cross sections for the six highest energy proton groups from the Be®(He*,»)B" reaction have 
been measured as a function of angle at a bombarding energy of 4.5 Mev. For the five highest energy groups, 
the cross sections are largest in the forward direction and are not symmetric about 90°. For all six proton 
groups, yields observed at large angles to the incident beam direction are comparable to the forward yields. 
A strong maximum in the backward direction is observed for the third excited state proton group. At 4.5 
Mev, the total cross sections are 11.5 millibarns for the ground-state proton group and 7.4 millibarns for the 
first excited state proton group. For the proton groups leaving B" in the ground and first excited states, 
differential cross sections have been measured at six angles as a function of bombarding energy in the range 
from 1.8 to 5.0 Mev. In each case, the total cross section for the reaction shows no resonances. The change in 
the angular distributions which may be inferred from these yield curves is seen to proceed in a gradual 
manner with increasing bombarding energy. Differential cross sections for the second and third excited state 
proton groups were measured at 7° and 90° in the bombarding energy interval from 3.0 to 5.0 Mev. The 
observed characteristics for this reaction taken together indicate that direct interactions are important. 


I. INTRODUCTION 


URING the past few years increasing attention 

has been given to the problem of the mechanisms 
by which nuclear reactions proceed.'~* While the com- 
pound nucleus model of reactions has been verified 
experimentally over a very wide range of conditions, 
there exist many situations in which the assumptions 
of this model are not valid. The agreement between 
experiment and theory for such mechanisms as stripping 
in (d,p) and (d,n) reactions" and pickup in (n,d), 
(p,d), and (d,t)"® reactions has shown that compound 
nucleus formation does not contribute in such reactions 
to the extent that was previously assumed. Many other 
types of reactions have also been found to exhibit direct 
or surface interaction characteristics.’"* On the other 
hand, a number of stripping reactions have shown com- 
pound nucleus formation to be present both by the 
presence of resonances in the reaction yield and by the 
variation of the angular distribution of the emitted 
particles as a function of bombarding energy.‘ In addi- 
tion, the deviations of the angular distributions from the 
calculated curves have shown that, in general, the 
simple direct processes postulated are not realized in 
actuality, and that the neglected interactions must be 
taken into account. 


* Present address: Albany Metallurgical Research Center, 
Albany, Oregon. 
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More recently, exchange effects in direct processes 
have attracted much interest. In particular, the heavy- 
particle stripping proposed by Madansky and Owen! 
has been applied to a number of direct reactions with 
very interesting results.!*-'’ The difficulty of ascribing 
particles emitted in a backward direction to ordinary 
stripping has led to the common practice of assuming 
that compound nucleus formation was responsible for 
the reaction yields at large angles. However, heavy- 
particle stripping gives rise to the preferential emission 
of particles in the backward direction relative to the 
incident beam, and may provide the more accurate 
description in some cases. 

With the inclusion of exchange effects, the problem of 
describing a nuclear reaction has taken on added diffi- 
culty. Efforts toward a unified description which will 
contain compound nucleus formation as well as direct 
processes and exchange effects are being made, but the 
entire problem is still in an early stage of develop- 
ment.?.?.18 

The purpose of the present work is to provide experi- 
mental measurements which bear on the manner in 
which (He*,p) reactions proceed. Previous measure- 
ments with He’-induced reactions at a bombarding 
energy of 2 Mev have indicated that some type of direct 
process probably occurs in these reactions.® In addition, 
because of the greater binding of He* as compared to the 
deuteron, it seems possible that heavy-particle stripping 
effects might be more pronounced in these reactions. 
While reactions induced by He? particles are relatively 
more difficult to treat theoretically, the enhanced inter- 
ference effects between the various processes in a re- 
action may assist analysis of these effects. The possi- 
bility exists that these interference effects can provide a 
means for determining the extent to which groups of 


16 G, Owen and L. Madansky, Phys. Rev. 105, 1766 (1957). 
16 (, Ames and G. Owen, Phys. Rev. 109, 1639 (1958). 
17 G, Owen and L. Madansky, Phys. Rev. 113, 1575 (1959). 
18 T, Fulton and G. Owen, Phys. Rev. 108, 789 (1957). 
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Fic. 1. The pulse-height spectrum of charged particles ob- 
tained at 40° from the: bombardment of Be® with 4.5-Mev He® 
particles. 


particles in nuclei combine to form clusters. In addition, 
the application of He’® induced reactions to the determi- 
nation of nuclear level parameters is an interesting 
prospect. The present work is part of a program of 
measurements on He’*-induced reactions. 

In order to obtain data sensitive to the manner in 
which various processes might take place, emphasis in 
the program of measurements has been placed on angu- 
lar distributions of the emitted particles and the 
variation of the reaction yield with bombarding energy. 
Six reactions investigated thus far have included several 
different outgoing particles, and a fairly wide range of 
reaction Q values.*!** In each case, measurements 
have been made on as many charged-particle groups as 
could be resolved by the detectors. 

The specific reaction investigated in the present work 
is the Be*(He*,p)B" reaction with a Q value of 10.329 
Mev for B" left in its ground state. Measurements on 
this reaction, performed at a bombarding energy of 2 
Mev, have been previously reported.* The present work 
was performed in the range from 1.8- to 5.1-Mev 
bombarding energy. The measurements are of particular 
interest for proton groups leaving B" in its ground and 
first excited states, designated here as po and fy, re- 
spectively, since they display the variation of the 
angular distributions as a function of bombarding 
energy. 

II. PROCEDURE 


He’ particles with energies in the range from 1.8 to 
5.1 Mev were obtained from the NRL 5-Mv Van de 
Graaff accelerator. The He* beam was magnetically 


1 H. D. Holmgren, Phys. Rev. 106, 100 (1957). 

* H. D. Holmgren, Phys. Rev. 106, 102 (1957). 

*! Tllsley, Holmgren, Johnston, and Wolicki, Phys. Rev. 107, 538 
(1957) 

# Johnston, Holmgren, Wolicki, and Illsley, Phys. Rev. 109, 884 
(1958). 

*8 Holmgren, Wolicki, and Johnston, Phys. Rev. 114, 
(1959). 
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analyzed before striking the target. Targets were pre- 
pared by evaporating a thin layer of beryllium onto a 
10-microinch nickel foil. In general, the targets had 
thicknesses of between 25 and 50 kev to the incident 
beam. 

Three separate reaction chambers were used in the 
course of measurements. At 4.5-Mev incident He’ 
energy, angular distributions éf the proton groups 
leaving the B" nucleus in its ground and first excited 
states were obtained using Ilford C-2 200-micron nuclear 
emulsions as detectors. These emulsions were placed at 
5° intervals over the angular range from 5° to 155° with 
respect to the beam direction. A detailed description of 
the chamber which held the emulsions has been given 
in a previous article.* The thickness of the absorbers in 
which the nuclear emulsions were wrapped was chosen 
so that the fo and #; proton groups were stopped in the 
emulsion. With these absorbers the lower energy proton 
groups p2 and ps; did not reach the emulsions. In de- 
termining the yield at each angle the spectrum of proton 
tracks in the emulsion was first obtained. This spectrum 
showed the two proton groups to be well resolved. For 
each group, then, the total number of tracks in the 
emulsion was counted. 

The angular distributions of proton groups po, p1, p2, 
ps, ps,s, and pz (the subscripts refer, respectively, to the 
ground state, 2.138, 4.459, 5.034, 6.758, 6.808, and 
7.298-Mev levels in the residual B" nucleus), measured 
also at 4.5 Mev, were obtained using a target chamber 
with a sliding seal and a CsI scintillation detector. The 
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Fic. 2. The center-of-mass differential cross sections for the 
ground and first excited state proton groups from the Be*(He’,p) B¥ 
reaction as a function of center-of-mass angle at 4.5-Mev incident 
He’ energy. Open points obtained using nuclear emulsions; solid 
points obtained using a sliding seal chamber and a CsI scintillation 
counter. 





Be*(He*,p) B*! 


REACTION 1587 


_ Taste I. Least-squares Legendre polynomial expansions of the differential cross sections for the Be®(He*,p)B" reaction leaving B! 
in its ground and first excited states. o (0) = (a0/4)[Po+-a:P1(cos®) +4a2P2(cos@) + +--+ asPs(cosd) ]. Exe?=4.50Mev. The total cross 
section, go, is given in millibarns. 
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target was approximately 50 kev thick to the incident 
He® beam. The sliding seal permitted continuous 
rotation of the counter under vacuum over the region 
from 0° to 130° with respect to the beam. Yields were 
measured at 22 angles in this region. A pulse-height 
spectrum obtained at a laboratory angle of 40° with a 
100-channel pulse-height analyzer is shown in Fig. 1. 
The counter resolution, which was approximately 3% 
for the highest energy proton group, permitted analysis 
of groups p2 and 3 with little error. The protons leaving 
the residual B" nucleus in the 6.758- and 6.808-Mev 
levels were not resolved but were observed as a com- 
posite group. This composite group was fairly well 
separated from f¢ in the pulse-height spectrum, but a 
small background due to other reaction products from 
the target had to be subtracted from p¢ and, in reduced 
amount, from 4,5. The yield at each angle was nor- 
malized to a constant number of counts in a second CsI 
counter which was placed at 163°. 

A reaction chamber with CsI scintillation counters 
placed at 0°, 30°, 60°, 90°, 120°, and 150° was used to 
measure the dependence of the differential cross sections 
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Fic. 3. The center-of-mass differential cross sections for 
the second and third excited state proton groups from the 
Be®(He’,p)B" reaction as a function of center-of-mass angle at 
4.5-Mev incident He’ energy. 


* F, I. Louckes, Rev. Sci. Instr. 28, 468 (1957). 
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on bombarding energy. Using two 20-channel pulse- 
height analyzers and one 100-channel analyzer, the data 
for six angles at a given bombarding energy were ob- 
tained in two successive runs. All yields were normalized 
to a constant amount of integrated beam incident on the 
target. Measurements were made at 50-kev intervals in 
the bombarding energy range from 1.8 to 3.0 Mev and 
in 100-kev intervals from 3.0 Mev to 5.0 Mev. Several! 
points were obtained at 5.1 Mev. Targets used for these 
yield curves were approximately 25 kev thick to the 
incident He*® beam. 

Absolute differential and total cross-section measure- 
ments made at 2.0 Mev were used to normalize the 
yield curves. The detailed angular distribution measure- 
ments made at 4.5 Mev were then normalized to the 
yield curves to obtain absolute differential cross sections. 


III. RESULTS 


Differential cross sections for proton groups po and 
pi, obtained using nuclear emulsions, are shown in 
Fig. 2. The solid lines in this figure were calculated using 
Legendre polynomial expansions obtained by least- 
squares analysis. The total cross section for the reaction 
and the coefficients of the expansions for both angular 
distributions are given in Table I. The uncertainties 
indicated in the figure include a 1% uncertainty in the 
determination of the solid angle, an estimated 1% 
uncertainty in the counting of the tracks, and a sta- 
tistical uncertainty due to the number of tracks 
counted. 

The differential cross sections for proton groups pz, 
ps, ps5, and pe, obtained using the sliding seal target 
chamber, are presented in Figs. 3 and 4. Data points 
obtained for proton groups fo and p; have been included 
as solid points without error bars in Fig. 2 to show the 
agreement between the two methods used for obtaining 
angular distributions. The fourth and fifth excited 
states in B" differ in energy by less than 1% so that the 
detector was not able to resolve the two corresponding 
proton groups. The differential cross sections obtained 
for this composite group have therefore been presented. 
The shape of this curve, shown in Fig. 4, suggests that 
one of these groups may be more strongly peaked in the 
forward direction than the other. The solid lines in 
Figs. 3 and 4 represent only smooth curves drawn 
through the data points. Least-squares analyses were 
performed as in the case of proton groups po and p; but 
because the data in Figs. 3 and 4 did not extend beyond 
135° in the center-of-mass system, the resulting fits 
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Fic. 4. The center-of-mass differential cross sections for the 
fourth and fifth (composite) and sixth excited state proton groups 
from the Be*®(He*®,p)B" reaction as a function of center-of-mass 
angle at 4.5-Mev incident He’ energy. 


were considered to have little meaning and have not 
been shown. 

The uncertainties indicated in Fig. 3 include the 
statistical uncertainty due to the number of events 
recorded, and an uncertainty due.to a small overlap in 
the pulse-height spectrum between proton groups p2 and 
ps. The uncertainty due to overlap is estimated to be 
less than 1.5% at all angles. In Fig. 4, the indicated 
uncertainties also include statistical and overlap un- 
certainties and additional uncertainties due to pulses 
caused by other reaction products from the target which 
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Fic. 5. The laboratory differential cross sections for the ground- 
state proton group from the Be®(He*,p)B" reaction as a function 
of laboratory angle and incident He’ energy (shown in perspective). 


lay in the same region of the pulse-height spectrum as 
proton groups p45 and pg». The last-named uncertainties 
constituted the major portion of the total uncertainty 
for these two groups. They are estimated to be 5% or 
less for proton group 4,5 and 10% or less for pe. 

The differential cross sections were measured as a 
function of bombarding energy at the six angles 0° or 7°, 
30°, 60°, 90°, 120°, and 150° for po and ; and at 7° and 
90° for po and p;. These data are tabulated in Tables II 
and III and are also shown in Figs. 5 and 6 as perspec- 
tive drawings. Groups po and #; were well resolved by 
the scintillation detectors at all angles. Data points 
were taken at 50-kev intervals from 1.8 to 3.0 Mev and 
at 100-kev intervals thereafter. The minimum numbers 
of counts obtained at any point were approximately 600 
and 1400 for #o and 1, respectively. The 0° counter was 
moved to 7° for bombarding energies of 2.8 Mev and 
higher because of an increasing background caused by 
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Fic. 6. The laboratory differential cross sections for the first 
excited state proton group from the Be®(He*,p)B" reaction as a 
function of laboratory angle and incident He’ energy (shown in 
perspective). 


the beam which passed through the target backing foil 
and impinged on the foil directly in front of the CsI 
crystal. The solid lines in the perspective drawings con- 
nect closely spaced data points. The differential cross 
sections measured at 4.5 Mev and shown in Fig. 2 have 
been included together with similar measurements at 2 
Mev obtained in earlier work.® (Over the interval where 
comparison can be made this work is in agreement with 
that of Almqvist ef al.?°) The dashed lines represent the 
estimated values of the differential cross sections be- 
tween measured points. The relative magnitudes of 
yields measured at six angles with the CsI scintillation 
detectors agreed with the emulsion measurements made 
at 2.0 and 4.5 Mev to within approximately 5%. Rela- 
tive uncertainties throughout these measurements are 
estimated to have this same magnitude. 

Figure 7 shows the total cross sections for the po and 


25 Almqvist, Bromley, Gove, Litherland, and Paul, Bull Am. 
Phys. Soc. 1, 195 (1956). 
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pi proton groups. The curves were obtained by plotting, 
for each bombarding energy, the weighted sum of the 
po and ; yields at 30°, 60°, 90°, 120°, and 150°. The 
points are normalized to the absolute total cross sections 
obtained at 2.0 Mev. The ratios of total cross sections 
at 2.0- and 4.5-Mev bombarding energy obtained from 
the differential cross sections agree closely with the 
ratios obtained using the weighted sums of the yields at 
five angles. 

Differential cross sections for p2 and p3 as a function 
of bombarding energy in the interval from 3.0 to 5.0 
Mev are shown in Figs. 8 and 9. Proton groups p2 and p; 
were observed simultaneously with po and p; by using a 
100-channel pulse-height analyzer. In the data measuring 
arrangement which was used, it was possible to use this 
analyzer for only two angles. Data for p2 and ps3 were 
obtained only at these angles therefore. The pulse 
heights due to these two proton groups were fairly well 
resolved and the total relative uncertainty of the data is 
estimated to be about 5%. 

Absolute differential cross sections in the present 
work were obtained by normalizing all measurements to 
differential determination 


an absolute cross-section 


TABLE II. Differential cross sections for the Be (He?,p) B" reac- 
tion leaving B" in its ground state, as a function of proton angle 
and He’ energy. The cross sections are given in millibarns per 
steradian and the He’ energy in Mev. 





\ Laboratory 
angle 
He? \. 


energy \, 305 90° 120° 


1.01 
1.05 
1.14 1.47 
1.16 1.50 
1.21 1.58 
1.04 1.16 1.61 
0.99 1.31 1.61 
1.00 1.19 1.60 
0.98 1.16 1.69 
0.99 37 1.62 
1.02 1.14 1.59 
1.02 1.13 1.47 
1.08 1.39 
1.13 1.32 
1.03 1.22 
1.06 12) 
1.14 1.16 
1.11 1,09 
1.01 1.02 
1.00 0.95 
0.92 0.92 
0.90 0.92 
0.83 0.85 
0.79 0.85 
0.79 0.82 
().82 0.82 
0.83 0.79 
0.86 0.89 
0.91 0.86 
0.92 0.83 
0.94 0.74 
0.83 0.83 
0.93 0.69 
0.92 0.68 


150° 
1.08 
1.26 


0.78 
0.90 
0.93 
0.92 
0.91 
0.87 
0.86 
0.82 
0.78 
0.77 
0.76 
0.79 
0.84 
0.82 
0.92 
0.88 
0.84 
0.84 
0.78 
0.79 
0.79 
0.75 
0.76 
0.74 
0.78 
0.80 
0.75 
0.69 
0.73 
0.67 
0.72 
0.68 
0.56 
0.50 


0.84 
0.95 
1.01 
0.97 
1.04 
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TaBLE III. Differential cross sections for the Be*(He',p)B™ 
reaction leaving B" in its first excited state, as a function of proton 
angle and He energy. The cross sections are given in millibarns 
per steradian and the He energy in Mev. 


\ Laboratory 
\angle 
He \. 


energy \, 0° 150° 


0.63 
0.73 
0.82 
0.84 
0.92 
0.85 
0.82 
0.76 
0.66 
0.59 
0.60 
0.56 
0.53 
0.49 


0.26 
0.32 
0.34 
0.36 
0.40 
0.44 
0.49 
0.62 


0.44 
0.45 
0.44 
0.47 
0.49 
0.52 
0.50 
0.49 
0.46 
0.41 
0.40 
0.34 
0.29 
0.29 
0.31 
0.27 
0.27 
0.29 
0.29 
0.28 
0.29 
0.33 
0.32 
0.35 
0.34 
0.37 
0.32 
0.37 
0.34 


0.69 
0.78 
0.95 
| 
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0.96 
0.97 
1.02 
1.05 
1.03 
1.03 
1.06 
1.06 
1.03 
0.96 
0.95 
0.91 
0.75: 
0.83 
0.78 
0.72 
0.66 
0.69 
0.65 
0.67 
0.69 
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made at 2.0 Mev. The uncertainties of this absolute 
determination are estimated to be about 20%. 


IV. DISCUSSION 


The differential cross sections shown in Figs. 2, 3, and 
4 present several significant features in common. They 
are not symmetric about 90°; and, with the exception of 
proton group fs, all are complex and strongly peaked in 
the forward direction with respect to the incident beam. 
This type of behavior is characteristic of reactions which 
proceed by direct interactions. The observed angular 
distributions could, in principle, result from the decay 
of a compound nucleus which was formed in a combi- 
nation of overlapping energy levels with different spins 
and both parities. The existence of such a suitable set of 
levels presents a difficulty, however, in view of the fact 
that the excitation energy of the C' compound system 
is 29.7 Mev. If the concept of a compound state is valid 
at such high excitation energy, it would appear more 
likely that the statistical model of the nucleus should 
obtain. This would however give rise to angular distri- 
butions which are symmetric about 90°.* Another 


26. Wolfenstein, Phys. Rev. 82, 690 (1951). 
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Fic. 7. The total cross sections for the ground and first excited 
state proton groups from the Be*(He®,p)B" reaction as a function 
of incident He’ energy. 


feature common to all these differential cross sections is 
the relatively large yield observed at backward angles. 
These yields probably require some process other than 
simple stripping by capture of the deuteron from the 
incident He’ particle. Either compound-nucleus forma- 
tion or heavy-particle stripping can give rise to large 
yields at backward angles; but, with the data of 
Figs. 2, 3, and 4 alone, it is not possible to distinguish 
between these two mechanisms. 

Additional information concerning the reaction mech- 
anism was obtained by measuring the differential cross 
sections for proton groups fo and #; as a function of 
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Fic. 8. The laboratory differential cross sections at laboratory 
angles of 7° and 90° for the second excited state proton group 
from the Be*(He',p)B" reaction as a function of incident He® 
energy. 
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bombarding energy. Data obtained at six angles in the 
energy interval from 1.8 to 5.1 Mev show that the 
angular distributions for both ~o and ; change in a 
gradual manner with changing bombarding energy. For 
po, the forward maximum and a minimum at approxi- 
mately 60° persist throughout the energy interval in- 
vestigated. For p,, a similar behavior is observed for a 
maximum at 60° and a minimum at approximately 90°. 
The forward yield increases gradually until at 5.0 Mev 
the 60° maximum is no longer observed. For both proton 
groups, there is continued forward peaking with in- 
creasing bombarding energy and no marked decrease in 
the complexity of the angular distributions. Measure- 
ments extending to 6.05 Mev show that the forward 
peaking persists.?” In Fig. 7 are shown the total cross 
sections for the po and f; proton groups plotted as a 
function of bombarding energy. While some variations 
are observed in the differential cross sections at the 
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Fic. 9. The laboratory differential cross sections at laboratory 
angles of 7° and 90° for the third excited state proton group from 
the Be®(He®,p)B" reaction as a function of incident He* energy. 


individual angles, the total cross sections show no 
resonances. 

Differential cross sections as a function of bombarding 
energy were also obtained at 7° and 90° for p2 and ps3, 
and are shown in Figs. 8 and 9. The variations which are 
observed have relatively small amplitudes and widths of 
several hundred kev. Based on the detailed differential 
cross-section measurements for these two groups at 4.5 
Mev, the curves indicate that the forward peaking is 
still present at 5 Mev. 

The absence of resonances in the total cross section, 
the asymmetry of the angular distributions about 90°, 
the gradual changes in these angular distributions with 
changing bombarding energy, and the increasing for- 
ward peaking with increasing bombarding energy are all 
characteristics expected on the basis of a direct-inter- 


27D. R. Sweetman, Bull. Am. Phys. Soc. 3, 186 (1958). 
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action mechanism for the reaction. On the other hand, 
if compound-nucleus formation is to explain the obser- 
vations, not only must the concept of a compound state 
in C”. retain its validity in the region of excitation 
energy from 27.7 to 30.1 Mev, but in addition the nature 
of the energy levels involved in the reaction and their 
overlap must be a function of the bombarding energy 
such that the angular distributions and total yield will 
change in the gradual manner observed. The possibility 
of satisfying all these requirements simultaneously is 
clearly open to question. It would seem more plausible 
that if the effects are due to compound states, at these 
excitation energies, the density of available levels should 
increase with increasing bombarding energy and the 
angular distributions should consequently tend to be- 
come less complex and more symmetric about 90°. The 
characteristics of this reaction, taken together, indicate 
therefore that the reaction proceeds mainly through 
direct interactions. The variations in differential cross 
sections at individual angles, noted previously, may 
indicate that there are interference effects between the 
forward stripping amplitude and another amplitude in 
the reaction. A detailed theoretical analysis of the data 
may reveal the nature and strength of this interference. 

The predominance of direct interactions for the 
highest energy proton groups from this reaction is also 
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consistent with the following argument: When the 
excitation energy of the compound state is high and 
when many levels are available in the residual nucleus, 
the emission of energetic particles from the compound 
nucleus is unfavored. The compound nuclei which are 
formed then decay mainly to the higher excited states of 
the residual nucleus, and the highest energy protons are 
emitted mainly through direct interactions.?* For the 
Be®(He',p)B" reaction, with a ground-state Q value of 
10.33 Mev and with many levels available in the 
residual B" nucleus, it is likely, therefore, that the 
highest energy proton groups will display the charac- 
teristics of direct processes. 

It is of interest to note that (He*,p) reaction cross 
sections, if simple stripping is approximated for the 
forward direction, may provide information regarding 
the probability for a reaction between the incident 
deuteron and the “core” of the target nucleus in a heavy- 
particle stripping process. The Be®(He’,p)B" reaction, 
for example, corresponds to the heavy-particle stripping 
mode of the B'°(d,p)B" reaction. 


28 This argument is opposite to that given for deuteron stripping 
reactions by D. H. Wilkinson, Phil. Mag. 3, 1185 (1958). He’- 
induced reactions, however, because of the greater binding of the 
He’ particle, may be expected to exhibit a behavior different from 
that of deuteron stripping. 
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The finite size of the carbon nucleus causes the K-orbit muon density within the nucleus to be smaller 
than the density for a point nucleus. Previously calculated muon capture rates in carbon should be reduced 
by about 6% for this effect. Our recalculated capture rate to the ground state of B"™ does not differ greatly 
from previously calculated values. It is 7300 sec™!, with an assigned theoretical error of about 10%. The 
result tends to support the Feynman-Gell-Mann proposal of a conserved vector current in the framework 
of a universal Fermi interaction. We give also various predicted correlation coefficients, which do not 


differ significantly from those of Wolfenstein. 


The allowed and all second-forbidden matrix elements have been calculated as a function of the inter- 
mediate coupling parameter a/K. The beta-decay rate of B" is predicted correctly for a/K =4.5, a value 
which is close to that favored by other evidence. The calculated second-forbidden vector matrix element 
differs by 20% from the ‘‘experimental” value derived from a magnetic dipole transition rate in C™. 


I. INTRODUCTION AND SUMMARY 


IVE experimental determinations of the muon 
capture transition rate from the ground state of 


* Appointment supported by the International Cooperation 
Administration under the Visiting Research Scientists Program 
administered by the National Academy of Sciences of the United 
States of America. 

t Part of this work was carried out at the Los Alamos Scientific 
Laboratory. 
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C” to the ground state of B® have been reported.'~® 
Theoretical calculations have been reported by God- 
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Fic. 1. Comparison of theoretical and experimental values 
for muon capture rate in carbon to the ground state of B”. The 
labels 1-5 designate the experimental papers, references 1-5. The 
correction factor for capture to low excited states (taken from 
reference 5) is applied to all the data. ‘All effects” means a con- 
served vector current assumed, induced pseudoscalar interaction 
assumed, and coupling constants as given in Sec. I. “No P”” means 
Cp set equal to zero. ‘No V” means no conserved vector current. 
For the case of “all effects included,” comparison theoretical values 
of Wolfenstein (reference 7) and of Fujii and Primakoff (reference 
6) are shown, reduced by 6% for the finite nucleus effect on the 
muon wave function. The open square is a weighted mean of all 
experiments, using the quoted errors. Note that the vertical scale 
does not go to zero. 


frey,' by Fujii and Primakoff,® and by Wolfenstein,’ in 
order of increasing accuracy. The contribution of 
second-forbidden matrix elements has been estimated, 
as have the effects on the radial integrals of the finite 
wavelength of the neutrino. 

The present report of another theoretical calculation 
of the same process introduces a number of improve- 
ments in the matrix element evaluation. Most of our 
differences from Wolfenstein turn out to be too insig- 
nificant numerically to warrant much interest. Accord- 
ingly, details of our formulation and of the matrix 
element evaluation appear in appendices. However, we 
wish to draw attention to the following two results, 
discussed in Secs. II and III: (1) The effect of the 
finite size of the nucleus on the muon wave function 
is significant and diminishes the transition rate by 
about 6%; (2) the value of the intermediate coupling 
parameter,’ a/K, which yields the correct Gamow- 
Teller matrix element, (c), to fit the B” beta-decay rate 
is about 4.5, close to the value required to fit energy 
levels and magnetic moments around this mass number. 

The four second-forbidden matrix elements have also 
been evaluated in intermediate coupling as a function 
of a/K. One of them, however—that arising from the 
vector interaction—may be independently inferred® 
from an experimentally known’ magnetic dipole 
transition rate in C” (after a radial matrix element 
correction). The theoretical (at a/K=4.5) and experi- 
mental matrix elements differ by 15% (reference 10) 


6A. Fujii and H. Primakoff, Nuovo cimento 12, 327 (1959); 
see also H. Primakoff, Revs. Modern Phys. 31, 802 (1959). 

7 L. Wolfenstein, Nuovo cimento 13, 319 (1959). 

*D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

® M. Gell-Mann, Phys. Rev. 111, 362 (1958). 

© E. Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957). 

u E, L. Garwin, Phys. Rev. 114, 143 (1959). 
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or 20% (reference 11), while the quoted error on the 
experimental matrix element is about 10%. 

Figure 1 compares our theoretical transition rate 
with experiment for various assumptions about the 
vector and pseudoscalar interactions. We take Cp=0 
or 8C4,” Cy= —0.83C4, Ca“=Ca®. For the assumption 
of no conserved vector current, the theoretical vector 
matrix element is used (with pp—u,=1). For the 
assumption of a conserved current, the “experimental” 
vector matrix element inferred from reference 11 is 
used. The theoretical value, including “all effects,” is 
significantly lower than the two experiments with the 
smallest quoted errors.*’ On the other hand, it agrees 
with the experiments with larger quoted errors, and is 
in fair agreement with the weighted mean of all five 
experiments. In view of the substantial differences 
among the experimental result, one can only conclude 
so far that the calculation with “all effects” and with 
the above coupling constants is not in disagreement 
with the experiments taken as a whole. Agreement is 


TABLE I. Values of matrix elements. 


Matrix element values 
Fujii and 
Primakoff* 


This 


Name Wolfenstein work 


g0( Yoo) A, 0.236 

g2(¥20) A,®) 0 
—giysl 1 2 — 0.0202 
(0.0285 
40.134 


Operator 





0.235 
0.0458 
0.0746 
0.0245) ¢ 
0.140 
0.170 } 
0.0184 


0.231 
0,° 0.0494 
0.0197,¢ 0.03354 
0.0279, 0.01484 
g: (Via) Ve 0.131,° 0.1214 


—giBye¥1 0.0197,° 0.01854 


* See reference 6. 

b See reference 7. 

© These values used by Wolfenstein. 

4 These values calculated by Wolfenstein, but not used. 

¢ Upper line, no conserved current; middle line, conserved current, 
theoretical value; third line, value derived from experimental gamma 
transition rate in C' (reference 11). 


0.0202 





better with the assumption of a conserved vector 
current than without this assumption. If one accepts 
as significant the weighted mean of the five experiments, 
then agreement is satisfactory with a conserved vector 
current and is otherwise unsatisfactory, whether or not 
an induced pseudoscalar interaction is included. 
Theoretical uncertainties are shown in Fig. 1, and are 
discussed in Sec. V. 

The matrix elements we used are defined in Appendix 
I and their numerical values are given in Table I, where 
comparison is also made with earlier theoretical values 
for these quantities. 

Table II shows the predicted transition rates for the 
models illustrated in Fig. 1, together with the ampli- 
tudes A; and A; defined in Appendix I and the corre- 
lation coefficients C,; discussed in Sec. IV. 


berger and S. B. Treiman, Phys. Rev. 111, 355 (1958). 
1% R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 





MUON CAPTURE BY 


Il. MUON WAVE FUNCTION 


The Dirac equation was solved numerically on an 
IBM-704 computer" for the wave function of a muon 
in the field of a finite sized carbon nucleus whose charge 
distribution was chosen to give agreement with high- 
energy electron scattering results. The fact that the 
Dirac equation was used is of little significance, since 
the small component of the wave function is of negligible 
importance. The finite size of the nucleus is of consider- 
able importance, however, as illustrated in Fig. 2. It 
reduces the muon density at the origin by a factor 
0.876. At small r (but to well out beyond the edge of 
the nucleus), the large component of the muon wave 
function is fitted by 


¢,(r) =0.001889[ 1 — 3.375 10-724 3.06X 10-4], (1) 


where r is in units of 10-" cm, and ¢,(r) is in units of 
(10-8 cm)~!. The normalization is 44 f ¢,2(r)r’dr= 1. 
The correctness of the numerical solution was verified 
by its curvature at the origin, by its close agreement 
at large r with the point-nucleus solution, and by the 


TABLE II. Transition amplitudes, rates, and 
correlation coefficients. 








Rate 


Model Ay Ay (sec) Cab Cx Ci 





0.903 
0.898 
0.690 
0.868 
0.592 


—0.951 
—0.949 
—0.845 
—0.934 
—0.796 


0.520 
0.525 
0.623 
0.545 
0.645 


7260 
6810 
8170 
5280 
6200 


0.229 
0.222 
0.257 
0.198 
0.227 


—0,0952 
—0.0905 
—0.0551 
—0.0735 
—0,0334 


All effects® 
All effects4 
No Pee 
No V4.t 
No P and no V4 
All, but opp. 
Cp sign® 0.286 0.430 —0.715 0.664 


—0.0150 9650 


*® Amplitudes Aj defined in Appendix I. 

b Correlation coefficients Ci defined in Sec. IV. 
¢ ‘*Experimental” vector matrix element used. 
4 Theoretical vector matrix element used. 
¢“‘No P” means Cp =0. 

{No V" means no conserved current. 


correct numerically obtained eigenvalue. Using har- 
monic oscillator wave functions for the nucleons, and 
the polynomial (1) for the muon, all of the radial 
integrals encountered in the matrix element evaluation 
are of the form 


f J,(gr) exp(— p’r)r’*"dr, 


where n is an integer. These integrals may be evaluated 
analytically,!® and are particularly simple for n= 1. 


Ill. INTERMEDIATE COUPLING CALCULATIONS 


The allowed matrix element of Voo need not be 
calculated theoretically, since it may be taken from the 
known B®” decay rate. It is nevertheless of separate 


14 We are indebted to the authorities of the Los Alamos Scientific 
Laboratory for the opportunity to make use of the computing 
facilities at Los Alamos. 

18W. Magnus and F. Oberhettinger, Special Functions of 
Mathematical Physics (Chelsea Publishing Company, New York, 
1949), p. 35. 
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Fic. 2. Density of muon 
in K orbit of carbon, shown 
near the origin. Note that 
the vertical scale does not 
go to zero. The harmonic 
oscillator charge density of 
carbon is shown for com- 
parison. (The point nucleus 
solution is nonrelativistic, 
while the finite nucleus 
curve is the square of the 
large component of a rela- 
tivistic solution, but this 
difference is of no impor- 
tance.) 
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interest to calculate this number in the intermediate 
coupling model, to see if the transition can be con- 
sistently understood in terms of p-shell nucleons only. 
The results of such a calculation are shown in Fig. 3(a). 
The experimental value of the matrix element is given 
correctly at a value of the intermediate coupling 
parameter a/K=4.5. In general around this mass 
number, Kurath'® finds that values of a/K from 4.5 to 
5.5 yield the best agreement with experimental energies 
and magnetic moments. The magnetic moment of C™ 
is fitted by a/K=5. The B™ beta-decay rate therefore 
fits consistently into the earlier pattern. (More recently 
Kurath has found some examples of very poor agree- 
ment between theory and experiment for beta decay 
rates.!7) Gamma-ray transition rates are less consistent. 
The 15.11-Mev gamma-ray transition rate in C” is 
fitted by a/K=6+0.6. 

The energy matrices of French'® (which assume a 
Rosenfeld exchange mixture and use a value L/K=6) 
have been diagonalized by Levinson and Pinkston on 
an IBM-650 computer. The matrix element evaluation 
in intermediate coupling made use of the fractional 
percentage coefficients of Elliott ef al." 
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Fic. 3. All needed re 
duced matrix elements 
as a function of the 
intermediate coupling 
parameter a/K. Nota- 
tion and_ definitions 
given in Appendix I. 
The value of a/K which 
fits the B" beta-decay 
rate is 4.5, as indicated 
in (a). In (b), (c), and 
(d), values of the other 
matrix elements are 
indicated at this value 
of a/K. In (d) the 
Russell-Saunders _limit- 
ing value is —(2/m)# ‘ , 
X(rtg,) and the jj saerr”) 
limiting value is (4) 
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‘6 T). Kurath, Phys. Rev. 101, 216 (1956) ; and 106, 975 (1957). 

171). Kurath (private communication). 

18 J. B. French, University of Pittsburgh Technical Report No. 
IX, March, 1958 (unpublished), Part I. 

19 J. P. Elliott, Phil. Trans. Roy. Soc. 246, 241 (1953-54). 
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TABLE III. Reduced matrix elements, (B**||O||C”). 





Matrix elements 


Operator a/K =4.45 ws 





0.308 2(3x)-= 
~0.112 
—0.040 


}ig(1.91) 


Yoo 0 0.651 
Yeo 0 
YoL 0 


— (6r)-+= —0.230 
— (3r)-+= —0.326 
$1q(2.23) 





The other three needed matrix elements have also 
been evaluated as a function of a/K and results are 
shown in Figs. 3(b)-3(d). These are (Voc) and (YoL), 
which are purely angular matrix elements, and 
(g:(r)Y:e-V), which mixes angular and radial parts. 
(See Appendix I for notation.) 

The values of all four needed matrix elements are 
given in Table III in LS and jj coupling limits and at 
a/K=4.5. The radial matrix elements are given in 
Appendix IT. 

The theoretical vector matrix element is (Table I) 
V2=0.140. The “experimental” vector matrix element” 
is Ve=0.170+0.014 from reference 11, or 0.161--0.016 
from reference 10. (The values derived directly from 
the gamma-decay rate in C” are 0.205 and 0.194. These 
must be corrected downward however because of the 
smaller radial matrix elements in the high-energy muon 
capture event than in the lower energy gamma decay.) 
There is some question whether the theoretical- 
experimental difference is significant. It seems possible 
that the Coulomb-induced difference between the 15.11- 
Mev state in C” and its isotopic partner, the ground 
state of B”, might be enough to account for the differ- 
ence in the matrix elements.”! In the absence of any 
definite evidence on this point, however, we adopt the 
“experimental” matrix element inferred from reference 
10 for the predicted capture rates shown in Fig. 1. 
(The rate using the theoretical V2 is 5% smaller.) 

In reference 9 and in a more recent publication,” a 
comparison of the beta spectra of B® and N™® has been 
suggested as a test of the conserved vector current 
hypothesis. In reference 22 a parameter A is defined 
characterizing the deviation from the allowed spectrum 
shape. We note that our theoretical values for A are 
0.21%/Mev for no conserved current and 1.09%/Mev 
with a conserved current, while the value derived from 
the C® gamma-decay rate is 1.33%/Mev. 


IV. CORRELATION COEFFICIENTS 


The three vectors which define possible angular 
correlation experiments are. the muon polarization 
direction, the B” recoil momentum, and the momentum 


* The relation of our notation to that in reference 9 is the 
following: A, = (3/4r)tm, V2= (9/4r)*(g/M)tu. Note however 
that the radial matrix elements are different for muon capture 
and for beta decay. 

*1 We refer here not to mixing of different isotopic spins but to 
altered coupling among the available states of given isotopic spin. 

22S. M. Berman and M. Gell-Mann, Phys. Rev. Letters 3, 99 
(1959). 
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of the subsequent electron from the B” beta decay. 
These are shown schematically in Fig. 4, where the 
angles 6, y, and w are also defined. We write the angular 
correlation factors as follows: 


(1) Muon polarization, B® recoil correlation: 
W (6) =1—£&, cosé. (2) 
(2) B® recoil, electron momentum correlation: 
W (¢)=1—(v,./c)RC2 cosy. (3) 


(3) Electron momentum, muon polarization corre- 
lation: 


W (w) = 1—(v,/c) ERC3 cosw, (4) 


R is a correction factor for depolarization of the 
recoiling B” nucleus, ¢ is the muon polarization, and 2, 
is the electron velocity. The correlation coefficients C; 
are given in terms of the amplitudes A; (defined in 
Appendix I) by 


C:=HAs—Ap—324 A) /(Ap+4e), (5) 
Cr=3(—24P—Apt8'A4Ay)/(APtAy), (6) 
C2=3(24~—Ap)/(Ap+Ay). (7) 


MUON 
POLARIZATION 


Fic. 4. Vectors and angles 
which enter into angular corre- 


B'* RE cou 
lation measurements. 


ELECTRON 
MOMENTUM 


These quantities have been given previously by 
Wolfenstein.’? The relation to his notation is Cj=A, 
C2=—Jo, and C;=J,. C2 is the B® polarization along 
its recoil direction. C; is the B” polarization along the 
muon polarization direction. [Note that Eqs. (5)—(7) 
are written for real Aj. Otherwise replace A;* by |A;|? 
and A 3Ay by Re(A 3"A :).] 

It will be observed in Table II that none of the 
correlation coefficients is very sensitive to the assump- 
tions about the interaction. In fact the least sensitive 
coefficient, C3, is unfortunately associated with the 
easiest correlation experiment. 


V. THEORETICAL ERROR 


From the formulas in Appendix I, one may evaluate 
the exchange ratios, eg., E,(X)=(X/A;)(dA;/dX), 
where X is any parameter entering the formulas, and 
thereby determine the sensitivities of the amplitudes 
to values of the coupling constants, the matrix elements, 
etc. Results of this kind are shown for;the total transi- 
tion rate, 7, in Table IV, for the model with “all 
effects” included. Here E(X)=(X/T)(dT/dX). 

The rate is most sensitive to the axial vector coupling 
constant and to the nuclear radius. The rms radius of 
the charge distribution of C”, which is approximately 





MUON CAPTURE BY 
the relevant parameter for the muon capture, is known 
to a few percent. 4 In order to estimate a theoretical 
uncertainty, we adopt 3% as the uncertainty in radius, 
which contributes 3% uncertainty to the predicted 
transition rate. For each of the three second-forbidden 
matrix elements we adopt arbitrarily 20% uncertainty. 
The contributions to the uncertainty in the transition 
rate are then 1% from the forbidden axial vector 
matrix element, 6% from the vector matrix element, 
and 2% from the pseudoscalar matrix element. The 
uncertainty in the allowed axial vector matrix element 
is by comparison negligible. The uncertainties shown 
in Fig. 1 are derived in this way, and amount to 12% 
for the predicted rate with “‘all effects” included. If 
one has more confidence in the identity of the isotopic 
partner states in B” and C” and believes the ‘‘experi- 
mental” vector matrix element, the uncertainty in the 
theoretical rate would be reduced to about 8%. It will 
not be easy to improve upon this. Even if more accurate 
absolute measurements of electron scattering cross 
sections make possible an uncertainty in rms radius of, 
say, only 1%, it will still be necessary to separate the 
s-state and p-state contributions to the charge density. 


TABLE IV. Exchange ratios for total transition rate. 
E(X) 
1.74 
0.348 
— 0.087 
— 0.044 
0.294 
— 0.092 
—0.96 


X Adopted value 
Cay/Cap 1.00 
Cy,/Cag —0.83 
Cp,/Cag 8.0 
A» 0.0746 

"9 0.160 
» 0.0184 
Radius ao= 1.65 10~* cm* 


* ao is the oscillator radial parameter; see Appendix IT. 


Various aspects of low-energy nuclear physics tend 
to confirm that meson exchange currents do not 
significantly alter the nucleon-nucleon forces or the 
electromagnetic properties of nucleons in nuclear 
matter. Therefore the Foldy-Wouthuysen method may 
be used with some confidence to find the relativistic 
matrix elements. The strongest evidence for this 
conclusion comes from nuclear magnetic moments. In 
particular the moments of O' and of various nuclei 
with spin 3 and odd parity imply that nucleons in the 
nucleus do not differ substantially from free nucleons. 
In the present problem the most important relativistic 
matrix element, V2, is essentially a magnetic moment 
matrix element, whose ‘‘experimental”’ value is indeed 
fairly well fitted by the intermediate-coupling calcu- 
lation. As indicated earlier, an exact fit requires 
a/K=6=+0.6. Alternatively, one may leave a/K=4.5 
as implied by the B” beta-decay rate and say that the 


23 Meyer-Berkhout, Ford, and Green, Ann. Phys. (N. Y.) 8, 
119 (1959), 

4H. Uberall [Phys. Rev. 116, 218 (1959) ], has noted that the 
much greater rms radius uncertainty in lithium renders accurate 
prediction of the muon capture rate in that element impossible. 
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fit is achieved by replacing the free-nucleon magnetic 
moment difference, up—un=4.70, by an_ effective 
difference up—pn=5.70+0.5. This alteration is greater 
than one would expect from studying static magnetic 
moments. 

Note added in proof—A new measurement” of the 
15.11-Mev gamma-ray transition rate in C® (by means 
of high-energy electron scattering) is in agreement with 
the theoretical prediction at a/K=4.5. 
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APPENDIX I. NOTATION, DEFINITIONS, AND 
CAPTURE RATE FORMULA 


We write the large component of the bound muon 
wave function as ¢,= ¢,(0) f(r), where f(0)=1, and 
extract the constant factor ¢,(0) from all the matrix 
elements. The small component can be shown to make 
an entirely negligible contribution to the transition 
amplitudes. The radial factors appearing in the matrix 
elements are then 

gu(r) = (—1)'(21+1) jr(gr) f(r), (Al) 


where g is the neutrino momentum in the center-of- 
momentum frame. For the gamma matrices, we adopt 
the definitions, 


y=— Ba, ys=B, Vo=VIVV34- 


The five relevant matrix elements are then defined as 


follows: 


Ay =(B™||go¥ oa||C®), (A2) 
A,® =(B" | go(V20)"||C®), (A3) 
(A4) 
(AS) 


A= (B?l—giysV1 Ce). 
V>=(B®l|g, (Vie) ||), 
P,=(B"||— giBysV1||C™), (A6) 


where Racah’s definition of a reduced matrix element 

is used, 1.€., 

(JM | T®,|J'M')= (2J+1)3C (J'KJ ; M'qM) 
X(J||T||F’). 

The products (Yoo) and (Via) designate tensor prod- 

ucts, €.g., 


( Vor)? VU =) Cull: mm! M)V emo? m’. 


(A7) 


(A8) 


' 
It is to be noted that (Via) = ir (3/89)? (r& a). In 
(A2)-(A6), the subscripts 1 and 2 designate the non- 


26 W. Barber and F. Gudden, Phys. Rev. Letters 3, 219 (1959), 
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relativistic or relativistic part of the interaction, while 
the superscripts (0) and (2) refer to the allowed and 
second-forbidden parts of the nonrelativistic axial 
vector interaction. An abbreviated notation is used for 
the operators, e.g., 5 O:7:,, where i labels the nucleons, 
is written simply as 0. 

The effective coupling constants, G4 and Gp, used by 
earlier authors, are given, in our notation, by 


1,°G 4=C4A1+ (50)-1C 4A 12 —6-4Cy Vo, 
AG p= 3-4C pP2—3-"C4A2 
—6- Cy V2t3(50)C 4A. 


(A9) 


For some purposes, it is more convenient to discuss the 
amplitudes, A, and Aj, for emission of the neutrino in 
states s; and d;. Normalizing these in an obvious way, 
we have 

C4Ay=CaA1— ( 
CaA3= (—1/5)CaA1® — 


(27)-*4[C 4A ot2'CyV2tC pP2 |, 

(27)-*[2'C4A2 
—CvV2t2'C pP2]. 

The total transition rate is proportional to |A,)? 


+ |A,|*. Specifically, the muon capture rate is related 
to the B® beta-decay rate by 


T,,/Ts=[3x*| ¢,(0) |2¢?/ f(Z,Wo) ] 
= 3408, 


(A10) 


(A11) 


where g is the neutrino momentum in the center-of- 
momentum frame, and ®, the ratio of the averaged 
squared matrix element for the two processes, is given 
by 


R= (|Ay|2+] Az]2)/|(B"||Fool/C®)|2. (A12) 


The denominator of Eq. (A12) is equal to the numerator 
evaluated for radial factors gox=1, gi=g2=0, approxi- 
mations which are accurate to about 1% for the beta 
decay rate. For the second of Eqs. (A11), Ts=33.2 
sec! is used. In the first of Eqs. (A11), ¢,(0) is the 
‘rue muon amplitude at the origin, not the point-nucleus 
value, and {(Z,Wo) is the standard Coulomb correction 
factor, for which we have used 


f(Z,Wo) = 1.15W0°/30 (A13) 


with Wo=27.23 electron masses. The value of f is 
irrelevant to the muon capture calculation, but is 
needed for the determination of (Yoo) from experiment 
and for comparison with the intermediate coupling 
calculations. 
APPENDIX II. CALCULATION OF 
MATRIX ELEMENTS 

The matrix elements have been evaluated in the 

following way. (1) The transition is assumed to involve 
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p-shell nucleons only, and the p-state radial wave 
function is taken to be the oscillator function, 
~r exp(—4r*/ac?), with ao=1.65X10-'* cm. This fol- 
lows from the analysis of high-energy electron scatter- 
ing. (2) The muon wave function is taken from a 
numerical solution of the Dirac equation for a finite- 
sized carbon nucleus (not the harmonic oscillator 
distribution, but a similar one which also fits electron 
scattering data). (3) The nonrelativistic matrix ele- 
ments, proportional to (Yoo) and to (Y2a), are evaluated 
in the intermediate coupling model with a/K=4.5. 
(4) The relativistic matrix elements are evaluated by a 
Foldy-Wouthuysen reduction to first order in (nucleon 
mass)~!, after which an intermediate coupling calcu- 
lation is also carried out. 

For the nonrelativistic matrix elements (A2) and 
(A3), the radial and angular parts separate immediately : 


1 = (go) Yoo) =0.765(¥ oa) = 0.236, (A14) 
1, = (go) Vor) = —0.408(V 20) = 0.0458. (A15) 


For the relativistic matrix elements (A4)—(A6) we find 


the following expressions: 
Ay=—P.—iM-KgiV 
io? 
“2, M 


(e-¥)), (A16) 


“|<: Lar un) Voo)+(VoL) | 


. (<(:) ie) 42 KY )]}, (A17) 
= “1 (at 3 +72) re) 
-2¢- (Cx) | 


These become equal to Wolfenstein’s expressions if we 
set gi= (—1)'(2/+1) ji(gr), i.e., if the radial variation 
of the muon wave function is ignored. His notation is 
related to the present notation approximately by 


(A18) 


x= (50)-4A 12/41, 
u(1+x2)+A=671(2M/q)V2/A, 
— (1+-w)=3-1(2M/q)A2/Ay™. 


(A19) 


Our numerically calculated matrix elements are given 
in Table I and Table III. The radial matrix elements 
needed in (A16)—(A18) are (r~'g;:)=—ig(0.847) and 
(rd/dr(r~'g1)) = ig (0.276). 
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A study is made of the exactly soluble field theories which are characterized by Hamiltonians quadratic 
in the field variables. As an example of such a theory, a model describing the electric dipole interaction of 
photons and a nonrelativistic, harmonically bound electron is studied explicitly. For the cases when the 
cutoff is sufficiently large to admit the “runway solutions,” it is necessary in order to obtain consistency 
and a sensible physical interpretation that the theory be reformulated by a unique modification of the equal- 
time commutation rules of the field operators. The problems which arise here in connection with the “run- 
away solutions” are closely related to the troubles of ghost states and negative transition ‘‘probabilities” 
which have been demonstrated or suggested to exist in other theories. It is hoped, therefore, that the pro- 
cedure of reformulation required here may be a guide for the eventual resolution of the ghost-state problem 
should it be demonstrated that such problems actually exist in the physical, relativistic field theories. 


I. INTRODUCTION 


ECENTLY there has arisen a considerable amount 
of evidence to indicate that field theories in the 
limit of no cutoff possess properties which are contrary 
to those usually assumed in quantum mechanics. In 
the Lee model,' for example, it has been demonstrated? 
that the bare coupling constant must be pure imaginary 
with the result that the Hamiltonian for the theory is 
not Hermitian. This feature then necessitates a quanti- 
zation procedure employing a Hilbert space with an 
indefinite metric and, more important, causes consider- 
able difficulty in the physical interpretation of the 
theory. Spurious eigenstates of the Hamiltonian appear 
and the transition processes involving these states occur 
with a nonpositive “‘probability.”” Except for one case® 
which relies for its success upon the choice of specific 
values of the parameters of the model, the Lee model 
has apparently not been interpreted in a manner which 
is free of ambiguities. 

The problems which can be seen so clearly in the 
Lee model may well be symptomatic of a disease under- 
lying all of field theory. Ambiguities similar to those 
present in the Lee model have already been shown to 
exist in a truncated version of relativistic quantum 
electrodynamics,‘ and although it has not been proved, 
they may well be present in the full theory. In any case 
it is clearly desirable to acquire a better understanding 
of the problems present in as many theories as possible 
so that they may be compared and then perhaps re- 
solved in some general manner. 

It is with this motivation that we continue here to 
examine the structure of some exactly soluble field 
theories. Explicitly we study the model of a nonrela- 
tivistic, harmonically bound electron coupled to the 
radiation field in the electric dipole approximation. We 
wish to emphasize, however, that essentially the same 
1T. D. Lee, Phys. Rev. 95, 1329 (1954). 

2G. Kiallén and W. Pauli, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 7 (1955). 

3 W. Heisenberg, Nuclear Phys. 4, 532 (1957). 

‘ Landau, Abrikosov, and Halatnikov, Suppl. Nuovo cimento 3, 
80 (1956). 


conclusions can be drawn from a study of the pair 
theory,® or probably, for that matter, from the study of 
any theory whose Hamiltonian is quadratic in the 
field variables: We have chosen to study the harmonic 
oscillator model explicitly, rather than for example the 
pair theory, simply because it has been the subject of 
greater interest in the past and because it is at least 
approximately descriptive of an actual physical 
interaction. 

It has been known for some time that the classical 
equations of motion for the harmonic oscillator system 
have unphysical “runaway solutions,’’® and it has been 
shown by Dirac’ that these solutions can only be 
ignored, and the model thereby made reasonable, by 
allowing the theory to become acausal over extremely 
small space-time dimensions. Similarly, in the quantum 
mechanical formulation of the theory, the equations of 
motion for the field operators admit these exponentially 
time-dependent solutions. In analogy to Dirac’s pre- 
scription in the classical theory, it has been suggested*® 
that the canonical coordinates associated with the 
imaginary frequency be deleted from the Hamiltonian, 
and the remaining, truncated version of the theory be 
quantized in the usual manner. 

In this paper we study in somewhat greater detail 
those aspects of the quantized harmonic oscillator 
model which arise in conjunction with the “runaway 
solutions.” We conclude, as was done before,® that we 
must project out from the Hilbert space those states 
which generate the exponential time dependence. By 
so doing, however, it is clear that the theory is altered 
from the one which is defined originally in the usual 
formulation of the model. In particular, we find that 
the modification of the theory implied by this trunca- 
tion process manifests itself as an alteration in the 
equal-time commutation properties of the field opera- 
tors. They are no longer the usual delta function ex- 

5G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 

6 See, for example, W. Wessel, Z. Physik 92, 407 (1934). 

7P. A. M. Dirac, Proc. Roy. Soc. (London) 167, 148 (1938). 

8’ N. G. Van Kampen, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. 26, No. 15 (1951). 
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pressions. On the other hand, the field equations satisfied 
by these operators are unchanged. The variations in 
the commutation rules are of such a form that they 
express the acausality of the theory which arises when 
the unphysical states are eliminated. This acausality 
occurs in a manner similar to the lack of causality 
previously noticed by Dirac.’ 

In Sec. II the theory defined by the equations of 
motion and the usual commutation rules is solved 
exactly. We formulate the theory with a cutoff by 
spreading out the electron over a region determined 
by a form factor p(x). The no-cutoff limit is obtained 
by allowing p(x) to approach a delta function. It is 
demonstrated anew® that as the cutoff increases, the 
bare electron mass my=m—6m decreases, and eventu- 
ally goes to negative infinity in the limit of a point 
electron. For values of the cutoff larger than the value 
which gives rise to a zero bare mass, a continuum of new 
eigenstates of the Hamiltonian appears, and those parts 
of the field operators which connect to these states are 
characterized by a real, exponential time dependence. 
This situation is the quantum analog of the existence of 
the “runaway solutions” in the classical theory. 

In Sec. III the spectrum of the Hamiltonian is dis- 
cussed and it is argued that the continuum of eigen- 
states which generate the exponential time dependence 
should simply be omitted from the Hilbert space. In 
Sec. IV the theory is then reformulated with equal- 
time commutation rules modified in such a way that 
the unphysical, spurious states do not arise. Finally, 
in Sec. V the work of the preceding parts of the paper 
is summarized, and the possible generalization of these 
results is discussed. 

It should be emphasized that the acausality which 
arises in the theory studied here is of exactly the same 
origin as the acausality which has been known to exist 
in the corresponding classical problem. Furthermore, 
the procedure of simply eliminating the spurious eigen- 
states is essentially a quantum mechanical method of 
accomplishing Dirac’s prescription of ignoring the 
“runaway solutions” in the classical problem. This 
procedure has previously been suggested® as the method 
for dealing with these solutions in the quantized ver- 
sion of the oscillator theory. It is interesting, therefore, 
that as mentioned previously, exactly the same kind 
of problems occur in the pair theory and probably also 
in all theories whose Hamiltoniahs are quadratic in 
the field variables. In the pair theory, for example, the 
spurious states occur when the bare coupling constant 
is forced negative by increasing the cutoff. The prop- 
erties of these states and the method of ignoring them 
are exactly the same as in the Dirac harmonic oscillator 
model. 

Finally, let us remark that at the present time we do 
not know to what extent the problems of the theory 
studied here are similar to those which appear to exist 
in the relativistic field theories. It is planned to in- 
vestigate the existence of such an analogy and to 
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determine whether the methods for interpreting the 
oscillator model can eventually be extended for applica- 
tion to more physical theories. The fact that this situa- 
tion would imply a lack of microscopic causality does 
not immediately rule it from physical interest. In this 
regard, we mention the work of Feynman and Wheeler® 
where it was concluded that the lack of causality present 
in the classical version of the oscillator problem is not 
cumulative in the sense that it is capable of adding up 
to macroscopic intervals in bulk matter. As long as such 
an addition does not occur, this lack of causality cannot 
be ruled out on the grounds that it contradicts 
experience. 


II. EXACT SOLUTION OF THE MODEL 


The Hamiltonian for the theory is'® 


[p(t)— 6 f ola) A(xDex? 


Ht =———_—_——— +} Kr (1) 
2(m—6m) 


1 
+ f exe (2)+VA-VACx 0), (1) 
? 


which describes the interaction of the photon field A 
with an electron bound harmonically to a center of 
force with a strength determined by the spring con- 
stant K. (We take #=c=1 throughout.) A cutoff is 
introduced by spreading out the charge distribution of 
the electron over a region characterized by the spheri- 
cally symmetric form factor p(x). Subsequently this 
cutoff can be removed by allowing p(x) to approach a 
delta function 6(x). The electric dipole approximation" 
is apparent since the coupling contains no reference to 
the electron’s position r(/). The Hamiltonian in Eq. (1), 
together with the usual equal-time commutation 
relations 

Crj(¢),px(t) ]= 16 jx, 
[Aj(x,f) 1, (x’t) }=[A;(x,0),0,A,(2’,0) ] 

= 16 ;,6°9(x—x’), (3) 

infer the equations of motion 


(mo?+K)r() = —e f o(x)a.A(x)dr+ima znd), (4) 


0°A(x,/) = (V?—07) A(x,1) = —ep(x)d (0). (5) 


At this stage it is interesting to note that the theory 
can be defined in terms of either the Hamiltonian or the 
field equations in conjunction with the commutation 


9 J. A. Wheeler and R. P. Feynman, Revs. Modern Phys. 17, 
157 (1945). 

10 Throughout this paper we completely ignore the gauge condi- 
tion y -A=0. Since our aim is to examine the structure of a field 
theory rather than to describe the interaction of light, we feel 
that this neglect is of no essential consequence. 

See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949). 
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rules. We shall adopt the latter point of view as being 
the more fundamental, since our aim is to show that 
the theory defined by Eqs. (2)-(5) is physically in- 


consistent with our model when the cutoff becomes. 


large. 

We shall then attempt to demonstrate that the cor- 
rect theory is then defined by Eqs. (4) and (5) and by 
altered versions of the commutation rules (2) and (3). 

In order to solve the equations of motion (4) and 
(5) we” employ the Fourier transforms 


1 
pt) =—— | p(x)ers, 
(2r)3 
Ab) = — fa x,b)e*®-*— tet dyed, 
(27)? 


r(w) = ~ fee iat, 
(27)! 


and use them to rewrite the equations in the form 


(6) 
(7) 


(8) 


[ (m—6m)w?— K ]r(w) = iw f p()A (bw )dh, (9) 


(w°— k?) A(Rkw) = iewp(k) r(w). (10) 


These equations can be readily solved with the result 
that for positive frequencies w 
—tew 4° 


tines v4, p(k) A; (kw) d*h, 


( )(w* 


ees? 
(b= fa (oe—¥)+ 
oi he 


(11) 


—) 
D, )(w?) 
XA, (Rw), (12) 


r(i)= 
(2w) 


1 k\} I 
= (Ore “4 Oger) —ie f dh ote) ( ) [— : 
(2ao)! 27 LD :-)(k*) 


and 


ep(k) d*k’ 
A(k,() = —- {- ‘y (O,e-+o' — One*°*) +f- 
R+w?\ 2 (2k') 


ep(k) 
RB +? 


where 


(| 2.) | k’) =83(k— bk’) +———— 


12 We employ the methods of A. Klein and B. McCormick, Phys. Rev. 98, 1428 (1955) ; 


Rey. 109, 991 (1958). 


k\} 
(Oye <4 Ose’) —ie f dk pn(: ) —- 
, 2 D 5 (R*) 


[ (Qe, | R’)aciny (Rem + (—R| QD) | R) aciny*( 
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where we define A, ) as the solution of 


(w?— k?) Ay (kw) =0, (13) 


and 
p(k) R’dk 


D4) (w) = (m—im)st— Kane [ = Berea é 
wtbie— k? 


(14) 


The negative-frequency solutions follow immediately 
from Eqs. (11) and (12) and the condition of Her- 
miticity r(—w)[A(—k, —w) ]=r*(w)[A*(kw) ]. In the 
usual manner we label the homogeneous solution 
Aciny, Aout) When the integrals through singularities 
caused by vanishing energy denominators are defined 
by giving the frequency w a positive (negative), in- 
finitesimal imaginary part +1e. 

By writing k?= (k?—w*)+w’ in the numerator of the 
integrand in Eq. (14), we can cancel the first term 
against the mass correction 6m so that we are left with 
a finite integral in the limit of no cutoff, p?(k) = (23)-*. 
The mass correction becomes 


im= due [ p¥(b)dh, (15) 


and it is clear that for a sufficiently large momentum 
cutoff the bare mass, mo=m—é6m, becomes negative. 
For values of the cutoff for which this situation occurs, 
the D, )(w*) function of Eq. (14) has an additional zero 
for w*= — wy" (see Appendix A), and there exists another 
pair of solutions of the field equations, which can be 


, added to the solutions given in Eqs. (11) and (12). 


Assuming this to be the case (m—6m<0), we can write 
the general solution of field equations (4) and (5) as 


ant(be"| 


tow" te) 
D(4)(R*) 


1 1 

-A(in) (RE Popes > 

+) ( D_)(k*) 
(16) 


Aout) (RET — 


kh’ )eik't 
(17) 


, dR’ 
3 ) (Ore conn f [#2 |R') aoa (RE (| Me) |R’)@oay* (Je), 
(2k’) 


4rre? p(k)p( (R’ yk” 


Dea k’)? 


(18) 
ke? tie—k* 
Norton and A. Klein, Phys. 


see also R. 
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and the a; )(&) are defined in terms of the relation 


1 
A, )(x,t) = — | 
(2x)! 


Lac (ke! +a; )*(k)e* t"), (19) 


The first terms of Eqs. (16) and (17) contain real 
exponential time dependence as well as a pair of as yet 
undefined constant operators 0, and QO». It will be 
recalled that these parts of the general solution only 
exist for large cutoff (i.e., m—ém<0), and it will be 
shown later that those extra solutions must be included 
if the fields are to satisfy the usual commutation rules, 
Eqs. (2) and (3). 


Ill. STRUCTURE OF THE ENERGY SPECTRUM 


If we substitute the relations for r(/), A(k,t) from 
Eqs. (16), (17), and the corresponding expressions for 
p(/), M(x,/) into the Hamiltonian in Eq. (1), we obtain 
after some lengthy but straightforward manipulations 
the result 


~~ “"(0,-0,+0.-0,) 
2R 


+ fa kL a, )*(k)a, (Rk) +a, (Rk) a )*(k) J, (20) 


where the real number R is defined by 


w+ wo" 
R= limit —— 


(21) 
w?- + —wot dD. \(w*) 


and is hence the residue of 1/D, )(w*) at the pole 
w= —wo". In addition to the usual, infinite self-energy, 
the integral term in Eq. (20) simply sums up the total 
energy in all the normal modes represented by either 
the incoming- or outgoing-wave eigenstates. Since these 
incoming- or outgoing-wave scattering states are all 
we would ordinarily expect for our model, a question 
arises about the significance of the first term in Eq. (20). 

By insisting that the Hamiltonian in Eq. (20) generate 
the correct time displacement of the operators r(é), 
A(k,t) given in Eqs. (16) and (17), we obtain the 
commutation rules 


[ 0,(2),0.(2) = iR, 
and, as expected, 


[a )(k),a, )*(k’) J=8(k—-k’). 


(22) 


(23) 


Equation (22) can also be obtained directly by the 
method of Appendix A, reference 12, by insisting that 
the solutions in (16) and (17) lead to the conventional 
commutation relations given in Eqs. (2) and (3). Since 
the first and second terms of Eq. (20) are completely 
uncoupled, the eigenstates of H are the direct product 
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of the separate eigenstates of each of these two terms 
in the Hamiltonian. The eigenstates of the right-hand 
term were discussed above and they have the usual 
interpretation as the scattering states of the system. 
On the other hand, the spectrum of the left-hand term 
in Eq. (20) (see Appendix B) is a continuum over both 
positive and negative energies and appears to be com- 
pletely spurious. It is suggested, therefore, that Eqs. 
(2)-(5) do not correctly describe the oscillator model 
when the momentum cutoff is larger than the value 
which gives rise to a bare mass of zero. The theory can, 
however, be formulated in a consistent manner by 
simply ignoring the exponential solutions containing 
O, and QO». This version of the theory will be presented 
in the next section. 


IV. REVISED FORMULATION OF THE MODEL 
FOR LARGE CUTOFF 


We have seen that when the momentum cutoff be- 
comes sufficiently large to force m—é6m negative, there 
occur an additional pair of solutions of the field equa- 
tions which are characterized by an unphysical, ex- 
ponential time dependence. Simultaneously there is 
introduced an apparently spurious continuum of energy 
eigenstates. In analogy with the work of Van Kampen, 
we propose, therefore, that these solutions of the field 
equations should not be included, and that the correct 
expressions for the field operators are given by Eqs. 
(16) and (17) with the first terms containing O, and 
O, absent. The resulting solutions for the field operators 
and the resulting energy spectrum are then of the 
same form as would occur if the cutoff were strong 
enough to forbid the exponential solutions. The in- 
terpretation of the theory can then be carried out as 
usual with the S-matrix defined as 


(k’7| S| k/)= (jou) (R’) @0, arin) * (R) Po), (24) 


where |@) is the ground state of the system and repre- 
sents the physical oscillator with no radiation present. 
The evaluation of this matrix element is accomplished 
by equating the two alternative expressions for A(z,t) 
given in Eq. (17) (ignoring, of course, the term con- 
taining O; and QO») and expressing aout) in terms of 
Acin)-? The result of this calculation is that 


(k’ j| S| kl) =69(k’ — k)6 jxe?* 


= 6 (k’—k)6j.D_,(k?)/Dy)(R*), (25) 


and the unitarity of the S-matrix is therefore manifest. 
Furthermore, if we follow the usual definition of the 

scattering amplitude (k’j| 7 | k/), namely 

(k’j| S| kl) =65(k’—k) bj 


—2wid(k—k')6j(k'j|T\kl), (26) 


we obtain from Eq. (25) that 
2re*k'p*(k) 


(k’j | T | kl) =6 
D+) (R*) 
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and it is evident that if D,,)(k®) has a zero for k= iwo, 
the scattering amplitude possesses an additional pole in 
the upper half complex energy plane. Since the vanish- 
ing of D, )(k?) for a negative value of k? is precisely the 
condition which allows the “runaway solutions,” this 
lack of causality arises in conjunction with the ex- 
ponential solutions and therefore occurs whenever the 
cutoff is sufficiently large to imply a bare mass less 
than zero. Since except for the case of a point electron 
(no cutoff), the theory is acausal because p() must 
have a pole in the upper half & plane, we are forced to 
conclude that the theory is acausal for all values of the 
cutoff. If we attempt to remove the acausality due to 
the nonlocality of the interaction, we ultimately intro- 
duce this additional lack of causality which results 
from the vanishing of D, )(—wo?). 

We now note, however, that if the exponential terms 
in the field operators are to be ignored, we must clearly 
also ignore the contribution of these terms to the com- 
mutation rules. By calculations similar to those pre- 
sented in Appendix A, reference 12, these can be com- 
puted to be 


[A;(x,t) 1. (x’,) ] 
= 16 j.{5°(x— x’) + Ruo’e’f (x) f(x’)}, 


Crj(4),pe() ]= 1601+ RK/w’), 
[r;(t),Ax(x,f) ]= —i6jeRf(x), 
Cpj(4), Wx (x,t) ]= 16 eRK f(x), 

Cr, (0),10. (x,t) ]=[ps(),Ax(x,t) ]=0, 


1 p(k)e* *a®k 
(2r)3 k? +a 


and approaches a Yukawa function of range 1/wo 
comparable in extent to the classical electron radius in 
the limit of no cutoff [p(k) — (2)-*]. 

It is observed, therefore, that we are forced to 
modify our original formulation of the theory pre- 
sented in Eqs. (2)—(5), unless, of course, the cutoff is 
small enough to forbid the exponential solutions, in 
which case no problems arise and the usual commuta- 
tion rules can be employed. For the case of interest, 
namely, large cutoff or the limit of infinite cutoff (no 
cutoff), we can reformulate the theory by stating the 
equations of motion given in (4) and (5) together with 
the commutation rules (28) and (29). It is this for- 
mulation of the theory which leads to solutions with 
no unphysical terms and which hence is capable of 
interpretation. 

Despite the unusual appearance of the commutators 
in Eqs. (28)—(32), it can readily be verified that, except 
for the linear momentum, there exist the usual opera- 
tors (angular momentum, the Hamiltonian, etc.) which 
generate the symmetry transformations of the theory. 
All these operators have the usual commutation prop- 
erties with the field operators. The fact that there 


(28) 
(29) 
(30) 
(31) 
(32) 
where 


(33) 


IN 
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exists no operator for the linear momentum of the 
theory arises because the model is not invariant under 
spatial displacements. In the case that the methods 
used here can be generalized to more physical theories 
which do conserve momentum, such a situation would 


not be expected to occur. 


V. CONCLUSIONS 


We have seen that the formulation of the quantized 
Dirac harmonic oscillator model with the usual com- 
mutation rules leads to a physical solution only if there 
exists a small momentum cutoff. For the case of a large 
momentum cutoff, and in particular for the limit of a 
local interaction, it is necessary to reformulate the 
theory by altering the commutation rules. Otherwise 
we are forced to include additional terms in the solu- 
tions for the field operators which have an unphysical, 
exponential time dependence. At the same point it be- 
comes necessary to change the commutation rules, and 
mathematically for exactly the same reason, a pole is 
introduced into the scattering amplitude when the 
photon energy & is extended to k=iwo. This source of 
acausality is present whenever the momentum cutoff is 
larger than the value which yields zero bare mass, and 
consequently the theory is not causal even in the limit 
of a local interaction. 

We emphasize that the modified commutation rules, 
(28)—(32), are essentially uniquely determined by the 
requirements that the field operators satisfy the equa- 
tions of motion (4) and (5) and that they do not contain 
the solutions with the unphysical, exponential time 
dependence. It is clear from Eqs. (16) and (17) that 
this uniqueness exists to the extent that the commuta- 
tion rules for the incoming (or outgoing) fields ain) (k) 
are required to be the usual expressions given in Eq. 
(23). This choice is certainly the most natural one and, 
as discussed in Sec. III, leads with the conventional 
Hamiltonian in Eq. (1) to the familiar interpretation 
of acin)*(k)acin)(k) as the number of photons per unit 
momentum impinging on the oscillator. We therefore 
adopt the point of view that the freely propagating 
incoming or outgoing fields must satisfy the usual 
delta-function commutation rules in analogy with the 
conventional formulation of a free-field theory, since 
this technique leads to a simplicity in interpretation 
which is desirable. Nevertheless, we should point out 
that this uniqueness does not exist from the purely 
mathematical standpoint." 

The problems which occur in the model discussed 
here appear to rise because the mass correction is posi- 
tive and the bare mass is hence forced negative for 
sufficiently large cutoffs. On the other hand, for the 
Lee model! and for the truncated version of quantum 
electrodynamics the troubles which have appeared 
seem to be associated with the bare coupling constant. 
Despite this distinction, it is our feeling that the 


18 Eugene P. Wigner, Phys. Rev. 77, 711 (1950). 
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problems demonstrated here for the oscillator model are 
at least basically of a common origin with those prob- 
lems which have been demonstrated for these other 
theories. As we mentioned in Sec. I, the pair theory is 
characterized by “runaway solutions” in exactly the 
same fashion as is the model discussed here. In the pair 
theory, however, the trouble does arise when the coup- 
ling constant is forced negative by an increasing mo- 
mentum cutoff. 

Finally, we would like to point out that the existence 
of the “runaway solutions” is not simply a result of the 
electric dipole approximation." In addition, by increas- 
ing the spring constant K to enhance the binding of the 
electron we would expect the electric dipole approxima- 
tion to be valid over a larger range of momenta. The 
occurrence of the unphysical solutions, on the other 
hand, depends only upon 6m and not upon the spring 
constant K. We might expect, therefore, to be able to 
make the spring constant sufficiently strong to insure 
the validity of the electric dipole approximation over 
the range where p(k) contributes and still have this 
range of sufficient extent to yield 6m=4e*? fp*(k)dk 
large enough to yield a negative bare mass. We conse- 
quently feel that characteristics of the theory discussed 
here are at least qualitatively more general than the 
electric dipole approximation, and in the event that 
similar problems do actually occur in the relativistic 
field theories, there exists a reasonable possibility that 
they will be resolved by a procedure analogous to the 
method in this paper. 


VI. ACKNOWLEDGMENTS 


One of us (R.E.N.) would like to express his gratitude 
to the California Institute of Technology for the 
Richard C. Tolman postdoctoral research fellowship 
which he held during the course of this work. Both of 
us wish to thank Professors R. Feynman and M. Gell- 
Mann for many illuminating discussions; and also Mr. 
Sidney Coleman for a number of enjoyable and helpful 
conversations. 


APPENDIX A 


It will be recalled that 
D 4) (a) r(w) = ~iew fo(8)A. (kw) d®k, 
where 


dk’ p*(k’) 
(4.2) 


D 4) (k*) = mk? — K — aret [ 


Rtie—k? 


Extending D(k’) into the complex plane by letting z= k? 
and defining D,+)(z) as the limit of D(z) as we approach 
the real axis from above (+) or below (—), we can 
investigate the zeros of the function in a convenient 
fashion. 


44 A. Loinger, Nuovo cimento 2, 511 (1955). 
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I. Zeros of the D Function 
Case (1): mo >0, i.€., bm <m. 
Rewriting Eq. (A.2) as a function of 2, we obtain 


k’*p?(k’) (Z—k”) dk’ 


D(z) =mos— K —4re’z (A.3) 


from which it follows that 


k'4p?(k’) dk’ 
ImD(z)=I ()( mote [= = = ), 


s—k’?\? 


and it is clear that D(z) cannot have any zeros off the 
real axis if Im(z)#0. Moreover it is apparent from Eq. 
(A.3) that D,4)(z) is real and negative definite for z on 
the negative real axis, and from Eq. (A.2) that 
ImD,4)(z) is nonvanishing on the positive real axis. 
We conclude therefore that D,,)(z) has no zeros any- 
where in the cut z plane. 


Case (ii): mo<O, i.e., bm>m. 


Let us write mo=—|mo!|, so that we obtain 


k'4p?(k’) dk’ 
ImD(s)=Im(2)( — mo|-+4ne [— ), (A.5) 
|z—k’?|? 


bdk! p°(R’) 
ReD(s)=—K—4ne!|s :(—* 


foo 
- kb 212 
“ 


k'4p? (k') dk’ 
+Res( - mo +4ne f —— ). (A.6) 
z—k’”\? 


If Im(z)#0, then for ImD(z)=0 we require 


h'4p?(k’) dk’ 
— | Mo +4ne [— —=() 


\g—k’?|? 


in which case ReD(z)#0. Hence D(z) has no zeros off 
the real axis. 

Let us now look for zeros of D, )(z) on the negative 
real axis. In this case it is convenient to set z= —.x so 


that 
k”*dk'p?(k’) 
D(—|x|)=!mo| |x 2 x| {— —, (A.7) 
x| +k” 

and it is essentially obvious that there exists a zero for 
some value of |x|, say |x| =wo?, so that D, )(—wo?) =0. It 
is also clear from Eq. (A.7) that d/d|x| (D(—|x|)/|x]|) 
>0, so that there can only be one value of z for which 
D vanishes. We may summarize these results by saying 
that in the event of mo>0, there are no zeros of D,4)(z) 
and for mo<0O there is one zero along the negative, 
real z axis. 
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APPENDIX B. THE SPECTRUM OF THE UNPHYSICAL 
PART OF THE HAMILTONIAN 
We have seen in Sec. III that the unphysical part of 
the Hamiltonian in Eq. (20) is given by 


Hyo= — wo(a- 6+6-a), 


where [a,8]=i, and where the a, 8 employed here 
differ from the 0,, O2 in Eq. (20) by the factor R: 
0,= Ria, O.= R38. 

To obtain the eigenstates of Ho given in Eq. (B.1), 
we employ the familiar representation a— x, 8—(1/1)¥, 
and solve the resulting Schrédinger equation, 


piwg(X-V+V -x)We(x)= Eve (x), 


with the result that (confining ourselves to one dimen- 
sion for simplicity) 


Wr (x) x Nx 4 (1-21 E/wo) 


(B.1) 


(B.2) 


x>0 
x<O, 


for (B.3) 
for 


x>0 
x<0 


for 


B.4 
for aia 


= N/y-}l-2iE/w0) 


N and N’ 


or a linear combination of both alternatives. 
are normalization constants adjusted so that 


J ver dbelayar=a(8'= 2), (B.5) 
0 


(B.6) 


0 ' 
f We'*(x)Pe' (x)dx=5(E’—E), 


depending upon the choice of solution. Since these 
normalization requirements are only possible for real 
energies, we conclude that the spectrum of the Hamil- 
tonian is a continuum over all real energies, positive and 
negative. 
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An interesting feature of the Hamiltonian (B.1) is 
that it generates time displacements which are char- 
acterized by real time exponentials, despite the fact 
that Ho is Hermitian and hence has real eigenvalues. 
This rather unusual result can be seen readily if we 
examine matrix elements of x(¢) and p(t) between 
wave-packet states. It should be emphasized that such 
matrix elements do not exist between exact eigenstates 
of the energy and it is for this reason that this appar- 
ently paradoxical result can be realized. In particular, 
if we consider the matrix element 
(F | x(t)|G), (B.7) 


where |F) and |G) are wave-packet states defined, for 
example, by 


|F)= fi F(E)|\We)d E, 
we obtain 
(F|x(t)|G) 
=N? f dxd Ed E! il #’—B) ol 
) 
Xx exp[i(E’— E)JF*(EG(E) 


= wf dxdEdE’ 


Xexpi{[(L’— E)/wo ] Inx—wol} F*(E’)G(E). 


(B.8) 


(B.9) 


By changing the x variable of integration to y= xe, it 
follows immediately that 


(F | x(t) Gy=niew f dydEdk’ 


0 


x yli(e’-B) lwo F*(ENG(E)  (B.10) 


= ¢~0t(F'| x(0) |G). (B.11) 
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The coupling of leptons to a conserved isovector current is shown to result in a small change in the shape 
of the electron momentum spectrum in forbidden unique beta transitions. The experimental advantages 
and disadvantages of studying such nucleon-structural effects in forbidden unique transitions rather than 
in allowed transitions, as suggested by Gell-Mann, are discussed. To facilitate the computations, the beta- 
decay interaction Hamiltonian is written in a form in which the terms leading to the “‘nucleon-structural”’ 
corrections associated with the coupling of the leptons to a conserved isovector current and the terms leading 
to effects of comparable order of magnitude are simply identified. 


INTRODUCTION 


) explain the remarkable numerical agreement 

between the vector coupling constants in nuclear 
beta decay and in muon beta decay, Feynman and 
Gell-Mann! have hypothesized that the lepton pair 
emitted in beta decay is coupled primitively to the 
same conserved isovector current as the photon emitted 
in an electromagnetic interaction. If the weak-coupling 
Hamiltonian does indeed have the conjectured form, 
then the associated ‘“‘nucleon-structural” effects can be 
exactly taken into account, since the known values of 
the nucleon magnetic moments and the results of the 
Hofstadter experiments® on electron-nucleon scattering 
provide the necessary structural data. 

Gell-Mann*# has shown that the coupling of the 
lepton field to a conserved isovector current yields a 
small but possibly observable distortion in the shape 
of the electron momentum spectrum in allowed beta 
decay obeying Gamow-Teller selection rules. A more 
detailed study of the effect of a lepton-conserved 
isovector current coupling on the shape of allowed 
beta transition momentum spectra and on beta-gamma 
and beta-alpha directional correlations has been given 
by Bernstein and Lewis. Boehm, Soergel, and Stech*® 
have also suggested the study of beta-gamma direc- 
tional correlation to detect the lepton-conserved iso- 
vector current coupling and have sought the effect 
experimentally. Furthermore, Fujii and Primakoff’ have 
demonstrated that the transition rate for u capture is 
pronouncedly affected by the weak coupling of the 
leptons to the conserved isovector current implied by 
the Feynman-Gell-Mann hypothesis, the relatively 
large effect in uw capture being a consequence of the 
large momentum transfer between nucleon and lepton 
field, the latter acting as a structural probe. 

* National Science Foundation Predoctoral Fellow, 1958-1959. 

oss) P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
Oceania Bumiller, and Yearian, Revs. Modern Phys. 30, 
482 (1958). 

8M. Gell-Mann, Phys. Rev. 111, 362 (1958). 

«M. Gell-Mann, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958), p. 256. 

5 J. Bernstein and R. Lewis, Phys. Rev. 112, 232 (1958). 


® Boehm, Soergel, and Stech, Phys. Rev. Letters 1, 2 (1958). 
7A. Fujii and H. Primakoff, Nuovo cimento 12, 327 (1957). 


Another effect of the conservation of isovector 
current in weak interactions, which is explored here, 
is a small change in the shape of the electron momentum 
spectrum in forbidden unique transitions. The experi- 
mental detection of such nucleon-structural corrections 
to forbidden unique transitions is facilitated by their 
long lifetime and flat spectral shape, relative to allowed 
transitions of comparable energy release. To compute 
the shape corrections, an “anomalous magnetic mo- 
ment” term is added to the usual V-A beta decay 
interaction Hamiltonian, and the resulting interaction 
is expressed in terms of appropriate even Dirac oper- 
ators describing the lowest order terms plus higher 
order terms involving, in general, odd Dirac operators. 
All leading corrections to the ordinary beta transition 
matrix elements are then identified. A similar pro- 
cedure has been applied to the study of nucleon-struc- 
tural effects in muon capture by Fujii and Primakoff.’ 
Detailed considerations are limited to first forbidden 
unique transitions, of which many examples are known.® 


I. LOW-MOMENTUM TRANSFER INTERACTION 


The current of nucleons and of particles strongly 
interacting with nucleons, e.g., pions, which is coupled 
to the electromagnetic field is, to first order in a, the 
fine structure constant 


= 1+73 
ju(x) = ib ava es (x) 


2 


0 
— ieg' (x)ts—o(x), 


Xp 


¥»(x)=nucleon field amplitude= i. 


$1 
¢(x)=pion field amplitude= | $2 

3 
0 


0 -1 
73> (j be 3,= ; 0 O 
0 ® 89 


* E. Feenberg, Shell Theory of the Nucleus (Princeton University 
Press, Princeton, New Jersey, 1955). 
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FIRST FORBIDDEN 
The pion field can be eliminated from explicit con- 
sideration if the interaction between the physical 
nucleon field and the electromagnetic field involves a 
momentum transfer small compared to m,c. The 
current in the limiting case of small momentum 
transfer takes a form which describes the nucleon- 
structural effects and which is essentially experimentally 
justified : 


z 1+ T3 rE 
juls)=iel ¥o(2)14(—" vs (x) +iby(x)oy, 
(mypt+kn) (kp—Kn) F) 
x| —+-—— a yt } 
2e 2e Ox, (1-2 


’ 


magnetic moment 
Cd 
=1.79e/2m,, 
kn=neutron “anomalous” magnetic moment 
= —1.91e/2m,. 


kp=proton “anomalous’ 


(I-2) 


The current (I-1) and (I-2) can be decomposed into 
an isoscalar part and an isovector part, each of which 
is separately conserved : 


jul(x) = 7. (+O (x) Js, 
nm Yu 
ju'® (x) =ie | Wn (x) . Wy (x) 


" (KpTk 
+ivn(x)oy ae 


4 


1 se - 
3.” (x)= ie vy (x) reo (2) 


* (Kp—Kn) 0 
+ iby (x) 9—— av (1) — 


2e Ox, 


0i,°5(x)/dx,=0; dj,” (x)/dx,=0. 
The conservation of total isocurrent insures the con- 
servation of electric charge; the conservation of 
isoscalar current insures the conservation of nucleon 
charge or number; the conservation of isovector current 
insures the conservation of “‘weak” charge if the lepton 
field in weak interactions is coupled to the relevant 
component of the conserved isovector current. 

The Feynman-Gell-Mann hypothesis now states that 
the lepton field vector covariant 


A,(x)=P.(x)y,(1+5)p,(«) 


is indeed coupled to the (+) component of the con- 
served isovector current of nucleons, pions, «+: in just 
the same manner as the electromagnetic field vector 
amplitude A,(x) is coupled to the 3-component of the 
same conserved isovector current, the only difference 
being in the value of the effective coupling constant. 
Accordingly, the effective interaction Hamiltonian 
density, generating the low-momentum transfer weak 
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nucleon-lepton interaction, is 


ICY) (x) =C | Py (x) ¥u74¥wn (x) 


Kp—Kn 0 
+i( Ju (sdonrradn(a)— A, (1) +Ha., 
€ dx, (I-4) 


TitiT2 


VuYv—VoVu 
1=— . mts 


op, =—— ; 


21 


“ 


Tim =€ElmnTn; 
(i, m=1, 2, 3), 


where “‘H.a.” represents the Hermitian adjoint. 

In addition, the lepton field axial vector covariant, 
A,!' (x)= Pe(x)i"yyv5(1+s)¥,(x)=i-A, (x), is coupled 
to an axial vector nucleon current which is not 
conserved? : 


HRA) (x)= Cay (x) yyystyWn (x) A,’ (x) 
= —CaWn(x)yyvst4Wn(x)A, (x). 


The “induced” pseudoscalar interaction arising from 
the  — e+» decay of a pion in the virtual pion cloud 
surrounding the bare nucleon is completely negligible 
according to recent estimates [C p=(8/207)C 4 ].!° Thus 
K(x) =5C™ (x) +350 (x) should describe the effective 
interaction responsible for nuclear beta decay. It is, at 
present, quite definitely established that the first term 
of 5‘ (x) and of K(x) are both present in nuclear 
beta decay, with Cy and C4 given by 


(I-5) 


Cy= (1.00+0.01) x 10- erg-cm’, 


(1-6 
"a= — (1.19+0.03)Cy. ‘ 


However, the presence of the second, “anomalous 
magnetic moment,” term in K‘")(x) has not yet been 
demonstrated experimentally in nucleon beta decay 
and it is to this term that we now direct our attention. 


II. NUCLEAR MATRIX ELEMENT 


For the sake of definiteness, consider a beta-decay 
transition from a nuclear state |) to a nuclear state 
N’) with the emission of a negatron and an anti- 
neutrino. The relevant matrix element governing the 
transition rate is 


| | se 
(v'e9} f se(a)are| w= f ("| Crdu(a)yarob (a) 


— Cady (x)yyvs74Ww (x) | N)(eb| A, (x) |O)d8x 


+ f(x" licr( 7 Wu tadonerev(a)|”) 
2e 


0 
xX—(eb| A u(x) |0)d3x. 


Ox, 


(II-1) 


® M. Goldberger and S. Treiman, Phys. Rev. 111, 354 (1958). 
0M. Goldberger and S. Treiman, Phys. Rev. 110, 1478 (1958). 
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In the expression (II-1), we understand the time 
integration to have been carried out yielding the energy 
conservation condition so that Wy(x), A,(x), and 
0A,(x)/dx, are all to be evaluated at x,=0, a pre- 
scription which will be henceforth implied. 
The lepton matrix elements can be immediately 
evaluated : 
(er| A, (x) |0)=J,e-'* -2, 
SIA . Ay — ant iK-x 
ev 0A, (x)/dx,|0) iK,J ,€ ; (11-2) 
J =U, (1+75) us, 
K,= (pet ps)». 


Further, for the first forbidden unique transitions, 
N) and |N’) differ by two units of total angular 
momentum and have opposite parities: AJ=2; “‘yes.”’ 
As a result, only irreducible tensor operators of rank 
two or higher which induce a parity change, D, yield 
nonvanishing matrix elements connecting |.) to | NV’). 

To select such appropriate operators D, we, in effect, 
expand 3C(x) in powers of the nucleon velocity/c by 
the use of the equations of motion of quantized field 
amplitudes ¥,, ¥» in the interaction picture 


0 
myWn (x)= —Yu—Wn (x), 
ty 


= Opn 
mywWn(x)=—(x)y,. 
OX, 


We also recall that 3C(x) occurs in an integral over all 
space [Eq. (II-1)] so that an integration by parts of 
terms in K(x) containing (0/0x») (m=1, 2, 3) is always 
permitted. 

We begin by applying the identities (II-3) to the 
first term in 3C‘”) (x) of (I-4): 


Vp(x)y n(x) A p(x) 
1 pate 


Myp+m,, 


——¥ Vin (X) 
OX, 
. 0 7 
— p(X) Vu Vale) |An(x) 


OX» 


1 ks x) 
Mp+m,, 
1 — x) 


Ox) 


Ft) 
¥n(x)— p(x) — vata) [auc 


Ox 4 Ox 4 


+ Vy mW n(X) 


Myp+M, 


0 
—Wp(X)¥m¥r ¥a(a) [nC 
Ox) 

1 . 
+ —(ho(x)vvn(x) JA s(x) 


My+M,, OX, 


a 
+ —[Vo(x)ve¥mbn(x) JAm(x). (11-4) 


Mypt+mM,y, OX4 
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Here, as always, repeated Latin indices imply a sum 
from 1 to 3, while repeated Greek indices imply a sum 
from 1 to 4. Integrating by parts and using the identity 
and definition 


Tim= ElmnT ny : home (¥1,72;Y3), (II-5) 


we obtain 


1 
V p(x) yw (x) A, (x) = / 
M,+myk OX4 
1 — 
+ [—2y, grady, ]-A 


M,r+My 


1 
+———[—iyp,ey,, ]-curlA 
M,+mM, 
1 P 
—— [—Ywn] divA 
mM,+mM, 
1 


+———[div(Wpyva.) ]Ag 
M,+mM »y 


+ 


1 a 
+ —|— anand a 


Mrt+mM,LOxs 
(II-6) 


Inspection of (II-6) shows that the first term is of zero 
order in (nucleon velocity)/c; the next three terms, 
first order in (nucleon velocity)/c or |K|/(m,+m,); 
and the last two terms second order in these parameters. 
Further repeated application of the identities (II-3) in 
Eq. (II-6) can be employed to remove any remaining 
Dirac operators, the resulting terms containing higher 
and higher powers of 1/(m,+m,). 

The term (c) in (II-6) corresponds to a Dirac mag- 
netic moment term which when added to the anomalous 
magnetic moment term in (I-4), 


Kp—Kn = . dA,(x) 
é 


Ox, 


Kip Eu 
~~ i( \Potadorspa(s) curl, 


é 


yields the total spin magnetic moment contribution. 
The term (b) in (II-6) depends explicitly on the nucleon 
velocities and gives rise to an orbital magnetic moment 
term. The numerical magnitude of the total spin 
magnetic moment term (a factor of nearly five en- 
hancement over the Dirac magnetic moment term) 
suggests that this term contributes a correction to the 
first forbidden transitions, which is large compared to 
that contributed by the orbital magnetic moment term. 
An analogous conclusion is verified for allowed tran- 
sitions in Gell-Mann’s paper.* 

The axial vector current in the 3‘) (x) of (I-5) can 
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also be analogously reduced, with the first term zero 
order in (nucleon velocity)/c, the next two terms first 
order in (nucleon velocity)/c or |K|/(m,+m,), and 
the last term second order in these parameters. 


Vo (x) Ven ( x)A u(x) = ip p( x)ysoP n( x): A(x) 


1 
+———[2i, (x)@- grady,,(x) ]A4(x) 
M,+My 
1 = 
5 [iv p(x)o,(x) ]- grad A q(x) 


Mrt+My 


1 0 
—{—[Wp(x)ven(x)]p Aa. (II-7) 


Mrt+m,\ Ox4 


fh 


Detailed inspection of (II-6) and (II-7), along with 
the anomalous magnetic moment term in (I-4), with a 
view to the ultimate retardation expansion of the matrix 
elements of the lepton field covariant A,(x) (II-2), show 
that the lowest order terms [in (nucleon velocity)/c and 
|K|/(m,+m,) ] appearing in 3C(x)=35C\ (x) +5C™ (x) 
and having nonvanishing matrix elements for first 
forbidden unique transition are 


(1) —iCalp(x)ysoy,(x) ]- A(x) 


Cups. 
(2) —i—[pp(x)o,(x) ]-gradA 4(x) 
2m 


Ce. 
(3) —i—Ly,(x)oy,(x) ]-curlA(x) 
2m 


(Pee oe 
(4) —iCy [v,(x)oy,(x) ]-curlA(x) 


e 


(II-8) 


mM=Mp—=Mp. 


Terms other than those listed in (II-8) yield com- 
parably negligible contributions to first forbidden 
unique transitions. 


III. DIFFERENTIAL TRANSITION RATE 


Equation (II-8) yields for the pertinent form of the 
matrix element giving the first forbidden unique 
transition amplitude for the conversion of a nuclear 
state |) into a nuclear state |.V’) with the emission 
of a negatron and an antineutrino: 


(f| H1\1)= —iCa fv" V>(x)on(x) | V)-(er| A(x) |0)d8x 


Ca 
valine 
2m 


fo } Vp(x)o, (x) N) 


-(eb| grad A 4(x) | O)d*x 


Mp—BEn otic ba 4 
-i( Jor fer Pelarevata)|a ) 
e 


-(ed| curlA(x)0)d*x, 


UNIQUE 8 


rRANSITIONS 


where 
Mp= (e/2m)+kp=2.79(e/2m) ; 


Mn=Kn=—1.91(e/2m). (III-1) 


As already mentioned, only those terms leading to 
AJ=2, “yes” nuclear transitions to lowest order in 
(nucleon velocity)/c and |K|/(m,+m,) are included 
in (III-1). Our procedure, where the term ~ (up—yp,) 
is evaluated with the use of explicitly given operators, 
is to be contrasted with Gell-Mann’s* procedure, where 
the evaluation is carried out on the basis of the com- 
parison of corresponding beta emission and gamma 
emission matrix elements. 
The use of the expressions (II-2) and 


(ed| curlA(x)|0)= —iKxX (Je~***) 
(x) |0)=Je~'*-*=J[1—iK-x+--- ] (III-2) 


(ed) 


enables us to write (III-1) in the form: 


(f|H1\i)= —CAQN"| [ ¥o(2)L-0x-Kiva(s)ax|V) 


K Hp Bn Cy 
L=J-i—J.-i( ) “KXJ. (III-3) 
C4 


2m e 


The nuclear matrix element involves the inner product 
of two Cartesian tensors o.v, and LiK». However, 
since |.V) and | N’) differ by two units of total angular 
momentum and in parity, only the symmetric traceless 
part of the operator o,,«; yields a nonvanishing con- 
tribution. Consequently, 


(f| Hr\i) 


= = Cada 0" J¥o(0)D. Coed aadee]), 


ly (III-4) 
Aim= 3 (LiKmtLnKi)— ( Laks Jim 
3N\k=1 


1 3 
Din =3(6Xmt+omX1) — ‘ O KX Sim. 
3N\k=1 


In the situation in which the electrons emanate from 
randomly oriented parent nuclei and the final nuclear 
orientation is not observed, the transition rate of 
interest is 

1 


a 
2I+1 51 MM’ 


(f|H1\i)|?, (III-5) 


where the sum is over all initial and final nuclear 


magnetic quantum numbers, and over the final lepton 
spins s;. The sum over M, M’ decouples the nuclear 
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and lepton parts in (III-5) and we obtain 


1 
—— FD lf| Ari) |?=|Ca PLO LD AimAim™ 
2J+1 s~L MM’ si im 


32x 
«(Fle |0| la’ J") i) (IIT-6) 
4a 


where a, a’ refer to the energy, parity, --- quantum 
numbers of the states |V), |N’) and |J’—J| =2. 

The only factor in (III-6) which is involved in the 
emitted electron momentum distribution is the sum 
Yt Sim Aim Aim*, whose value can be found by 
standard techniques. We first note the identity 


EF Aimdin® = EC IL|*/K|*1+4 CCIL-Kl*), 


si lm 


* (III-7) 
and then carry out the lepton spin sums, with the result 


2 
|L|?]=——_1 3E.E,—q.-q, 
aT eet 


1 1 
“e+ 


Su 
(III-8) 


4 
+———[(K-q,)E.+(K-q.)E,], 


2mE.E, 


2 
DUL|L-K See ge Rte EEE e] 
sL elt» 
+———§[K-q.E.+ E,K-q. ]. 
2mE.kE, 


In Eq. (III-8), 
4.0 


-(0.84)=—-— 
“fe 2m 


Gey, | 


is the momentum energy of the indicated lepton. 
Equations (III-6)-(III-8) yield for the electron- 
neutrino momentum spectrum and angular correlation: 


LO De AtmAim® lg")? 


anu im 


(cos0) = (S,+S2)q2q,7d(cos8), 


1 
=——-{ K*(3E.E,—q,-q.) 
ELE 


+4(92q,-K+9,q--K+E,E,.K%)}, (III-9) 


1 
~ E {K*L4u+ (8/3)/ 2m ]|(K-q,)E- 
” +-K°[(8/3)/2m—4y](K-q)E}, 


electron and _ neutrino 
the electron 


between 
integrating over 6, 


6=angle 
whence, 


where 
momenta; 
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momentum spectrum D(q-) is 


20 8 1 
D(q.)= {—Ge+a2+(4u+- /—) 
3 3/ 2m 
. 8 1 
x2(a-+arar+tare}+| (-/—)—4] 
3/° 2m 


ge 49¢'Gy 
X] 2(g2+9,")qge— @q,. (III-10 
sollte Be 3 E. lee is 

The result (III-10) applies to negatron beta decay. 
For positron beta decay the result is the same except 
that yp is replaced by —x. 

Up to now, we have neglected the effect of the 
Coulomb field on the emitted electron. As far as the 
electron momentum spectral shape is concerned, only 
the Coulomb corrections to the main term in (III-10), 
iz., (20/3)(q2+q,?), need be here considered; we 
represent the correction as a multiplicative factor C(q.) 


(20/3) (g2+9,*) — (20/3) (gP+9.7)C(qe/qm),  (III-11) 


where gm=maximum electron momentum. Table I 
gives values of C(q-/gm) calculated for Z=8 


(sN'6 — ,0"*+-e—+ 5). 


These values were obtained from a linear extrapolation 
of values computed for Z=10, 12, and 14 from the 
extensive tables of Rose, Perry, Dismuke, and Bell."'"” 
Thus, Eq. (III-10) becomes 


20 8 
D(q-)= | 3 4 FIC) + (4:+- /2m) 


8 
x [2(¢2+9,?)qr-+ $q2qv]+ (< /2m- iu) 


492 qv 


eq. (III-12) 
a 3 E. fee sal 


[202 +q, "Bina 


IV. EXPERIMENTAL CONSEQUENCES 


For beta transitions involving very low energy 
transfer to the lepton field, gm/2m0 and gny0. 
Since geSqm, and QrS (qnt--m 2)'—m., the electron 
momentum spectrum (III-12) takes the limiting form: 


D (q.)= (20/3) (g2+q.)q2q"C(q.-),  (IV-1) 


which is recognized as the conventional first forbidden 
unique spectral shape. 

Since, as noted after Eq. (III-8), u4.0/2m, we may 
drop (8/3)/2m compared to 4u=16.0/2m. Also, the 
corrective terms «yz are at all appreciable only for 


" Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
ORNL-1459 (unpublished). 

2 Dismuke, Rose, Perry, and Bell, Oak Ridge National Labo- 
ratory ORNL-1222 (unpublished). 
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Gq (qe/@Qm) 


0.9853 
0.9854 
0.9847 
0.9838 
0.9830 
0.9820 


C(qe/Qm) 


0.9900 
0.9893 
0.9886 
0.9879 
0.9867 
0.9866 
0.9861 


(qe/qm) 
0.40 


0.45 
0.50 





relatively high-energy beta transitions, where gE, 


and ¢,=~qm—Qe over most of the spectrum; thus Eq. 
(III-12) becomes 


20 
D(q.)= 3 at q.”)C (qe) +8AL(G22+9,") — Fqeqr ] 


qv— Qe , 
<() fo 
Ym 


Kp—BEn Cy 
(IV-2) 


qm 
A= Qn =— ¥ cc. — 2.0—. 
e 1A m 


Equation (IV-2) shows that the correction terms «py 
give no contribution at the “midpoint” of the electron 
momentum spectrum where q,=qe= 3qm. 

Introducing the ratio 


R(q-)=D(qe)/ DP (ge), 
we find from Eqs. (IV-1) and (1V-2) that 
R(qe= 24m) =1, 
R(ge=Qm) = 1— (6/5)— 


(IV-3) 


r 
—1—(6/5)A, (IV-4) 


C(gm) 


and from Eq. (III-12) that 
R(qge=0)=[1+4+ (6/5)A]. 


The function R(q,) is practically linear over a large 
portion of the spectrum. The deviation of R(q.) from 
unity by the predicted amount (IV-4) will indicate 
the presence of the anomalous magnetic moment term 
of (I-4) in the interaction Hamiltonian generating 
nucleon beta decay. 

The most favorable condition for the experimental 
verification of the correction 


(IV-5) 


a A=UGm= C (up—pMn)/e |(Cv, ( y Qn 


is found in a nuclear transition with high-energy 
release in a low-Z element. The nucleus'*® ;N'® appears 


13 T, Lauritsen and F. Ajzenberg-Selove, American Institute of 
Physics Handbook (McGraw-Hill Book Company, Inc., New York, 
1957), Sec. 8e. 

4 Brunhart, Kenney, and Kern, Phys. Rev. 110, 924 (1958). 

185 David E. Alburger, Phys. Rev. 111, 1586 (1958). 
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to be especially favorable: 


:N¥8 — ,O!+e-+ 5, 


74= 7.3740.04 sec; (IV-6) 


gm= 10.4 Mev/c, 
and we find from Eq. (IV-4) that 


R(g.=0)1—0.03, 


R(qe= qm)=1+0.03, aii 


a deviation which may be detectable with present 
experimental techniques. The feasibility of the experi- 
ment is now being investigated at Washington 
University. 

The effect of inner bremsstrahlung on R(q,) in 
7N'*—> ,0'* has been estimated and found to be 
considerably smaller than the 3% correction «yp 
exhibited in Eqs. (IV-4), (IV-5), and (IV-7). 


V. DISCUSSION AND CONCLUSIONS 


The nucleon-structural effect (above correction «) 
on the first forbidden unique electron momentum 
spectrum of N'*, arising from the lepton-conserved 
isovector current coupling, thus amounts to an ap- 
proximate 3% deviation when reckoned from the 
spectral mid-point to the spectral end point. On the 
other hand, in the B”, N™® allowed spectra the corre- 
sponding spectral mid-point to spectral end-point 
deviation is 5%. However, in the first forbidden unique 
transitions, the lifetimes are longer by a factor of 100 
than in allowed transitions of comparable energy 
release, and the over-all spectral shapes are relatively 
flatter. These factors offer distinct experimental ad- 
vantages in detecting small spectral shape corrections. 
Unfortunately, 9F"* is probably proton unstable so that 
one will not be able to test in this case the change in 
sign of the nucleon-structural correction in passing 
from a negatron to the corresponding positron emitter. 
Altogether, however, precise studies of electron mo- 
mentum spectral shapes in first forbidden unique 
transitions seem to offer new possibilities for the 
detection of small effects associated with any coupling 
of leptons to a conserved isovector current. 


ACKNOWLEDGMENTS 


The author is deeply indebted to Professor H. 
Primakoff for a careful and critical reading of the 
manuscript and to both Professor H. Primakoff and 
Professor E. Feenberg fur informative comments, and 
to support in part supplied by the U. S. Air Force 
through the Air Force Office of Scientific Research of 
the Air Research and Development Command. 





PHYSICAL REVIEW VOLUME 


116, 


NUMBER 6 DECEMBER 15, 1959 


Rigid Frames in Relativity* 


Ezra T. NEWMAN AND ALLEN I. JANis 
University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received July 13, 1959) 


A new approach is presented for defining and obtaining rigid frames of reference. The results are shown to 
be equivalent to those of Rosen. The advantage of the present approach is that exact solutions can be 
obtained in certain simple cases, as well as approximate solutions in general. 


1. INTRODUCTION 


HE study of rigid-body motion dates back to 
Born’s paper of 1909:' Rosen? proposed covariant 
conditions for rigid-body motion, which are equivalent 
to the Born conditions. In Sec. 2 of this paper, we 
propose a definition of a rigid frame of reference in the 
restricted case of flat two-dimensional space-time, which 
may be shown (Sec. 5) to be equivalent to Rosen’s 
definition under the same restrictions. The present 
formulation allows us to find exact solutions for the 
rigid frames. 

We define a rigid frame by requiring a constant 
spatial distance between any two points having fixed 
spatial coordinates. This rigid coordinate system is 
defined via a family of trajectories. Initially we choose 
an arbitrary family such that one member of the family 
is our original trajectory. From this we derive a differ- 
ential equation whose solutions are the trajectories 
which define the rigid frame. Next, methods of solving 
this nonlinear partial differential equation are discussed. 
There still remains some ambiguity in the choice of this 
rigid frame of reference, depending upon the choice of 
the time coordinate. Two cases are treated; first, where 
the time is defined as the proper time along each 
trajectory, and second, time-orthogonal systems. 

In Sec. 3, a specific example is considered, that of 
uniform acceleration. We digress briefly to discuss cer- 
tain properties of the uniformly accelerated trajectories. 
We then illustrate the methods of Sec. 2 with this 
specific example. 

In Sec. 4 we generalize our criteria for rigid motion to 
include arbitrary motion in arbitrary space-time (the 
criteria cannot, however, be satisfied in every case). 

In Sec. 5 we prove the equivalence with Rosen’s 
conditions. The geometric interpretation of Rosen’s 
equations is clarified. 

Finally an Appendix is devoted to a discussion of an 
approximate method of solving the differential equation 
of Sec. 2 for the transformation to the co-moving frame, 
for use in cases where the exact solution presents par- 
ticularly difficult problems. 

* This research was supported in part by a contract with the Air 
Research and Development Command, U. S. Air Force. 


1M. Born, Ann. Physik 30, 1 (1909) 
2.N. Rosen, Phys. Rev. 71, 54 (1947). 


2. GENERAL THEORY OF TRANSFORMATION TO 
CO-MOVING REFERENCE FRAME 


Consider an observer following a trajectory x= f(t), 
and introduce the family of trajectories «= f(t)+2, 
where x» is a parameter. This can be considered as a 
coordinate transformation from the frame (x,/) to the 
frame (xo,t). In the new coordinate system the equation 
of the original trajectory is x»>=0. The new metric 
obtained from ds*=dx?—d?? is 


ds*=dxo?+2fdxodt—(1—f?)d?, f=df/dt. (2.1) 
The general expression for spatial distance to a 
neighboring point is given by* 


8ra¥ 4 
de = grs— — dx'dx"*, ‘<s= a y 3. 
844 


(2.2) 


In our case Eq. (2.2) takes the form 


dr = (2: — 
£44 


The value of dxo obtained from Eq. (2.3) by taking dl 
to be constant defines a trajectory infinitesimally near 
to the original trajectory x»=0, with the property that 
the spatial distance between the two trajectories, as 
calculated from the point of view of the original observer, 
is constant. This trajectory, expressed in terms of the 
original coordinates (x,/), is 
x= f()+(1—f?)idl. (2.4) 
Suppose we can find a family of trajectories «= f(t,p) 
with the property that any two neighboring trajectories 
(that is, trajectories with infinitesimally differing values 
of p) are separated by constant spatial distance and 
such that f(t,0)= f(t). If we apply the procedure which 
led to Eq. (2.4) to the equation «= f(¢,p) for a fixed but 
arbitrary value of p, we obtain 
x= f(tp)+[1-f,p) idl, f=oaf/at. (2.5) 
Since this is assumed to be a separate member of the 
family, we have the result 
ftp) +I1— P(t p) Hadl= f(t, p+dp) 
=f(t,p)+f(t,p)dp, f'=af/dp, 


(2.3) 


(2.6a) 


*L. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley Press, Inc., Cambridge, Massachusetts, 1951), 
p. 258. 
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(1-f-}= f'dp/dl, (2.6b) 


where higher powers of dp have been neglected. If we fix 
the parameter p by the choice of p=/, we obtain the 
differential equation _ 

ft frat. 


The solutions ef this equation with the initial condition 
f(t,0)= f(0) define a family of curves such that any one 
curve maintains a fixed spatial distance from any other 
curve. 

The general solution to Eq. (2.7) is obtained‘ by 
eliminating a between the equations 


f(t.) =al+ (1—a?)'1+(a) 


(2.7) 


(2.8) 
and 


al do 


a ane 
(1—a’)! da 


=/{— 
0a 


=() 9) 


’ 


where @ is a function to be determined by the initial data 
according to the following procedure. It is easily calcu- 
lated from Eqs. (2.8) and (2.9) that 


S(t) =a(t,l). (2.10) 


Since /(/,0) is a known function f(/), ¢(@) can be de- 
termined by setting /=0 in Eqs. (2.8) and (2.10) and 
eliminating ¢ between them. Specifically, we have 


f(t) =agl+¢(ao), 


Solving the second of Eqs. (2.11) for /=¢(ao) and substi- 
tuting in the first, we get 


flit (ao) |= aol (ao) +¢(ao). 


Since the functional form of @ is independent of the 
particular value of a, we can drop the subscript 0 and 
obtain 


f(t)=a0, ay=a(t,0). (2.11) 


(2.12) 


¢(a)= f[t(a) ]—al(a). (2.13) 


In practice it is often difficult to obtain this exact solu- 
tion; therefore in the Appendix we discuss an approxi- 
mate means of solving Eq. (2.7). 

The transformation to the rigid coordinate frame is 
not uniquely determined until we have chosen the time 
coordinate. The most obvious choice on physical grounds 
would be to use the proper time along each trajectory. 
We may write the proper time as 


t 


alt > 
=| (1—f?)ldt= | | 


0 0 


f'dt, (2.14) 


where the last equality holds by virtue of the differential 
Eq. (2.7). We may solve Eq. (2.14) for ¢ as a function of 
7 and /, which we may write in the form 
t= g(7,l). (2.15a) 
‘The solutions of this equation are obtained through use of 
Charpit’s method; see, for example, I'rederic H. Miller, Partial 
Differential Equations (J. Wiley and Sons, Inc., New York, 1941), 
Secs. 44-45. 
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We may now use Eq. (2.15a) to eliminate / from the 
equation of the trajectories «= f(t,/), obtaining x as a 
function of 7 and /, namely 


a= fLg(r,),tJ=h(r,l). 
Equations (2.15) now determine the transformation 
from the frame (x,t) to the frame (/,r). We may easily 
calculate the line element in the latter frame to be 
ds?= (h,?>— g,*)dl?+-2 (hh, — gig,)dldr 
— (ge°?—h,*)dr?, 


(2.15b) 


(2.16) 


where the subscript on / or g refers to the partial 
derivative with respect to that variable. It is possible to 
simplify Eq. (2.16) by noting that, since 7 is the proper 
time along a trajectory /=const, the coefficient of dr? 
must be —1. This may be verified directly from Eqs. 
(2.15) and (2.14). We have from Eq. (2.15b), 
h.= fe, 
and from Eqs. (2.15a) and (2.14), we have 


gr=di/dr=(1—f?)". (2.18) 
Thus, we see that 

g—h,’=g,"(1 — f®) =]. 
Hence the line element (2.16) assumes the form 


ds*= (hy?— g,*)dl?+-2(hih,— gigs)dldr—dr*. 


(2.19) 


(2.20) 


Furthermore, since the coordinate system (/,7) is rigid, 
the application of Eq. (2.2) to the line element (2.20) 
results in the identity 


(hi? —gi*?)+ (hih,— gigs)?=1. (2.21) 


This identity may be verified explicitly in the same 
manner as Eq. (2.19). 

We notice that the coordinate system we have intro- 
duced is not a time-orthogonal one. We shall now show 
that it is always possible to introduce a time-orthogonal 
system. Let us make a coordinate transformation from 
the frame (/,7) to the frame (J,) according to 


r=m(iJ). 


The line element in this new frame is 


om om\* 
ist=| (ne -gr)+2 (ih, —5i)—( ) jr 
al al 


“om om om 
+ | : (hih;—£ ifr) — Ja 
ot al at 


Om\? - 
_ ( ; ) a. (2:23) 
ot 


In order to obtain a time-orthogonal system, the func- 
tion m must be chosen such that the coefficient of the 
cross term d/dt vanishes. We thus see that the function 
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m is to be chosen in accordance with the requirements 
on its partial derivatives, 


dm/dat#0, (2.24) 


With the aid of Eqs. (2.24) and (2.21), the line element 
(2.23) takes the simple form 


Om\? - 
ds*=dP— ( ~~) dt’. 
ot 


Once we have made a particular choice of the metric, 
and hence the rigid coordinate system, it is easy to 
predict the results of measurements made by the 
moving observer. For example, two observers at rest in 
such a system would see a Doppler shift which they 
would interpret as a gravitational effect. 


Om/dl=hih,— gigs. 


(2.25) 


3. UNIFORM ACCELERATION 


Before applying the above procedure to uniform 
acceleration we shall digress a moment and discuss some 
properties of uniform acceleration in special relativity. 
Uniform acceleration is usually defined in terms of the 
trajectories 

(3.1) 


where a is the acceleration.° 
It is well known that the hyperbolas (3.1) are in- 
variant under the homogeneous Lorentz transformations 
(taking c= 1) 
t—vx 
{ =—___.. 
(1—2*)! 
Hence two observers connected by such a transforma- 
tion would agree as to the numerical value of the 
acceleration. We may prove the stronger statement 
that the hyperbolas (3.1) are the only curves invariant 
under the Lorentz transformations (3.2). It is clear that 
the following two conditions are necessary for the 
invariance of any curve under the transformations (3.2) : 
(a) The x intercept of the curve must be invariant; 
(b) the slope with which the curve crosses the x axis 
must be invariant. We shall show that conditions (a) 
and (b) lead uniquely to the family (3.1) and hence they 
are also sufficient conditions for the invariance. Con- 
sider two coordinate systems (x,/) and (x’,t’) connected 
by one of the Lorentz transformations (3.2) corre- 
sponding to a particular value of v. Next consider a 
particle following a trajectory that satisfies condition 
(b). Then if at /=0 in the original coordinate system the 
particle’s velocity was v% its velocity at /’=0 as meas- 
ured in the other coordinate system must also be 1. The 
particle’s velocity dx/dt in the original system at the 
time ¢ which corresponds to (/=0 may be found by the 


5 For a complete discussion of ways of defining uniform accelera- 
tion, see L. Marder, Proc. Cambridge Phil. Soc. 53, 194 (1957). 

® Under inhomogeneous Lorentz transformations the accelera- 
tion is also the same but the trajectories are displaced. 


AND A. 


JANIS 


usual relativistic law for the composition of velocities 
to be 
dx w+ 
statment, (3.3) 
dt 1+2% 


We see from the second of Eqs. (3.2) that the time /’=0 
corresponds to the time 
(3.4) 


t=vx 


in the original system. If we use Eq. (3.4) to eliminate v 
from Eq. (3.3), we obtain 

: dx t+vox 

—=——_., (3.5) 

dt xt vol 

The general solution of the differential Eq. (3.5) is 


(x+2)!-(a—2)!+= a-?, (3.6) 


We must now impose condition (a). It is seen from Eq. 
(3.6) that if =0 we have x=+a™. Thus condition (a) 
will only be satisfied if the curves represented by 


x—vl t—vx \'v% 
(Sr) 
(1—v)! (1—2*)! 
x . re 1+ 09 
x( it AO tel ) ae 
(1—2*)! (1—2°)! 


(3.7) 


also have an x intercept of +a. If we substitute /=0, 
x=+da into Eq. (3.7) we find 


(1—v)!-(1+-9)!'*¥= 1—9?, 


The only solution of Eq. (3.8) for arbitrary v is 1=0. 
Putting this value of 1) back into Eq. (3.6) we obtain 
precisely Eq. (3.1). 

We shall now illustrate the methods of Sec. 2 with the 
example of uniform acceleration. Picking a particular 
trajectory from the family (3.1), corresponding to a 
fixed but arbitrary a=do, we shall determine a rigid 
frame of reference attached to it. From the second of 
Eqs. (2.11) we must solve for /=/(ao). Since 


fi) as (P+ ay~*)!, 


(3.8) 


(3.9) 


we have 


f(O=t(l+ac*)*=a0, (3.10) 


and hence 
ay 
{=—— 


- : (3.11 
ay(1 — ay)! , 


We see from Eqs. (3.9) and (3.11) that Eq. (2.13) takes 
the form 


ae 17 a 
6(a)=|— — +-]-—. ~ 
ay?(1—a”) ay ay(1—a?)! 
1 


=—(1—a’*)!, 


(3.12) 
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The solution (2.8), (2.9) to the differential equation 
becomes 


1 
F(t) =at+(1-«)( 14+), 


ao 


a 1 
t— —(14+—) =o. 
(1—a°)! do 


‘ 


(3.13) 


Elimination of a between the two Eqs. (3.13) gives 
f(t) =(P+ (l+ae7)?}}. (3.14) 


This is the same family of trajectories as Eq. (3.1). The 
parameter / is the distance, as seen by the moving 
observers, between the trajectories specified by =0 and 
a given value of /. By comparison of Eq. (3.14) with 
Eq. (3.1), we see that the distance between any two 
curves is given by the difference of reciprocal ac- 
celerations. 

If we choose the time coordinate in the rigid frame as 
the proper time 7, the transformation to the rigid frame 
is derived in the following manner. The relationship 
between 7 and ¢, obtained from Eq. (2.14), is 


(I-bas")dt 
a (05) sinh 


t 
tT : eax 
J [P+ (+a)? }! Il+ay i 


(3.15) 


Thus the first transformation equation (2.15a) becomes 


m 
t= (l+-ao—') sinh. (3.16a) 

(l+ap ‘) 
If we substitute this into Eq. (3.14), the other trans- 
formation equation (2.15b) becomes 


‘ 
x= (1+-ao~') cosh——— 
(I+-ay"') 


(3.16b) 


Using Eqs. (3.16), we can easily calculate that the 
metric is specified by 


9 


r 2r 
ast=[1- - - Jars - dldr—dr*. 
(l+ao')? l+ao ' 


In order to pass to a time-orthogonal system we must 
make a transformation of the form r= m(t,/), subject to 
the requirements (2.14). In the present example, these 
requirements are 


(5-17) 


om om m 
—#0, —-=— ‘ (3.18) 
ot al l+ay 


Equations (3.18) may be integrated to give 
r= m(i,l)= (l+ag)n (1), (3.19) 


where n(t) is an arbitrary function. The line element in 
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terms of / and ¢ is easily found to be 


1\dn7 . 
ist=ar-| (14) a. 
ao dt 


4. GENERALIZATION 


In order to generalize the definition of rigid motion 
given in Sec. 2, we return to the Landau and Lifshitz 
expression for spatial distance : 


Brak sd 
dP= («..- —- Navas 
B44 


This equation, which expresses the spatial distance from 
an observer at rest (i.e., with fixed x”) to a neighboring 
point, is valid in an arbitrary Riemannian space. The 
term “rigid frame” implies that the world lines of two 
particles with fixed spatial coordinates maintain a con- 
stant spatial separation ; in other words, in a rigid frame 
if dx’/dt=0 then dl//dt=0. Thus time differentiation of 
Eq. (4.1) gives us 


Bra¥sa 
(«..- es ) dx'dx*=0, 
£44 4 


where the subscript ‘‘,4’”’ denotes differentiation with 
respect to x‘. Since the dx” are arbitrary time-inde- 
pendent quantities, we obtain 


£ra8s4 
£rem~ =(). 
844 4 


A rigid frame is thus one whose metric tensor satisfies 
Eqs. (4.3). 

The following question arises : Starting in an arbitrary 
frame, with metric g,,, how would one find a coordinate 
transformation to a rigid frame, whose metric gy» 
satisfies Eqs. (4.3)? Clearly, the transformations would 
have to be solutions of the differential equations ob- 
tained by substituting 


(4.1) 


(4.2) 


(4.3) 


OF? OF" 


Suv= Los, 
Ox* Ox” 


(4.4) 


into Eqs. (4.3), where #*=%#(x',---a*) is the desired 
transformation law. It is easily verified that the trans- 
formations of Sec. 2 are solutions of these equations. 


5. ROSEN’S CONDITIONS 


Rosen’s point of departure for relativistic rigidity is 
the classical definition of a rigid body as one with 
vanishing strain tensor. By generalizing the classical 
expression for the strain, he obtains the equation 


Uy: ot ty: yp Uy, ah "Uy — Uy, G4, =0 (5.1) 


as his rigidity condition, where wu is the unit timelike 
velocity vector, and the semicolon denotes covariant 
differentiation. 
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We can understand the geometrical significance of 
Eq. (5.1) more clearly by rewriting it in the form 


(ta. p+ tp; a) (6,%°—u7u,)(6,2—ubu,)=0, (5.2) 


which we can recognize as Killing’s equation projected 
into the subspace orthogonal to u*. 

The connection between Eq. (5.2) and rigid motion 
can be better understood if we first recall a variational- 
principle derivation of Killing’s equation. Consider a 
family of trajectories with the field of unit tangent 
vectors u“, the individual members of the family being 
specified by a parameter A. The four-dimensional dis- 
tance along an arbitrary curve between any two mem- 
bers of this family is given by 


re re dx* dx’\3 
f as= f (&» — ) dx. 
M Ay dy dX 


By requiring this distance to be stationary under uni- 
form translation of the arbitrary curve in the direction 
of u“, we obtain the variational principle 


Ae dx* dx’\3 
if («. ) dX 
“hI ax dx 
r2 dx" dx’\3 
: [ | («+ )| 6x%dX=0, (5.4) 
J ry dd dds Ja 


ox* = eu", 


(5.3) 


where 


Upon carrying out the indicated operations and sim- 
plifying, we obtain Killing’s equation, 


Sy. oT My, =O, (5.5) 


as necessary and sufficient conditions for the four- 
dimensional distance between the curves to be constant. 
Let us consider the expression 


dl?=7,dx"dx’, where Yyv=Zyr—Uyuy. (5.6) 

. - 
Since y,, is a projection operator into the space orthogo- 
nal to the timelike vector u“, di is usually referred to as 
spatial distance. If we now change the foregoing 
derivation of Killing’s equation by requiring that 


f dl be stationary, we obtain the conditions (5.2).’ 
Al 
We thus see that Rosen’s condition for rigid motion is 


just the requirement of constant spatial distance in the 


above sense. 

It seems clear on physical grounds that our approach 
in Sec. 4 is equivalent to that of Rosen’s; the only 
difference being that the g,, occurring in Eq. (5.6) is the 
metric in an arbitrary frame, whereas Eq. (4.1) is valid 
only in a co-moving frame. In order to prove the 
equivaience explicitly, we substitute ““, expressed in a 
co-moving reference frame, into Rosen’s condition (5.1). 
Writing u“=a6,", where a is evaluated through the 


7 This approach to the projected Killing’s equation is due to 
P. G. Bergmann (private communication). 
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requirement u“u,=1, we obtain 
Uy= gaa 8 yus- (5.7) 


Substitution of (5.7) into (5.1) yields, after simpli- 


fication, 
§us8v4 
Oy cs =(). 
£44 4 


If either uw or v has the value 4 in Eq. (5.8), the left-hand 
side is identically zero; hence (5.8) reduces to our 
previous condition (4.3). 


u"= faq 204", 


(5.8) 


6. CONCLUSION 


Since solutions to the projected Killing’s equation do 
not, in general, exist in an arbitrary space, rigid frames 
of reference do not usually exist. Even in spaces that 
permit solutions, a rigid frame cannot be attached to an 
observer following an arbitrary trajectory. One ad- 
vantage of the approach presented in this paper is that 
approximately rigid frames in the immediate vicinity of 
an arbitrary observer may be found by a straightfor- 
ward generalization of the procedure given in the 
Appendix. One result of this somewhat lengthy calcula- 
tion is that first order solutions for rigid motion can 
always be found; at higher orders, however, the strict 
rigidity conditions cannot be maintained. 
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APPENDIX 


The approximation procedure outlined here will allow 
one to find the rigid frame only in the immediate vicinity 
of the original trajectory x= f(t). We begin by expand- 
ing f(4,) in a power series in /, thus obtaining 


x” [" 
ft D=> 


n—on! 


0 sp | 
= (A.1) 


im, sé 


dl" | :-0 
The problem is to determine /;'” in terms of the initial 
condition /(t,0)= f(t) and its higher time derivatives. 
Let us substitute the expansion (A.1) into the differ- 
ential Eq. (2.7) and equate like powers of /. The resulting 
set of equations is 


f?(t,0)+ £2(1,0) =1, 
- ; (fii fF FMF, n)) =(), 
n= n!(j—mn)! 
j>0. (A.2) 


j 1 


This set of algebraic equations determines the f;‘" in 
terms of f(t) and its higher derivatives. The power 
expansion up to terms in /?, obtained through the use of 
Eq. (A.2), is 


fi, D=fO+T1- fo} 


+4PP()TI— fp +--+. (A.3) 
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A simple derivation which does not make use of field theory is given of the main results of the static theory 
of m-meson scattering by nucleons. The derivation serves to elucidate the connection between low-energy 
meson scattering and the nuclear forces at large distances. 


HEW and Low' have derived a formula for the 
scattering of mesons by nucleons in the static 
approximation where the nucleon is assumed to be 
fixed in space. It reveals an intimate connection between 
the constants which determine the scattering phase 
shifts at low energy and the renormalized coupling 
constant between the nucleon and the meson field. 
The renormalized coupling constant has not only a 
field-theoretical meaning; it can be defined as the 
constant which determines the actual force between 
two nucleons at large distances by means of formula (2). 
This note serves to elucidate the direct connection 
between the nuclear forces at large distances and the 
meson scattering at low energies. The force between 
two nucleons is considered as the interaction of one 
nucleon with the static meson field of the other. This 
interaction can be formulated in terms of a “‘scattering”’ 
of the static meson field by the nucleon. One tnen 
obtains information regarding the scattering of meson 
fields which:can be considered as an extrapolation of 
the actual scattering of free mesons. In this ..ay one 
can derive the main properties of low-energy meson 
scattering and one obtains directly all results that are 
contained in the effective range approximation of the 
Chew-Low formalism. 


1, ASSUMPTIONS 


The following assumptions will be made: 

The nucleon is considered as fixed in space at r=0. 
The interaction between the meson and the nucleon 
is supposed to act only at distances r<ro, where ro is 
small compared to the Compton wavelength X, of the 
meson. We will use the length A, as our unit of length 
and we assume ro61. The meson is then a free particle 
for r>ro and the meson wave function ¢@ fulfills the 
Klein-Gordon equation in this region (c=h=1): 


0°¢/dP—V?o+o=0 for r>r5. (1) 


We further assume that the interaction 


between two nucleons at a very large distance R is 
* This work is supported in part by funds provided by the 
U. S. Atomic Energy Commission, the Office of Naval Research, 
and the Air Force Office of Scientific Research. 
1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 


energy 


given by 


eR 
-7®)(@-V)(e®-V)—, R>1 (2) 
R 


where 7, @ are the spin operators of the two physical 
nucleons, i.e., the rows and columns of the matrices 
7 and go refer to the physical states of the two nucleons. 
Formula (2) is not valid at small distances RS&1. The 
constant g is what one calls in field theory the ‘“‘re- 
normalized” coupling constant. 

If one assumes that the interaction energy (2) is 
caused by a static meson field surrounding each nucleon 
and interacting with the other, one necessarily arrives 
at the following conclusions: The static ‘‘eigenfield” 
¢" of a nucleon at large distances is given by 


e 


dba’? = £Ta(o-V) r>>1. (3) 


a 


Here the index a refers to the isotopic space directions. 
Furthermore, the energy H of a nucleon in the presence 
of a very weak meson field ¢“ is given by 


H=g(e-V)r-o™. (4) 


We emphasize that, in these considerations, the only 
quantum mechanical variables are @ and 7. The meson 
field @ is not quantized. This is not necessary for 
simple scattering considerations. Thé meson field is 
a quantum-mechanical variable only insofar as it is a 
function of @ and r. 


2. PHASE-SHIFT AND BOUNDARY CONDITIONS 


We now consider the scattering of an incident meson 
wave ¢'(r) by a nucleon. We conclude from (4) that 
only p waves will be scattered. The scattered wave 
therefore can be written in the form 


kr 


‘ 
pire) =F) nL Pb (0) ] 


r 


Here P; is the projection operator which projects out 
of the incident wave ¢” that part of its p wave which 
corresponds to one of the four spin eigenstates of the 
meson-nucleon system: j= 3 3, 34, 44, 44. ; is the 
scattering amplitude in the state /. 
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The n; are related to the phase shifts 6; in the following 
way: 


3 1% 
nj=—(24i— 1) =- ———_. 
k coté;—7 


(6) 
2ik 


We would like to connect the phase shifts with the 
logarithmic derivative f of the complete meson wave 
function @ (incoming and outgoing) at r=ro. We 
write Pj=9;= Yju;(r)/r, where Y; contains the spin 
and angle dependence, and define 


du;/dr 
es 
uy r=rg 


Since u;(r) is given by 


siny cosy 
u(r) =cosd{ cosy——— } —siné{ siny+—— }, 
y y 


where y= kr and the index j is omitted, we can calculate 
the phase shift in terms of f and expand in powers of 
2°= k*7,?. We get 


' OF cite . 
2° coté;=Q0;=3{ ———C(f))2+-::- }, (7) 


” JJ 
C(f)=3(P?—-3/4+1)/(2-—f)’, 


and from (6) 
3. 33 
n= . (8) 

k Q;—iz* 


It is seen from (8) that we get a resonance whenever 
Q; becomes zero. 

The reason for expressing n; and 6; in terms of f; 
lies in the following: The logarithmic derivative f is 
determined by what is going on inside the volume 
r<ro where the interaction between nucleon and 
meson takes place. Since r¢{&1, we are justified to 
assume that / is a slowly varying function of the energy. 
Indeed, the characteristic energy interval w* over 
which f is expected to change considerably is expected 
to be much larger than our unit of energy (uc?). The 
actual value of ro will depend on the channel 7; we 
expect, however, that the order of magnitude of ro 
will be the same in all channels. 

We therefore expand f, or rather g, 


qg= ({+1)/(f-2), 
in terms of the energy w= (k®+1)!, 

9= got got gus, 
and express Q as a power series in w, 


QO=3(gotqwt (q2—Cro?)w*+Crie+:-- 
= $(1 —qo—qo"'*) (1+ qo). 
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Since ro is small, it is allowed to replace g by qo in the 
expression for C. We have omitted the index 7 in (9) 
and (10). 

The scattering is determined by the magnitudes 
go, 91, 92 for each of the four spin states 7. We will 
show that investigation of the meson field of a nucleon 
at almost static conditions, that is, near w=0, gives us 
all information, namely, 


go=43(ro’—707) for all j’s, 
where j= (+4, —2, —2, —8), 


and is therefore negligible. 


qi=ro°/g’h; (11) 


gxK Cre 


3. STATIC MESON FIELD AND MESON SCATTERING 
AT ENERGIES BELOW REST MASS 


Let us consider a nucleon exposed to a very weak 
external meson field ¢ of a very small frequency 
w<1. We neglect terms of the order w* so that the 
wave number & will be approximately : k= (w?—1)'=i. 
According to (1) we expect ¢ to have the following 
form: 

o%=A exp(—n,-r)e~™. (12) 
Under the influence of ¢‘” the eigenfield (3) of the 
nucleon acquires a component periodic in time of the 
frequency w, which can be calculated as follows. We 
determine the time derivative of ¢‘® under the influence 
of the interaction (4) by the expression 


do /dt= iL H,o), 


where [a,b] stands for the commutator between a and 
b. The gradient in (3) can be replaced for r>1 by the 
unit vector —n, in the direction of r and we get from 
(3) and (4) and (12) 


do’ ev 
— =+ig[7.0;, Te ]°—, 


dt r 


r>1. (13) 


Here 7; and 7, are the components of 7 in the direction 
of ¢ and ¢“, respectively, and o;,.= (@-Nnj,.). 

The commutator in (13) is a diagonal matrix in the 
four spin-eigenstates j with the diagonal elements 
\j= (4, —2, —2, —8) and so we get 


do er 
=ig DAP 6) —. 

dt j r 
This equation is easy to integrate since the time 
dependence resides only in ¢“. We call ¢*° that part 
of ¢ which is periodic in time and we get 

g° ; —r 

go) = — —);(P36)—. (14) 

w r 
Here we face a typical scattering situation of a 
wave with imaginary wave number k= («#—1)!=7. 
A wave'¢ as given in (12) is incident upon a nucleon 
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and produces a scattered wave $° of the same fre- 
quency. We get, by comparing (14) with (5), 


n= — (g°/w)dj, wl (15) 


and we see that the scattering amplitude has a pole 
at w=0 in each channel. 

We now compare (15) with (8). For w<1 we get 
k=i, 28=—zir,', and we find from (8) 


3 
Qy=n(1-—) for wX1. 
nj 
After substituting (15), we get 
3ro? 


Q;=ro?+—w+t (terms in w*). 
gh; 


(16) 


This expression for Q; is derived from the behavior of 
the meson field under almost static conditions. It can 
be used to determine the coefficients go and g; which 
appear in expression (10) for Q and we get immediately 


go=70°/3—Cro’, (17) 
Because of the smallness of ro we can write 


go=0, Ch, 


Na 31 o3/g"d;. 


(18) 


and we have shown the correctness of (11), in respect to 
go and q;. It should be noted that (18) is equivalent 
to f~—1 for w=0, which follows directly from the 
r-dependence of (0/dr)(e~’/r) under almost static 
conditions, if ro¢1. 

We have not yet determined g2. We will show that 
there are good reasons to expect that q: is small 
compared to Cro’. Let us first assume that this is so 
and on that basis obtain a relation between ro and 
the resonance energy Wres in the (3,3) channel. We then 
see from (10) and (18) that 


Wres* 3q1/10", 
and from (17): 
(19) 


With the value g?=0.08 and the observed value wres* 2 
we get the plausible result ro>=0.21. 

In order to estimate g2 we make use of the fact that 
q(w) is slowly varying. We make the special assumption 
that g(w) can be considered a linear function of w over 
an interval which is small compared to the character- 
istic energy w*. The value of w* is of the order of 
energies which play a role within the region of interac- 
tion, r<7o, which is about 10 in our units. At w=w* 
the deviation from linearity of g(w) should be appre- 


fo= 32° saWres- 


AND NUCLEAR FORCES 


ciable; hence we get gw*?~q,w*, or 
q2™ qi/w* = 105/ (g*hjw*). 


We then can express the ratio g2/(Cro?) with help of 
(18) and (19) in the following form: 


92/CrP = Wree/w*. (20) 


This ratio is fairly small as long as wyes is smaller than 
the “cutoff” frequency w*. Hence our results (11) are 
reasonably justified. Obviously the validity of relation 
(20) depends sensitively upon the choice of the correct 
value of ro. If we choose a radius 79’ which is larger 
than the correct value ro, we would find a different 
value gs’ instead of g2 which is gs’ = (r0’/r0)®(q2—Cro*) 
+Cro” in order to keep k* coté independent of the value 
of 70°. This is a consequence of the fact that the log- 
arithmic derivative of the free-meson p wave changes 
rapidly with increasing radius. We can expect a linear 
dependence of g(w) only when fp is the actual range of 
the interaction. 

~ The results (11) allow. us to write (10) in the following 


form: 
cotdy ft 36 w 
iad (21) 


w w gr; fo 


where fo is the distance at which the meson-nucleon 
interaction sets in, a length that might be different in 
the three channels. 

This expression is the effective range approximation 
formula for the scattering phase shift. It differs from 
the Chew-Low result by the “Serber term” 1/w which 
is not an important term, since, for w>1, it is small 
compared to 3/(g’A;). The first term on the right is 
determined by the “scattering” near w=0, i.e., by the 
static meson field at large distances. The second term 
on the right, which is responsible for the (3,3) resonance, 
can be traced to the p-state properties of the free-meson 
wave [see Eq. (7), second term on the right ]. It has 
nothing to do with the internal structure of the nucleon 
except for the fact that g(w) is slowly varying. There is 
a natural “resonance” of the system at w=0 for all 
four states 7 which is based upon the internal structure 
of the nucleon. The second resonance in the (3,3) state 
at w=Wres comes from the fact that the p-state term in 
(20) can compensate the first term when \;>0. 
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& 


The stability condition for a model of collective excitations of nuclear matter due to Glassgold, Heckrotte, 
and Watson is derived; it is shown that it may be satisfied for the actual parameters (nuclear radius, 
strength of potential, etc.). It is possible that nuclear matter ‘is stable in their approximation, although 
there is no compressional collective mode. The stability condition seems to imply values of 7, the radius 
parameter used by Karplus and Watson, equal to or smaller than those values obtained from their simple 


saturating nuclear model. 


ECENTLY, Glassgold, Heckrotte, and Watson! 

studied collective excitations of nuclear matter by 
applying the method developed for the dense electron 
gas problem? to the effective Hamiltonian derived from 
the work by Brueckner ef al. They found that there can 
exist a mode (the compressionat mode in their case) 
leading to the instability of nuclear matter. We should 
like to indicate in this note one condition under which 
the “unphysical” mode does disappear and that this 
condition may indeed be satisfied for the actual param- 
eters (nuclear radius, strength of potential, etc.). 
Thus, nuclear matter may be stable in their approxi- 
mation,' although there is no compressional collective 
mode. 

We consider only the first example of reference 1. The 
eigenvalue equation for the collective modes can be 
written as 

? 


. * 
“Wp.q 


1—f.V(g) dX =0, (1) 
P ?—Wy,¢°" 


where 
c—d@ | 
c—a 
1 lcta—2b| 
\c+a+2b) 


fort a=b=—1, c=1; 


(p+q)* 
2M* 2M* 


Wp.q = 
with pt+q > Pr, p<Pr. 

The values of the parameters to be used are those of 
Karplus and Watson.’ However, for the nucleon mass 
they took M instead of the effective mass M* as in 
reference 1 (with M*= 3M), and hence we shall initially 
use M instead of M* for consistency. Denoting quan- 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t On leave of absence from Tokyo University of Education, 
Tokyo, Japan. Address until May, 1960: Institute for Advanced 
Study, Princeton, New Jersey. 

1 Glassgold, Heckrotte, and Watson, Ann. Phys. 6, 1 (1959). 

2K. Sawada, Phys. Rev. 106, 372 (1957); Sawada, Brueckner, 
Fukuda, and Brout, Phys. Rev. 108, 507 (1957). 

§K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). 

* See reference 1, Eq. (5-4). V(q) is given in Eq. (5-3). 

°R. Karplus and K. Watson, Am. J. Phys. 25, 641 (1957). 


tities in reference 5 by primes, we have 
a= (0.25/*)a’[1/ (Pr)? ], 
4 


A Vo(0)= ‘ aan as -V 0’ ’ 
[—(c+a+ 2) ] n° 


P»®=270 Mev/c, 


for a, Vo(O) appearing in the definition of V(qg) in Eq. 
(5-3) of reference 1. The eigenvalue equation then 
becomes 


Da 3 Vo -( =) 
1— ——— -{ 1-_— 
[—(c+a+ 26) ] 4x (Pr”/2M) 9 n 
2(2p-q+q’) 
xf 


dp—eeie  —=0. (4) 
w’— (2p-q+q’)? 
In (4), q and p are measured in units of Pr and the 
eigenfrequency w, in units of Pr’?/2M. Under the 
assumption a=6=—1, c=1, modes A=1, 2, and 3 are 
the ordinary plasma modes. The mode \=4 has an 
imaginary eigenfrequency w 4), according to reference 1. 
Let us examine mode 4) in some detail. We have for f(4), 


pi<l 


3 Vo’ 1 
1+. ( 
4 (Pp”/2M) n 


xf dp 
— 


P 


2(2p-q+¢°) 
ni ®, (5) 


w?— (2p-q+q’)? 


The condition which guarantees a real eigenvalue is 
5 Vo 1 0.5a’ 
(O>) (.- ) 
4dr (Pp”/2M) n° 
2 


ip———————__>-1. (6) 
[—(2p-q+q’)] 

[In fact for g > 0 this condition is both necessary and 

sufficient, because the integral in (6) has its maximum 

absolute value for g — 0, even if we take into account 

the dependence of V(q) on g. ] 
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STABILITY: OF 


TABLE I. Case (1): Vo’ =64 Mev, a’ =0.84. 


Left-hand Binding energy Left-hand 
side of (7) Eo for side of (7) 
for M*¥=M M*=4M for M*¥=4M 


1.23 0.82 
1.07 0.71 
0.81 +19 Mev 0.54 
0.51 +26 Mev 0.34 


Binding energy 





iS Bes 
+16 Mev 


— 2.10 Mev 
—1.95 Mev 
—1.04 Mev 
+1.62 Mev 


This condition (6) may be simplified to® 


3 Vo’ 1 0.5a’ 
- ————— (:- )s1. (7) 
2 (Pp”/2M) n° 
If (7) is satisfied, then the system, which has the 
Brueckner ground-state energy® 


3Pre"1 V,’ 0.3’ 
Bye (12 — ) 
n° 


52M 7 2n! 
(Pp*/2M =38.8 Mev) (8) 


is stable, although there is no compressional collective 
mode. (The only compressional modes which exist are 
the individual pair excitations lying in the continuum.) 

We shall consider the three groups of parameters 
given in reference 5: 


(1) Vo'= 64 Mev, a’=0.84 (Emino&— 2 Mev, n=0.85). 
Using these numbers, the left-hand side of (7) is approxi- 
mately 1.2 and hence the stability condition is not 
satisfied. However, it is readily seen upon inspection of 
Table I that stability is reached at n=0.80. 

(2) Vo'=68 Mev, a’=0.78. (Emin, n are very close to 
their respective values in (1). | The left-hand side of (7) 
becomes approximately 1.6 with instability. There does 
not seem to be a value of 7 in the neighborhood of 0.85 
which makes the system stable. 

(3) Vo'=160 Mev, a’=1.33 (Emin™—27 Mev, 
n=0.9). In this case, as shown in detail in Table II, 
we need rather precise values for the parameters Vo’, 
a’, with 7 slightly smaller than 0.9 leading to a stable 
system. It is essential to have a saturating force, 
because if the system is unstable for large n, a decrease 


6 Higher order corrections beyond the usual pair approximation 
indicate that it is probably not feasible to set right- and left-hand 
sides equal in (7). 


NUCLEAR 


MATTER 


TABLE IT. Case (3): Vo’=160 Mev, a’ =1.33. 


Binding energy Left-hand 

Zo for side of (7) 
M*=4M for M*=4{M 
—11.4 Mev 0.83 
—12.8 Mev 0.75 
— 12.4 Mev 0.67 
—11.8 Mev 0.58 


Rinding energy 
Zo for 
M*=M 


— 27.3 Mev 
— 27.3 Mev 

27.2 Mev 
—27.1 Mev 


Left-hand 
side of (7) 
for M*=M 


in », which essentially reduces the strength of V(qg) in 
Eq. (1), will still enable us to satisfy condition (6) Lor 
equivalently (O>)— fi(q) d p(2/—wp,q)> —1 for fiV (q) 
<0]. In (1) and (2) we have included values of the 
left-hand side of (7) when M is replaced by 3M.5 

The same effect can be obtained by increasing the 
strength of repulsion c slightly from our value 1 [after 
fixing V (0) |, keeping the binding energy in Brueckner’s 
approximation’ negative, since fj) is c—3 and an 
increase of c implies decrease of strength | f(4)V(qg)| in 
the stability condition (6). 

In conclusion, the stability condition seems to imply 
values of n equal to or smaller than those obtained from 
the simple saturating model of Karplus and Watson.° 
On the other hand, in the more complicated excitation 
model considered in reference 1,* where one expects 
sixteen eigenmodes, there will result more than one 
stability condition. The value of 7 obtained in this case 
would then seem to be determined by the most re- 
strictive of these stability conditions. On the basis of 
the simple model we have considered here, it is apparent 
that the attraction which produces the observed binding 
energy in nuclear matter is weak enough to leave the 
Fermi surface essentially unchanged.’ In any event, no 
conclusive statement on the stability of the system 
seems possible on the basis of the parameters used by 
Watson e/ al.’ We have been primarily concerned here 
with the establishment of stability criteria; even if 
stability is maintained, it is clear there would still be 
a need for investigating further the physical con- 
sequences of the model as additional tests of its feasi- 
bility. 


7 See Eq. (5-5) of reference 1. 

8 Their second example. 

® It is worth noting that there are models of nuclear matter in 
which the Fermi surface is drastically altered by attractive forces, 
e.g., Cooper, Mills, and Sessler, Phys. Rev. 114, 1377 (1959). 
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Errata 








Theoretical Analysis of Buildup of Current in 
Transient Townsend Discharge, YASUNORI 
Miyosui [Phys. Rev. 103, 1609 (1956) ]. In Eq. 
(c.8), 

= pgettf---, 


=vo+t+-:- should read 


In Eq. (c.9), 


a 


a 
——vaX[---. should read +—v.X[---. 
Pei Pot 


In Eq. (C.5), 
al—1_ 
al 


_ al—1. 
+u{ es t+-- ). 


al? 


should read 


In Eq. (1), 


1—y(e’—1)20 should read 1—y(e'—1)S0. 


In Fig. 5(b), the upper curve, A= —1% should 
read A= +1%. On page 1618, right column, line 7, 
Ay should read Ay’. In Table I, Ay-’’ should read 
Ay’ (+). 


Dependence of Geometric Magnetic Anisotropy in 
Thin Iron Films, T. G. KNork AND R. W. HOFFMAN 


116, 


NUMBER 6 DECEMBER 15, 1959 
[Phys. Rev. 113, 1039 (1959) ]. In the first expres- 
sion for the saturation magnetization energy on 
page 1045, the second last term should read: 
4 Cys (€xy?+e,.2+6.27), so that the subscripts are 
cyclic. Also in the matric transformation equation 
the term —0.816 was incorrectly written with a 
negative sign and should be 0.816. All results were 
calculated using the correct expressions and hence 
require no revision. 


Excitation Functions for Alpha-Induced Reactions 
on Zinc-64, NORBERT T. PoriLe [Phys. Rev. 115, 
939 (1959) ]. Page 940, Table I. The reaction 
threshold for the (a,p2n) reaction should read 26.0 
Mev instead of 6.0 Mev. 


Propagation of Electromagnetic Waves in a Multi- 
stream Medium at Gyromagnetic Resonance, 
Jacop Nevuretp [Phys. Rev. 116, 19 (1959) ]. 
The correct dispersion formula is as quoted in the 
literature and expressed by Eq. (1). The value M 
in the expression (16) should be 


M=270°0,7L & w?/Vi}?—4[2,?— 2 w,?F. 


The expressions (17) and (18) remain unchanged. 


Electromagnetic Interaction of the Neutral K 
Meson, G. FEINBERG [Phys. Rev. 109, 1381 
(1958) ]. The last sentence of the next to last 
paragraph of Sec. IV should read: ‘‘If 4/A is of the 
order of the pion Compton wavelength, the total 


9%” 


cross section will be approximately 10~* cm?. 
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